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Theorem I: Let V
T−→ V be a linear transformation of a finite dimensional vector space. A scalar

λ is an eigenvalue of T if and only if λ is a root of the characteristic polynomial χT .

Theorem II: Eigenvectors of distinct eigenvalues are linearly independent. That is, if {~v1, . . . , ~vn}
are eigenvectors with different eigenvalues, then {~v1, . . . , ~vn} is linearly independent.

Definition: The geometric multiplicity of λ is the dimension of the λ-eigenspace Vλ ⊂ V .
The algebraic multiplicity of λ is the largest number k such that (x− λ)k is a factor of χT .
Informally: The algebraic multiplicity of λ is the “number of times λ is a root” of χT (x).

Theorem III: For each eigenvalue λ, the geometric multiplicity is at most the algebraic multiplicity.

Theorem IV: A linear transformation V
T−→ V has an eigenbasis if and only if the sum of the

geometric multiplicities of its eigenvalues is dimV .

A.

1. Suppose that a linear transformation T has characteristic polynomial x2 +x+1. What do we
know about the source and target of T? What does Theorem I tell us about the eigenvalues
of T? Does T have an eigenbasis?

2. Suppose that a linear transformation T has characteristic polynomial x2 − 3x− 2. What do
we know about the source and target of T? What does Theorem II eigenvalues of T? Does
T have an eigenbasis?

3. Prove or Disprove the converse to Theorem II.

4. Suppose the characteristic polynomial of T is (x − 1)2(x − 1)3(x − 4). What does Theorem
III tell us about the algebraic and geometric multiplicities of T? What is the dimension of
source and target of T? Does Theorem IV tell us anything about diagonalizabilty of T?

5. Suppose the characteristic polynomial of T is (x− 2)3(x− 4)(x− 5)(x− 6) and we know the
dimension of the 2-eigenspace is 2. What is the maximum number of linearly independent
eigenvectors of T we are guaranteed by this information?



Solution note:

1. The degree of the char poly is 2, so it was computed from a 2 × 2 matrix. This means the
source (which equals the target when we are talking about eigen anything) is two dimensional.
By the quadratic formula, we see that there are no real eigenvalues. So no eigenbasis.

2. Again, source (and target) has dimension 2. By the quadratic formula, there are two different
real eigenvalues 3/2±

√
17/2. Each has algebraic multiplicity 1, hence geometric multiplicity

1. Since the geometric multiplicities add up to 2, which is the dimension of the source (and
target), YES, we have an eigenbasis.

3. False! For a counterexample, let T : R2 → R2 be the “scale by 2” transformation. Then ~e1
and ~e2 are linearly independent, but have the same eigenvalue (2).

4. The eigenvalues are 1, 1, 1, 1, 1, 4, which is to say, 1 (with algebraic multiplicity 5) and 4. The
gemu of 4 is 1 (by Theorem III). We don’t know the gemu of 1 (it could be 1,2, 3, 4, or 5) so
we don’t know whether or not we have an eigenbasis.

5. Here, the eigenvalues are 2, 2, 2, 4, 5, 6. So the almu of 2 is 3, and the almu of the other
eigenvalues is 1. The gemu of 4, 5, and 6 is 1 (by Theorem III and the fact that it is at least
1). So the gemus add up to 5, which is one less than the dimension of the source/target. So
the maximal number of linearly independent eigenvectors is 5. No eigenbasis!

B. Explain why the λ-eigenspace of T is the kernel of the transformation (λIV − T ). Then, for
each linear transformation below, find the algebraic and geometric multiplicity of each eigenvalue.

1. T is left multiplication by A =

[
2 7
−1 −6

]
.

2. R2 ρ−→ R2 given by rotation 900 counterclockwise.

3. B =

2 7 6
0 −1 −6
0 2 7

.

4. The map R3 → R3 scaling by 3.

5. The zero map P7 → P7.

6. The map R2 → R2 sending

[
x
y

]
7→
[
x+ y
y

]
.

7. The map R2×2 → R2×2 sending A to A−AT .



Solution note:

1. The char poly is (2− x)(−6− x) + 7 = x2 + 4x− 5 = (x− 1)(x+ 5). So the eigenvalues are 1 and −5. Each
has almu and gemu 1. Since 1 + 1 = dim Source = 2, we have an eigenbasis.

2. The matrix in standard coordinates is

[
0 −1
1 0

]
which has char poly x2 + 1. This has no real roots. This

makes sense, since this rotation takes no vector to a scalar multiple.

3. The char poly is (2−x)[(−1−x)(7−x)+12 = −(x−2)[x2−6x+5] = −(x−2)(x−1)(x−5). So the eigenvalues
are 1, 2 and 5. The first column confirms that 2 is an an eigenvalue (with eigenvector ~e1.) The almus are all
1, so the gemus are all also 1. This matrix has an eigenbasis.

4. The char poly is (3− x)3. The only eigenvalue is 3. This makes sense, since every vector is scaled by 3.

5. The matrix (in any basis!) is the 8× 8 zero matrix. Its char poly is x8 so the only eigenvalue is 0. This makes
sense, since the kernel is everything. Its almu is 8. Also its gemu is 8 since EVERY (non-zero) vector is in the
kernel, hence is a 0-eigenvector.

6. The matrix in the standard basis is

[
1 1
0 1

]
which has char poly (x − 1)2. So the only eigenvalue is 1. The

almu is 2. The gemu is the dimension of the 1-eigenspace, which is the kernel of I2 −
[
1 1
0 1

]
=

[
0 1
0 0

]
. By

rank-nullity, the dimension of the kernel of this matrix is 1, so the gemu of the eigenvalue 1 is 1. This does
not have an eigenbasis!

7. Using the basis E11, E12, E21, E22, the matrix is


0 0 0 0
0 1 −1 0
0 −1 1 0
0 0 0 0

 . So the char poly is x3(x − 2). The

eigenvalues are 0, 0, 0 and 2. So the eigenvalue 0 has almu 3 and the eigenvalue 2 has almu 1. To find the
gemu of each eigenvalue, we observe that the gemu of 2 MUST by 1, because it has to be less than the almu
of 2. To compute the gemu of 0, we compute the dimension of the 0-eigenspace (or kernel) of the map. The
kernel is all matrices A such that A−AT = 0, that is, the space of all symmetric matrices. This is spanned by
E11, E22, E12 + E21, so has dimension 3. Thus geometric multiplicity of 0 is 3. So the sum of the geometric
multiplicities is 4, and this map has an eigenbasis. Actually, it is EASY TO find an eigenbasis here! We already
know that E11, E22, E12+E21 is a list of linearly independent eigenvectors. We just need one more, and we know
that is will have to be an eigenvector with eigenvalue 2. So we need to solve T (A) = 2A, that is A−AT = 2A.

We can solve this by taking A =

[
a b
c d

]
. We need A−AT = 2A, which is

[
0 b− c

c− b 0

]
=

[
2a 2b
2c 2d

]
. So the

solutions are matrices of the form

[
0 b
−b 0

]
. Thus a basis for the 2-eigenspace is

[
0 1
−1 0

]
. Finally, stringing

these together, an eigenbasis for T is (E11, E22, E12 + E21, E12 − E21).

C. For S =

[
1 7
0 1

]
, consider the linear transformation γS : R2×2 → R2×2 sending A to S−1AS.

Find the characteristic polynomial, the eigenvalues, and for each eigenvalue, its algebraic and
geometric multiplicity. Then find a basis for each eigenspace. Does γS have an eigenbasis?



Solution note: For this, we need to pick a basis B and find the B-basis. Say we pick B = {E11, E12, E21, E22}.

We then compute T (E11) =

[
1 −7
0 0

]
, T (E12) =

[
0 −1
0 0

]
= −E12, T (E21) =

[
−7 49
−1 7

]
T (E22) =[

0 7
0 1

]
. We then arrange this into the B-matrix:

[T ]B =


1 0 −7 0
−7 −1 49 7
0 0 −1 0
0 0 7 1

 .
We compute its char poly by computing det(xI4 − [T ]B) by Laplace expansion along the second
column. We get (x− 1)2(x+ 1)2. This shows that the eigenvalues are 1, 1,−1,−1 (that is, ±1 each
with algebraic multiplicity 2.) To compute the gemu of each, we can go on autopilot and compute
as follows:

gemu(1) = dim ker [[T ]B − I4] = dim ker


0 0 −7 0
−7 −2 49 7
0 0 −2 0
0 0 7 0


which is 4−2 = 2 by rank-nullity. Not that we can find a basis for the 1-eigenspace by solving finding
a basis for this kernel. That goes back to Chapter 1: we need to find the solutions of the system

0 0 −7 0
−7 −2 49 7
0 0 −2 0
0 0 7 0



x
y
z
w

 =


0
0
0
0

 .
Do you remember how to do this....row reduce, pivot columns, free variables, etc...The solutions will
be column vectors which tell us the B-coordinates for the eigenvectors of 1. A similar calculation
shows that that gemu of -1 is also two, and can be used to find a basis for the −1-eigenspace.

HOWEVER, it is FAR BETTER to be clever and notice that we could have taken any basis A
to do our computations, and the standard basis is NOT the easiest here! If we are clever, we might
notice immediately that I2 and S are both eigenvectors (with eigenvalue 1) (why?) so they are both
excellent choices for (part of) a basis. Also, E12 is an eigenvector of eigenvalue -1. These three at
least will be very easy to find coordinates for in A, and the A-matrix will have lots of zeros. To
complete the argument this way, we still need to find a fourth matrix not in the span of I2, S and
E12 and find the A matrix of T . So lets use the basis A = (S, I2, E12, E21). The A-matrix is

[T ]A =


1 0 0 7
0 1 0 0
0 0 −1 0
0 0 0 −1

 .
Now, it is even easier to find the char poly: (x − 1)2(x + 1)2. It is also super easy to compute the
gemus using rank nullity. We already have a basis for the 1-eigenspace (S, I2). To find a basis for
the −1-eigenspace, we compute its A-coordinates as follows:

A− coordinates of V−1 = ker[−I4 − [T ]A] = ker


−2 0 0 −7
0 −2 0 0
0 0 0 0
0 0 0 0

 .
By rank-nullity, the kernel is 2 dimensional (so the gemu of −1 is 2). By inspection, we see the kernel
of this matrix is spanned by e3 and 7e1 − 2e4. This coiumns are A-coordinates, so represent the

matrices E12 and 7S − 2E21. Thus a basis for the -1-eigenspace is (E12,

[
−7 49
−2 7

]
).

An eigenbasis for the map T is (S, I2, E21,

[
−7 49
−2 7

]
).

D. Let A be an n× n matrix. Suppose that c is an eigenvalue for A.



1. Prove that the geometric multiplicity of c is n− rank(cIn −A).

2. State a criterion for diagonalizabilty of A in terms of the ranks of the matrices cIn−A, where
c ranges over all eigenvalues of c.

3. Use your criterion to investigate whether or not A =


1 0 0 5 10
0 1 0 1 2
0 0 1 0 4
0 0 0 2 2
0 0 0 0 3

 is diagonalizable.

Solution note: (1) This is rank-nullity. The gemu of c is the dimension of the kernel of (cIn − A).
By rank-nullity, this is n− rank(cIn −A).
(2). A is diagonalizable if and only if the sum of the numbers n− rank(λiIn −A) = n
(3). There are three eigenvalues 1, 2, 3. The ranks of the three matrices are 2, 4, 4. So since n = 5,
we need to sum up (5− 2) + (5− 4) + (5− 4) = 5. This matrix is diagonalizable.

E. Theorem V: Suppose that an n × n matrix A has eigenvalues λ1, λ2, . . . , λn (possibly repeated if algebraic
multiplicity > 1). Then:

(i.) the trace of A is the sum of the eigenvalues
∑n
i=1 λi;

(ii.) up to sign, the determinant of A is the product of the eigenvalues; more precisely, detA = (−1)nΠn
i=1λi.

1. Without using Theorem V, prove that if A is a 2×2 matrix, then its characteristic polynomial
is x2 − (traceA)x+ detA.

2. Using your result from (1), prove Theorem V in the 2× 2 case.

3. Prove Theorem V for upper triangular matrices.

4. Prove Theorem V for matrices which have an eigenbasis.

5. Prove Theorem V for matrices whose eigenvalues are all real by induction on n [Hint: chose
a basis that contains an eigenvector to write the matrix in a more convenient form.]

6. If x17 + ax16 + · · ·+ px+ q is the characteristic polynomial of some matrix A. Find the size,
trace and determinant of A.

Solution note: (1). Compute the char poly of

[
a b
c d

]
: it is det

[
x− a −b
−c x− d

]
= x2 − (a + d)x +

(ad− bc), which is x2 − tr(A) + detA.
(2) For A upper triangular, note xIn − A is also triangular. So the deteminant is (x − a11)(x −
a22) . . . (x − ann). So the eigenvalues are the diagonal elements. So the trace is the sum and the
determinant is the product of these eigenvalues (counting multiplicity).
(3). If we have an eigenbasis, we can write A in this basis, so it will be upper triangular, and the
theorem follows from (2).

F. Let V
T→ V be a linear transformation of a finite dimensional vector space. Fix eigenvalue

λ. Prove gemu (λ) ≤ almu (λ). That is, prove theorem III. [Hint: Choose a basis B for V that
includes a basis for the λ−eigenspace. Compute the characteristic polynomial using [T ]B.]

G. Let V
T→ V be a linear transformation of a finite dimensional vector space. Prove that T has

an eigenbasis if and only if gemu (λ) = almu (λ) for every eigenvalue λ. That is, prove theorem
IV. [Hint: You will need to use Theorem II.]



H. Consider the linear transformation P3
D→ P3 sending f 7→ xf ′′ − 3f ′. Find the characteristic

polynomial, the eigenvalues, and for each eigenvalue, its algebraic and geometric multiplicity. Then
find a basis for each eigenspace. Is there a basis for D in which D is diagonal?


