
Math 412. §3.2, 3.3: Examples of Rings and Homomorphisms
Professors Jack Jeffries and Karen E. Smith

DEFINITION: A subring of a ring R (with identity) is a subset S which is itself a ring (with
identity) under the operations + and × for R.

DEFINITION: An integral domain (or just domain) is a commutative ring R (with identity)
satisfying the additional axiom: if xy = 0, then x or y = 0 for all x, y ∈ R.

DEFINITION: A ring homomorphism is a mappingR
φ−→ S between two rings (with identity)

which satisfies:
(1) φ(x+ y) = φ(x) + φ(y) for all x, y ∈ R.
(2) φ(x · y) = φ(x) · φ(y) for all x, y ∈ R.
(3) φ(1) = 1.

DEFINITION: A ring isomorphism is a bijective ring homomorphism. We say that two rings
R and S are isomorphic if there is an isomorphism R→ S between them.

You should think of a ring isomorphism as a renaming of the elements of a ring, so that two
isomorphic rings are “the same ring” if you just change the names of the elements.

A. WARM-UP: Which of the following rings is an integral domain? Which is a field? Which
is commutative? In each case, be sure you understand what the implied ring structure is: why
is each below a ring? What is the identity in each?

(1) Z,Q.
(2) Zn for n ∈ Z.
(3) R[x], the ring of polynomials with R-coefficients.
(4) M2(Z), the ring of 2× 2 matrices with Z coefficients.
(5) The subring D2(R) of diagonal matrices in the ring M2(R).

(1) Z and Q are both commutative, and both domains. Z is NOT a field, because 2 does not have a
multiplicative inverse (note that 1

2 is not an integer).
(2) Zn is a commutative ring for all n. It is a field (and a domain) if and only if n is prime.
(3) R[x] is a domain but not a field. The polynomial x does not have a multiplicative inverse (note that

1
x is not a polynomial).

(4) M2(Z) is NOT commutative, so it can not be a domain, nor a field.
(5) D2(R) is commutative but not a domain (so not a field). To see it is not a domain note that[

1 0
0 0

] [
0 0
0 1

]
=

[
0 0
0 0

]
.

B. SUBRINGS: Suppose that R is a ring1 and S is a subset.
(1) Suppose R = Z. Is the subset N closed under + and ×. Is it is subring?
(2) Without writing out the proof, determine which of the following are subrings of C: R,

N, Q, Z, Z[i] = {a+ bi | a, b ∈ Z}, the set of even integers.
(3) Without writing out the proof, determine which of the following are subrings of M2(R):

M2(N), D2(Z), O2(R) = {A |AAT = I2}, GL2(R) = {A |A is invertible},
(4) Which of the following are subrings of R[x]: R, Z, the subset of R[x] consisting of

polynomials with non-negative coefficients, the set of polynomials such that f(0) = 0.
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(5) Define the phrase “the subset S of the ring R is closed under addition, multiplication,
and (additive) inverses.” How can this idea be used to identify subrings?

(1) N closed under + and × but it is NOT a subring because 1 does not have an additive inverse (in N).
(2) The subrings are : R Q, Z, Z[i] = {a + bi | a, b ∈ Z}. The subsets that are not subrings are N

(missing additive inverses for most elements), and the set of even integers (missing a 1...note that
using the BOOK’s definition, this is a subring.).

(3) Not subrings: M2(N) (missing additive inverse for most elements), O2(R) (missing 0), GL2(R)
(also missing 0). Only D2(Z) is a subring among the subsets listed.

(4) Subrings: R, Z. Not subrings: the subset of R[x] consisting of polynomials with non-negative coef-
ficients (missing additive inverses for most elements), and the set of polynomials such that f(0) = 0
(missing 1).

(5) S is closed under addition (respectively, multiplication), if for any two elements x, y ∈ S, also
x + y (respectively x · y) is in S. Here: the + and · are the operations that come with the ring R.
We say S is closed under (additive) inverses if for every x ∈ S, the additive inverse −x (which is
a priori an element of R) is in S. We can check a subset S of a ring R is a subring by checking that
S is closed under addition, multiplication, and (additive) inverses, and contains 0 and 1.

C. ISOMORPHISM. Consider the set S = {a, b, c, d}, with the associative binary operations ♥
and ♠ listed below.

♥ a b c d
a a a a a
b a b c d
c a c a c
d a d c b

♠ a b c d
a a b c d
b b c d a
c c d a b
d d a b c

(1) Prove that S has the structure of a commutative ring using these operations. Is it a
domain? Is it is field?

(2) Write down the addition and multiplication tables for the ring Z4.
(3) Find an explicit isomorphism showing that Z4 is isomorphic to (S,♠,♥).

(1) We can take ♠ to be the addition and ♥ to be the multiplication. By inspection, we see that both are
commutative, and that a is the identity for♠ (hence our “zero”) and b is the identity for♥ (hence our
”1”). We see that every element has an additive identity (we can scan each row of the addition chart,
looking for the zero element...we then can find what element is the additive inverse. So the additive
inverse of a is a, the additive inverse of b is d (hence of d is b, and c is its own additive inverse). The
distributive property is a beast to check by hand, but following from the rest of this exercise.

(3)

· [0] [1] [2] [3]
[0] [0] [0] [0] [0]
[1] [0] [1] [2] [3
[2] [0] [2] [0] [2]
[3] [0] [3 [2] [1]

+ [0] [1] [2] [3]
[0] [0] [1] [2] [3]
[1] [1] [2] [3] [0]
[2] [2] [3] [0] [1]
[3] d[3] [0] [1] [2]

(4) The explicit isomorphism is S → Z4 sending a 7→ [0], b 7→ [1], c 7→ [2] and [d] 7→ [3].

D. PRODUCT RINGS. Let R1 and R2 be rings (with identity). Consider the set

R1 ×R2 := {(r1, r2) | r1 ∈ R1, r2 ∈ R2}.
(1) Define a binary operation called + on R1×R2 by (r1, r2)+(s1, s2) = (r1+s1, r2+s2).

The three different plus signs in the preceding sentence have three different meanings;
explain. Prove that this binary operation on R1 × R2 is associative, commutative, and
has an identity. Show finally that every (r1, r2) ∈ R1 ×R2 has an inverse under +.
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(2) Define multiplication on R1×R2 similarly. Explain why R1×R2 is a ring and identify
its additive and multiplicative identities.

(3) Let R1 = R2 = Z2. How many elements are in the ring Z2 × Z2? List them out
explicitly.

(4) Make tables for the addition and multiplication in Z2 × Z2. Identify zero and one.
(5) Is Z2 × Z2 a field? is it a domain?
(6) Is Z2 × Z2 isomorphic to Z4? If so, give an explicit isomorphism. If not, explain why

no isomorphism exists.
(7) Is Z2 × Z2 isomorphic to the ring (S,⊕,⊗), where S = {a, b, c, d} and ⊕,⊗ are de-

fined by the charts below? If so, give an explicit isomorphism. If not, explain why no
isomorphism exists. Is your isomorphism the only possible isomorphism?

⊕ a b c d
a a b c d
b b a d c
c c d a b
d d c b a

⊗ a b c d
a a a a a
b a b c d
c a c c a
d a d a d

(1) and (2) See Theorem 3.1 in the book.
(3) Z2 × Z2 has four elements (0, 0), (1, 0), (0, 1) and (1, 1). The zero is (0, 0) and the 1 is (1, 1).

(4)

+ (0, 0) (1, 1) (1, 0) (0, 1)
(0, 0) (0, 0) (1, 1) (1, 0) (0, 1)
(1, 1) (1, 1) (0, 0) (0, 1) (1, 0)
(1, 0) (1, 0) (0, 1) (0, 0) (1, 1)
(0, 1) (0, 1) (1, 0) (1, 1) (0, 0)

· (0, 0) (1, 1) (0, 1) (1, 0)
(0, 0) (0, 0) (0, 0) (0, 0) (0, 0)
(1, 1) (0, 0) (1, 1) (0, 1) (1, 0)
(0, 1) (0, 0) (0, 1) (0, 1) (0, 0)
(1, 0) (0, 0) (1, 0) (0, 0) (1, 0)

(5) We see from the tables that Z2×Z2 is not a domain, nor a field. For example, (1, 0) · (0, 1) gives the
zero element, so the domain property fails. But there is a Theorem that every field is a domain, so of
course it is not a field either (or we can look at the chart for · and observe that (1, 0) does not have a
multiplicative inverse.

(5) Z2 × Z2 is NOT isomorphic to Z4. If it were, then the the isomorphism, call it φ would have to take
the identities to each other. That is, the isomorphism φ : Z4 → Z2×Z2 satisfies φ([0]) = (0, 0) and
φ([1]) = (1, 1). But since isomorphism preserves addition, also φ([1]+[1]) = (1, 1)+(1, 1) = (0, 0),
so φ would have to send [2] to (0, 0) as well. So φ([0]) = φ([2]), which means that φ is not injective!
The contradiction tells us there is no isomorphism between Z4 and Z2 × Z2.

(7) Yes! The map is S → Z2 × Z2 sending a 7→ (0, 1), b 7→ (1, 1), c 7→ (0, 1) and d 7→ (1, 0) is easily
checked to be an isomorphism. It is not the only one! The isomorphism must match up the idenities,
so a must correspond to (0, 0) and b must correspond to (1, 1). But c and d can go interchangebly to
either (1, 0) or (0, 1).

E. CANONICAL HOMOMORPHISM FOR Zn. Fix n ∈ Z. Consider the mapping

πn : Z→ Zn, a 7→ [a]n.

(1) Prove that πn is a ring homomorphism.
(2) Is πn surjective? Is it injective? What is the kernel? By definition, the kernel of a ring

homomorphism f is the set of elements in the source that are mapped to 0 under f .
(3) Is the map Z6 → Z2 sending [a]6 7→ [a]2 a ring homomorpshism? Is it an isomorphism?

F. TRUE OR FALSE:
(1) If S is a subring of R, then the inclusion map S ↪→ R is a ring homomorphism.
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(2) IfR1 andR2 are rings, then the projection mapR1×R2 → R2 → R1 sending (r1, r2) 7→
r1 is a ring homomorphism.

(3) If S is a subring of R, then the inclusion map S ↪→ R is a ring homomorphism.
(4) The map Z6 → Z2 × Z3 sending [a]6 7→ ([a]2, [a]3) is a ring isomorphism.
(5) The map Z4 → Z2 × Z2 sending [a]4 7→ ([a]2, [a]2) is a ring isomorphism.


