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Professors Jack Jeffries and Karen E. Smith

DEFINITION: A group G is simple if its only normal subgroups are {e} and G.

Simple groups are rare among all groups in the same way prime numbers are rare among all integers.
Indeed, last time you proved that the cyclic groups of prime order are exactly the simple ones.

A. Prove that a G is simple if and only if the only quotient groups it has are G and {e}. Can a simple
group have proper non-trivial subgroups? Explain.

Simple means that the only normal subgroups are {e} and G. Since quotients can only be made with normal subgroups,
the only possible quotients are G/{e} and G/G. The former is (canonically isomorphic to) G. The latter is a trivial group
with one element, so (canonically isomorphic to) {e}.

B. CONJUGACY CLASSES: Recall that G acts on itself by conjugation: g · h = ghg−1. The orbits of this
action are called conjugacy classes. Show that a subgroup H ⊂ G is normal if and only if it is a (disjoint)
union of conjugacy classes.

This is proved in detail on the Daily Update, Monday November 27.

C. S4:1

(1) Show that {e} is a conjugacy class in S4.
(2) Show that the set of 2-cycles forms a conjugacy class in S4.
(3) Show that the set of 3-cycles forms a conjugacy class in S4.
(4) Find all of the conjugacy classes in S4. How many are in each?
(5) What unions of conjugacy classes are closed under composition? Find all normal subgroups

of S4.
(6) For each normal subgroup of S4, what are its right cosets?
(7) For each normal subgroup of S4, what is its quotient group?

(1) {e} is the orbit of {e} since for every g ∈ S4, g · e = geg−1 = e.
(2) The set of all 2-cycles is the orbit (under conjugation) of (12). Note that for g ∈ S4, we have g · (12) =

(g(1)g(2)). Since for any (ab), there is an element g ∈ S such that g(1) = a and g(2) = b, we see that every
transposition is in the orbit of (12), so the set of all transpositions forms an orbit.

(3) The same argument applies to (123): its orbit is the set of all 3-cycles, since we can conjugate by a suitable g to
get any 3-cycle (abc). Indeed, an appropriate g will be any bijection taking 1 7→ a, 2 7→ b, 3 7→ c.

(4) The conjugacy classes in S4 are these:

{e}, O((12)), O((123)), O((1234)), O((12)(34)),

where, for example, O((12)) is the conjugacy class of (12), which as we saw in (2), is the set of all transpositions.
(5) Let H be a union of conjugacy classes closed under composition. If O(12) ⊂ H , then H = S4, since the

transpositions generate S4. Since the conjugacy classes are closed under taking inverses, H must contain {e}.
Also, if H contains O((123)), then it contains (123)(234) = (12)(34), so it must contain the entire class
O((12)(34)). Finally, if H contains O((1234)), then it contains (1234)2 = (13)(24) and also (1234)(13)(24) =
(143), hence all products of disjoint transpositions and all 3-cycles. So it must be S4.

1Recall from Problem Set 7: if when G acts on Sn by conjugation, g · (1 2 3 . . . d) = g ◦ (1 2 3 . . . d) ◦ g−1 =
(g(1) g(2) g(3) . . . g(d)).



So the possibilities for H are

{e}, S4, K = {e} ∪O((12)(34)), {e} ∪O((12)(34)) ∪O((123)).

A normal subgroup is a subgroup that happens to be a union of conjugacy classes. So any union of conjugacy
classes which is closed under composition will be a normal subgroup (note that all are non-empty and all are
closed under taking inverses). These are the four normal subgroups of S4.

(6) There are four normal subgroups. The cosets of {e} are just the 1-element sets of elements of S4. The coset of
S4 is the single set S4. There are two cosets of A4: the even permutations (A4 itself) and the odd permutations.
The cosets of K = {e, (12)(34), (13)(24), (14)(23)} are harder to describe. There are six of them. One is K
itself. The others are

K(123) = {(123), (243), (142), (134)}, K(124) = {(124), (234), (132), (143)},
K(12) = {(12), (34), (1423), (1324)} K(13) = {(13), (1432), (24), (1234)} K(14) = {(14), (1342), (23), (1243)}

(7) The quotient groups, up to isomorphism, are S4, {e}, {±1}, and a non-abelian group of order six (isomorphic to
S3 but this is a little harder to see—in fact you can show that every non-abelian group of order 6 is isomorphic
to S3.

D. S5:
(1) There is a homomorphism from S5 to {±1}. Use this homomorphism to find a normal subgroup

of S5.
(2) Find all of the conjugacy classes in S5. How big is each?
(3) Every normal subgroup must contain the identity. Given that, what unions of conjugacy classes

have the right size to possibly be a normal subgroup?
(4) Verify for each of the possibilities in the last part whether your union of classes is closed under

composition. Find all normal subgroups of S5.
(5) Explain why A5 is a simple group. This is the smallest non-cyclic simple group!

(1) The homomorphism is the sign map and its kernel is An, which is a normal subgroup, like all kernels.
(2) The conjugacy classes sort out by cycle type. The are

(a) {e}, or cardinality 1.
(b) O((12)), the set of all 2-cycles, of cardinality 10.
(c) O((123)), the set of all 3-cycles, of cardinality 20.
(d) O((1234)), the set of all 4-cycles, of cardinality 30.
(e) O((12345)), the set of all 5-cycles, of cardinality 24.
(f) O((12)(34)), the set of all products of disjoint transpositions, of cardinality 15.
(g) O((123)(45)), of cardinality 20.

Sanity check: 1 + 10 + 20 + 30 + 24 + 15 + 20 = 120 = 5!.
(3) Here, we see that only {e}, S5 and A5, which is the union of the classes numbered (1), (3), (5), (6) above.
(4) I am retracting this problem about the simplicity of A5 as it does not immediately follow from the above com-

putations. However, you can read about it in §8.5 of the text. Don’t sweat it though. Not super important, but it
might be good for you to know that A5 is simple, and it is the smallest non-abelian simple group.

E. Sn: Prove that An, n ≥ 5, is simple.

See the texbook §8.5 for the proof, which takes the whole section. Don’t sweat this too much; this is strictly for people
looking for extra challenging problems.

The smallest non-abelian simple group is A5, which is order 60. In a certain sense I won’t make precise here, all groups are
built from the simple groups, in a similar way that all integers are built from the primes.



It is not so easy to tell whether a given group G is simple or not. Just like determining whether a given (large) integer is
prime, there is an algorithm to check but it may take an unreasonable amount of time to run. None the less, a great achievement
of the Twentieth Century was a classification of all the finite simple groups. These are recorded in the Atlas of Simple Groups.


