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1. January 24: An introduction to complex numbers

1.1. The motivation for creating imaginary numbers. We would like to be able to solve polynomial
equations. Sometimes real numbers are sufficient, as in the case of x − 6 = 0, which has the solution
x = 6 ∈ R, or x2 − 9 = 0, which has the solutions x = ±3 ∈ R. However, sometimes a polynomial over has
no solutions in R.

Example: The polynomial equation x2 + 1 = 0 has no solution with x ∈ R because any real number
squares to a non-negative number, so x2 + 1 is strictly positive when x ∈ R.

1.2. A näıve approach to this problem. Define i to be
√
−1. This means that i2 = −1, so i2 + 1 = 0,

so x = i is a “solution” to our polynomial x2 + 1 = 0.

1.3. How should arithmetic and algebra work with i? Intuitively, we’d like these operations to behave
the same way they do in R. This is the näıve interpretation of complex addition and multiplication that we
all learned in high school, when it was taught to us as though it was naturally obvious that this is the way
complex algebra and arithmetic must work. For example:

Addition: 6i + 3− 2i = 4i + 3
Multiplication: (3i + 1)(2i− 6) = 6i2 − 6− 18i + 2i = −12− 16i

In performing the operations this way, we are assuming without saying so explicitly that the addition
we’re applying is commutative, and that the multiplication distributes over the addition. Of course, these
are pretty natural properties that we’d like to enforce in whatever rigorous definition of the complex numbers
we come up with.

It turns out that our näıve approach to the complex numbers is basically correct. It’s important to
remember that this is not always the case:

1.4. An aside: another example of a näıve answer to a mathematical question. We can treat ∞ as
a number. Then, just like for every other “number” (except 0), we should have 1

∞ = 0. So limx→∞ x( 1
x ) = 1

could be interpreted as an example of this, as evidence that in fact ∞( 1
∞ ) = 1.

However, note that limx→∞ x( 1
x2 ) = 0, despite the fact that we could similarly interpret this expression

as “∞( 1
∞ ).” So we see that the näıve approach we’ve taken to ∞ here quickly breaks down. Therefore, we

wish to formalize our notion of “i” the “imaginary unit.”

1.5. Working out the kinks: formalizing imaginary numbers. Question: What are some potential
issues with our “definition” of i?

• What’s the difference between i and −i? Specifically, we “defined” i as “something that squares to
−1,” but if i2 + 1 = 0 then (−1)2 + 1 = 0 as well.

• What do the operators for addition + and for multiplication · mean here? As in, how do we “add”
a real number a to some vaguely defined expression that we’ve been writing as bi, in the sense of
a + bi?
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1.6. A formal definition of C. Definition: The field of complex numbers, denoted C, is the set of ordered
pairs (a, b), where a, b ∈ R. We give C an addition and a multiplication as follows:

+C : C× C → C is defined by (a, b) +C (c, d) = (a + c, b + d):
∗C : C× C → C is defined by (a, b) ∗C (c, d) = (ac− bd, ad + bc):

Note: the addition and multiplication over a, b, c, d in the definition is real addition and real multiplication.
Often, we will use + and ∗ without subscripts to refer to addition and mulitplication in C as well. We will
see later why this does not introduce any extra ambiguity.

1.7. Why is (C,+C, ∗C) a field? The axioms of a field are in Spivak p. 571. We leave it as an exercise to
check most of the axioms carefully, as most of them are easy enough. A couple are interesting to note:

Additive identity: (0, 0)
Multiplicative identity: (1, 0)
Multiplicative inverses: If (a, b) 6= (0, 0), then there should be some element of C that acts as a

multiplicative inverse for (a, b). How do we find it? This axiom is non-trivial:

1.8. Division in C. Intuitively, we can perform näıve algebraic manipulations as follows: 1
a+bi

a−bi
a−bi = a−bi

a2+b2 .
Thus suggests that we should have (a, b) ∗C ( a

a2+b2 , −b
a2+b2 ) = (1, 0). It turns out that this does in fact work,

and since (a, b) 6= (0, 0), we know that a2 + b2 6= 0, so we have no issue of potential division by 0. We leave
it as a simple computation for the reader to check that the inverse we’ve given actually works.

1.9. Is there a simple way to interpret complex addition? As an analagous situation, consider Z ⊂ Q.
When we consider expressions of the form 3 + 1

2 , we’re adding an integer and a rational number, so formally
the addition symbol in this expression is undefined: is it addition of integers, or addition of rationals?

However, of course this is not really a problem at all. We know that Z ⊂ Q, and that the addition in
Q restricted to Z ⊂ Q is the same as the addition on Z. In other words, we can parse that expression as
3
1 +Q

1
2 , which is the natural way you would parse it.

It is essentially important here that the additon of Q when restricted to Z ⊂ Q agrees with the addition
on Z! The same thing happens with C, and explains why the näıve approach actually works fine here:

We can write any r ∈ R as an element of C by denoting it (r, 0). It is then easy to check, but not
immediately obvious, that (r, 0) +C (s, 0) = (r +R s, 0), and (r, 0) ∗C (s, 0) = (r ∗R s, 0).

Because of this inclusion R ⊂ C and the compatibility of the complex and real additions and multiplica-
tions, we are free to write out expressions like 3 + 4i − 2 without worrying about where the additions, etc.
are taking place: we may as well consider every addition and multiplication in such expressions as being
complex multiplication and addition.

Essentially, the punchline is that we really don’t have any problem writing complex numbers as “a + bi”
as opposed to as (a, b). Therefore, from now on, we will do so.

1.10. Can we put an order on C? If we can put an “order” on C, it had better have the properties that
every number is either 0, positive, or negative, and that positive times positive is positive and positive plus
positive is positive.

We know that i 6= 0 in C. So i must be either positive or negative. Which is it?
Suppose i > 0. Then i ∗ i > 0. But by definition i2 = −1 < 0, so i 6> 0. (Why must −1 be negative? This

can be deduced from the axioms we’ve adopted, and we leave it to the reader to check this.) So suppose
i < 0. Then −i > 0, so (−i)(−i) > 0. But (−i)2 = −1 < 0, so as before i 6< 0. We have proved:

Theorem: C cannot be given the structure of an ordered field

1.11. The fundamental theorem of algebra.
Theorem: Given any non-constant polynomial (over C), it has a root in C. We won’t prove this

theorem: the proof is in Spivak on p. 548–550.
Example: x4 + 1 = 0 has a root. This says that 4

√
−1 =

√
i ∈ C, so

√
i = a + bi for some a, b ∈ R.

Also, 17
√

i ∈ C, and so on. This is remarkable! We added in just one root of one polynomial over R,
and suddenly we got every root of every polynomial over R (and also over C)!

Let’s explore that first example more:
Problem: Find a, b ∈ R such that a + bi =

√
i. Meaning, find a + bi so that (a + bi)2 = i.
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Squaring both sides gives us i = (a+bi)2 = a2−b2 +2abi. Since both the “real parts” and the “imaginary
parts” of two complex numbers must be equal for the two complex numbers to be equal, this gives us that
a2 − b2 = 0 and 2ab = 1. This is true when, for example, a = b = 1√

2
. Indeed, it’s easy to check that

( 1√
2

+ i√
2
) = i. There are other values for a and b that also work.

1.12. A consequence of the fundamental theorem of algebra: we can now factor polynomials!
We could already factor some polynomials, for example x2 +3x−4 = (x+4)(x−1). Now we can also factor,
for instance, x2 + 1 = (x + i)(x− i), which we could not do before we introduced this thing we call i.

Fact: Given a polynomial f(x) = xn + a1x
n−1 + · · · + an, with ai ∈ C, we can use polynomial long

division to factor this polynomial into f(x) = (x − r1)(x − r2) · · · (x − rn), where r1, r2, . . . , rn ∈ C
are the roots of f .

If we know one root r of a polynomial, we may divide that polynomial by x − r via polynomial long
division, and the fundamental theorem of algebra basically tells us that we may iterate this process until we
divide out all n of the roots, since dividing a polynomial by a linear term drops its degree by 1.

For example, we can tell by inspection that 1 is a root of x5 − 1, and after dividing (x5 − 1)/(x− 1) via
polynomial long division, we get x4 + x3 + x2 + x + 1. So:

x5 − 1 = (x− 1)(x4 + x3 + x2 + x + 1)

Then, by the fundamental theorem of algebra, we know that x4 + x3 + x2 + x + 1 has a root, call it r. This
means that in the same way, we can write x4 + x3 + x2 + x + 1 = (x− r)g(x) for some degree 3 polynomial
g over C, so x5 − 1 = (x− 1)(x− r)g(x). Then g has a root in C, and so forth.
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2. January 25: Complex polynomials, algebra over C and over R

2.1. What is a polynomial over C? Last class, we were discussing “polynomials over C” without worrying
too much what we meant by that expression: polynomials over R were defined carefully in Math 295.
Similarly:

Definition: We say that f is a polynomial over C if f : C → C is given by f(z) = anzn + an−1z
n−1 +

· · ·+ a0 for some fixed a0, a1, . . . , an ∈ C. (Actually, given any field F , we define polynomials over F
in the same way.)

If an 6= 0, then n is known as the degree of f . Every polynomial either has some ai 6= 0 with
i ≥ 1, or is a constant polynomial, that is, we can write f(x) = a0. In this second case f is said to
have degree 0 if a0 6= 0, and by convention is said to have degree −∞ if a0 = 0. For a discussion
about why this is a convenient convention, see the wikipedia article on the degrees of polynomials.

2.2. Review of the two key theorems from last class.
Theorem 1: Every non-constant polynomial over C has a root over C.
Theorem 2: Given f a polynomial over C and r ∈ C, there is another polynomial g over C such that

f(z) = g(z)(z − r) if and only if r is a root of f , that is, if f(r) = 0.
Theorem 1 is known as the fundamental theorem of algebra. Actually, the precise statement of this
theorem is a bit stronger:

The Fundamental Theorem of Algebra: Every polynomial over C of degree n ∈ N, n > 0, has n
roots in C, counting multiplicity.

Example: Let f(x) = x2 − 3x− 4. Since x = 4 is a root of this polynomial, we can find a polynomial
g, namely g(x) = x + 1, such that (x− 4)g(x) = f(x).

2.3. An important consequence of these theorems. Any polynomial over C splits completely as a
product of linear terms over C. Note: The decomposition into linear terms is actually essentially unique;
this uniqueness will be discussed in later courses. Precisely speaking:

Definition: A polynomial f splits completely over a field F if it can be written f(x) = c(x− r1)(x−
r2) · · · (x− rn), where c, r1, r2, . . . , rn ∈ F .

2.4. Question: Do polynomials over R split over R? Sadly, no. For instance, x2 + 1 splits into linear
terms as x2 + 1 = (x + i)(x− i). Since i /∈ R, x2 + 1 does not split over R.

An interesting follow-up question, asked in class by DJ, is “how often” do polynomials over R split over
R? In other words, if we just pick some random polynomial over R out of a hat, how likely is it that it splits
over R?

To answer this question nicely, we need to define what we mean by a “random” polynomial. The difficulty
lies in that there is no “natural” way to pick, say, a real number “randomly.” What are the chances that
a real number chosen randomly lies in [0, 1]? Or that it’s bigger than 3? For example, if our method of
choosing the number is really random, then there should be a 50% chance that it is bigger than 3 and a 50%
chance that it is less than 3. But similarly there should be a 50/50 chance that it is bigger than 4! Anyway,
issues like these are tackled in a course on probability.

A related question is, “Can we easily tell whether a given polynomial splits over R?” We will see that in
some cases, we can find all the roots of our polynomial, and then we can tell whether it splits over R based
on whether any of the roots are complex. However, in general, it is difficult to tell whether a polynomial has
complex roots or not.

We will, however, be able to show a surprisingly strong theorem related to these questions. We first need
to establish some tools in order to prove it.

2.5. Field isomorphisms.
Definition: Two fields F1 and F2 are isomorphic with the isomorphism f : F1 → F2 if the following

conditions are met, for every a, b ∈ F1:
(1) f(0F1) = 0F2

(2) f(1F1) = 1F2

(3) f(a +F1 b) = f(a) +F2 f(b)
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(4) f(a ·F1 b) = f(a) ·F2 f(b)
A field automorphism is a field isomorphism f : F → F from a field to itself. So, for example, a field
automorphism of C is a field isomorphism f : C → C.

2.6. Complex conjugation.
Definition: For z = a + bi ∈ C, the complex conjugate of z, denoted z̄ or z∗, is a− bi.
Theorem: The function f : C → C defined by f(z) = z̄ is a field automorphism of C.
Proof : We must test the four conditions we gave a moment ago for a function being a field automor-

phism. Conditions 1 and 2 are trivial. For condition 3, pick z = a + bi, w = c + di ∈ C. Then,
f(z+w) = z + w = a + bi + c + di = (a + c) + (b + d)i = (a+c)−(b+d)i = (a−bi)+(c−di) = z̄+w̄.
The proof of condition 4 is similarly a simple computation, albeit one that is slightly more involved
than this one, and is left to the reader as an exercise. (This computation is similar to a part of
problem 3 of homework 1 of Math 295, which dealt with the field Q(

√
2).)

2.7. Splitting polynomials over R into quadratic terms. We know from theorems 1 and 2 that every
polynomial over R of degree at least 1 has a linear factor over C. We will now show that every polynomial
over R of degree at least 2 has a quadratic factor over R.

Theorem: If f is a polynomial over R of degree at least 2, then f has a quadratic factor over R.
Proof : Let z = a+ bi ∈ C be a root of f , so that f(z) = anzn +an−1z

n−1 + · · ·+a0 = 0. Pick the root
so that it is not a real number, that is, so that b 6= 0. If every root of f is real, then the theorem is
obvious, so we may assume that z is complex.

Let’s take the conjugate of both sides of our equation: we get 0̄ = 0 = anz̄n +an−1z̄
n−1 + · · ·+a0.

Note: We can break up the conjugation of the right side of the equality sign as we did because we
know that complex conjugation is a field automorphism of C, so it distributes over addition and
multiplication.

Since all a0, . . . , an ∈ R, we know that conjugation does not change them, so we can rewrite the
right side of our equality as anz̄n+an−1z̄

n−1+· · ·+a0. Hence, anz̄n+an−1z̄
n−1+· · ·+a0 = f(z̄) = 0,

so z̄ is a root of f whenever z is!
This means that we can factor out (x− z)(x− z̄) from f(x). It is a simple computation to show

that this quadratic, when multiplied out, is over R. It is also a factor of f , so we are done.
This theorem says that though polynomials over R might not break into products of linear terms, as they

do over C, they do necessarily break into products of linear and quadratic terms.

2.8. A few interesting notes. Question: We essentially created C by taking R and throwing in i, the root
of one particular polynomial over R, and performing algebraic and arithmetic computations with it in the
“natural” way. After we did this, it turned out that we magically got the roots of every other polynomial.
What if instead of throwing in i, we had thrown in a root of a different polynomial? Can we get back to C,
somehow?

For example, what about
√
−17, a “root” of x2 + 17 = 0? Because

√
−17√
17

= ±i, and
√

17 ∈ R, we can
indeed get i and thus the rest of C.

What about a root r of some other polynomial f over R so that r 6∈ R? According to the fundamental
theorem of algebra r ∈ C, which means that for some a, b ∈ R, we can write r = a + bi, b 6= 0. Thus, we can
simply subtract a and divide by b to get back to i, and from there we can construct the rest of C.

So, in the sense of just the fundamental theorem of algebra, the root i of x2 + 1 = 0 was not special. We
could have added in a non-real root of any polynomial over R and gotten a field that has every solution to
every polynomial over R.

2.9. Actually finding roots. We all learned the quadratic formula in middle school, which shows us
explicitly the roots of a polynomial of degree 2. There is an analogous “cubic formula” and “quartic formula,”
although they are much more long-winded and harder to state than the quadratic formula. This means that
the question we considered earlier, regarding whether we can tell whether a polynomial splits completely
over R, has an answer when the polynomial has degree at most 4. However,

Theorem: There is no formula that gives the solutions, expressible by radicals, of general polynomials
whose degree 5 or more.
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Galois theory is a branch of mathematics that was developed during the quest for an answer to the question
of whether it is possible to “solve” degree 5 polynomial equations, that is, to find roots of polynomials of
degree 5. The proof of this theorem is involved and essentially the field of Galois theory was initially
developed as the proof of this theorem. If you are intrigued, Prof. Andrey suggests you check out the book
“Galois Theory” by Ian Stewart, which provides a very accessible exposition.
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3. January 26: More remarks on the algebra of C,
and an introduction to the geometry of C

3.1. Two quick algebraic questions.
Question 1: Does adding i to any field make it algebraically closed? As we discussed, R is not

algebraically closed, since there are polynomials over R that have no roots in R. However, by
“adjoining” i to R, creating the field C, we got something algebraically closed. Was this a miracle?
An accident? Does inserting this thing called “i” always “algebraically close” a field?

Answer: No. For example, Q is not algebraically closed. When we adjoin i to Q—we call the resulting
field Q(i)—the equation x2 − 2 = 0 still has no solution in Q(i). (This is not entirely obvious, but
easy enough to check: simply let (a + bi)2 − 2 = 0, with a, b ∈ Q, and arrive at a contradiction. We
leave this to the reader.)

Question 2: Do some fields that we have seen before already have “i” hidden in them? That is, are
there some fields that we have discussed already that contain an element whose square equals −1,
the additive inverse of 1 the multiplicative identity?

Answer: Yes. For example, take the finite field on 5 elements F5 = {0, 1, 2, 3, 4}, which uses modular
arithmetic. Then 22 = 4 ≡ −1 mod 5, so in this field we have that 2 is a solution of x2 + 1 = 0.
You can check that 3 is also a solution to x2 + 1 = 0, and that 2 = −3 in F5, so 2 and 3 are “±i” in
F5.

3.2. Multiplications on Rn. Last semester we learned how multiplication in R1 is associative, commuta-
tive, distributes over addition, and has an inverse for every x ∈ R such that x 6= 0. This week we discussed
complex multiplication, which can be interpreted as a multiplication on R2 which has these same important
properties, essentially the field axioms. As it turns out, these are the only multiplications on any Rn that
satisfy all of these requirements. This fact is known as the Frobenius theorem:

Theorem: There are only two multiplications on any Rn which distribute over coordinatewise addition
and are associative, commutative, have a multiplicative identity, and have a multiplicative inverse for
every non-zero element of the Rn. Namely, these are the real multiplication on R and the complex
multiplication on C, which we can think of as R2.

We will not prove this theorem in 296. Its proof is quite hard. It is an interesting exercise to try to come up
with a multiplication on, say, R3 that has those properties.

If we relax some of the requirements, other multiplications exist, but as long as we keep the condition
that we have multiplicative inverses, there are still very few. Precisely:

Theorem: There are only three multiplications on any Rn which distribute over addition, are asso-
ciative, and have multiplicative identity and inverses. These are the two over R and C, plus the
multiplication of the quaternians, discussed below.

There are only four multiplications on any Rn which distribute over addition and have multi-
plicative identity and inverses. These are the three described already, plus the multiplication of the
octonians. See wikipedia for more information, if you are interested.

If we drop the multiplicative commutativity requirement, we have the multiplication on the quaternians,
an extension of the complex numbers, denoted H. Whereas elements of C are written in the form a + bi
where a, b ∈ R and where i2 = −1, elements of H are written in the form a+ bi+ cj + dk, where a, b, c, d ∈ R
and i, j, and k are characterized via i2 = j2 = k2 = −1 = ijk.

We can interpret this as a multiplication on R4, and you can check that it is associative, that 1+0i+0j+0k
is a multiplicative identity, and that every non-zero element has a multiplicative inverse. However, as you’ll
see on the homework assignment, this multiplication is not commutative.

The quaternians may seem a little crazy, but they have applications in physics: a can be the temporal
coordinate, and b, c, and d can be the spatial coordinates. Operating on H is “like rotating space.” However,
Prof. Andrey cautions us that thinking about the quaternions too much can lead to insanity, as it apparently
did for the mathematician Hamilton who came up with them and spent the rest of his career trying to convince
everyone that they were humanity’s salvation.

If we also drop the requirement of associativity, we can create another multiplication, this time on R8,
called octonian multiplication. The elements are written in the form a+bi+cj+dk+el+fm+gn+ho, where
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a, b, c, d, e, f, g, h ∈ R, and i, j, k, l, m, n, o follow rules similar to those for the quaternians’ “generators.” See
wikipedia for a more detailed discussion.

It’s important to note that the most difficult requirement to fulfill is the existence of multiplicative inverses.
If we only require distribution over addition, associativity and commutativity, we can use coordinatewise
multiplication on Rn for any positive n ∈ N, among other examples. (Can you think of any? This will be
discussed in more detail in later lectures in Math 296.) Let’s explore this one example:

3.3. Coordinatewise multiplication on Rn. For (a1, a2, . . . , an), (b1, b2, . . . , bn) ∈ Rn, let (a1, a2, . . . , an)∗
(b1, b2, . . . , bn) = (a1b1, a2b2, . . . , anbn). The multiplication in each coordinate is multiplication in R, so
we know that it distributes over addition and is associative and commutative. However, coordinate-wise
multiplication is not invertible in Rn when n > 1. For example, in R3, (1, 0, 0) is not the additive identity, so
we would like for it to have a multiplicative inverse, but there is no (a, b, c) ∈ R3 such that (1, 0, 0)∗(a, b, c) =
(1, 1, 1).

3.4. The conclusion of our discussion on abstract algebraic facts, for now. We will now switch
gears and discuss the geometry of the complex numbers. If you enjoyed this discussion, you should consider
taking Math 593 and 594, the algebra “alpha courses,” after finishing Math 396.

3.5. How do we interpret C geometrically? Arithmetically and algebraically, C is kind of like R2, but
with complex addition and multiplication and several other things thrown into the picture. Luckily for us,
we can also interpret C geometrically, as R2. In fact, often when mathematicians discuss “the plane,” they
implicitly refer to the complex plane, so that they can make use of the nice properties that the algebraic
structure of C affords us.

3.6. Plotting complex numbers. To plot z = a + bi ∈ C, we can use a horizontal “real axis” and a
vertical “imaginary axis.” The number z will be at a distance a along the real axis and a distance b along
the imaginary axis. This is identical to the procedure for plotting an ordered pair (x, y) ∈ R2.

3.7. Interpreting complex addition and multiplication geometrically.
Addition: To plot (a + bi) + (c + di), simply plot a + bi and translate the point to the right by c units

and upward by d units!
Multiplication: Multiplying complex numbers is slightly more complex (pun intended?). It is useful

to represent the complex numbers in a different way, via the “length” and polar angle of the number.
“Length:”

√
a2 + b2, denoted |a + bi|, is called the norm, modulus, or length of a + bi.

“Angle:” θ is the angle, in radians, counterclockwise from the positive real axis, to the line in C
through the origin and a + bi. So cos θ = a√

a2+b2
and i sin θ = bi√

a2+b2
. Note that | cos θ + i sin θ| = 1

for any θ ∈ R. The “angle” of a complex number z is usually called the argument of z, denoted
arg z.

Then, we can write a + bi as
√

a2 + b2(cos θ + i sin θ).
Using a single symbol per complex number to denote length, we may represent two complex numbers z and

w as z = r(cos θ + i sin θ) and w = s(cos φ+ i sinφ). Then zw = rs(cos θ + i sin θ) cos φ+ i sinφ). Using angle
sum and difference formulas, this simplifies to zw = rs(cos (θ + φ) + i sin (θ + φ)). So, the multiplication of
complex numbers “multiplies their lengths and adds their angles.”

Note that as a corollary of this observation, we have that |zw| = |z| · |w|, or in fancy language, that the
norm “is multiplicative.” We will use this fact later.

3.8. Application: Roots of unity. A root of unity is a (complex) number r ∈ C so that for some positive
n ∈ N, rn = 1.

Because the norm is multiplicative, we have that if r is a root of unity then |rn| = |r|n = 1, so necessarily
|r| = 1, in other words, all roots of unity must lie on the unit circle. We will discuss roots of unity in some
more depth next class, but for now consider the following example:

Problem: Find a root of unity r with r3 = 1, that is, a cube root of unity.
Solution: We know when we multiply complex numbers, we add the angles, so the complex number

having length 1 at an angle of 2π/3 will cube to the complex number of length 1 with angle 3·(2π/3) =
2π, which is actually the complex number 1. So, r = cos(2π/3) + i sin(2π/3) is a cube root of unity.
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4. January 28: A surven of ideas in complex topology and analysis

4.1. Finishing up roots of unity. Recall that we found that if we multiply two complex numbers, then
we “multiply their norms and add their angles.”

Problem: Pick a positive n ∈ N. Which z ∈ C satisfy zn = 1? In other words, what are the nth roots
of unity in C?

Solution: We saw last class that we must have |z| = 1. We also know that multiplying z by itself n
times means that we will be adding z’s angle (call it θ) to itself n times. Therefore, nθ must be a
multiple of 2π. So, for k ∈ Z, θ = 2kπ

n . Therefore, z = cos 2kπ
n + i sin 2kπ

n , for any k ∈ Z, is an nth
root of unity. You can check that this gives exactly n distinct nth roots of unity in C, for every
positive n ∈ N.

The characterization of the roots of unity is not so neat in other contexts. For example, in the quaternians,
there are actually infinitely many square roots of −1, so there are infinitely many fourth roots of unity! (This
is because any square root of −1 is a fourth root of unity.) You will explore this idea more on the homework.

4.2. The topology of C.

Question: : How do we give C a topology? What about a metric structure? What properties would
we like these structures to have?
• We want it to be intuitive and elegant. The Euclidean topology on Rn is generally considered

the “natural” topology, so it would be nice if the topology we choose for C is the same as that
on R2, as long as this “natural” topology satisfies the other properties we want. What might
these properties be?

• We would like analysis, including calculus, to work nicely in C. For instance, we want poly-
nomials to be continuous. Polynomials involve adding and multiplying numbers, so this means
that we probably want complex addition and multiplication to be continuous.

• Since R ⊂ C, we would like the topology of R to be the subspace topology of whatever topology
we put on C, since the topology of R is prevasive and pretty “natural.”

• We already have a notion of the “length” of a complex number, which we can probably use to
define a metric. It would be nice if our topology agreed with this metric.

Fortunately, the Euclidean topology on R2, treating C as R2, actually meets all of our needs. The
punchline is that this is indeed the topology we will use.

We will find that while complex numbers were initially conceived to solve a problem in algebra, the field
C has some great geometric, topological and analytic properties. Today, pretty much everyone in theoretical
mathematics uses C, but the study of the complex numbers is most often considered “complex analysis.”

4.3. Defining a metric on C. Definition: For two complex numbers z and w, we define: d(z, w) = |z−w|.
It is easy to check that d is a metric on C.

As in Rn, we can see visually how the triangle inequality |z + w| ≤ |z| + |w| holds, and why it is called
the triangle inequality. If we have z, w ∈ C and we plot them as vectors, z + w is the appending of w to z.
Drawing a vector from the origin to z + w creates a triangle, with side lengths of |z|, |w|, and |z + w|. We
know that the length of no side of a triangle can exceed that of the other two, so |z + w| ≤ |z| + |w|. This
is not a proof of the complex triangle inequality, but a proof can be worked out carefully without too much
trouble. We leave it to the reader.

The topology we put on C is the metric topology from this metric. It turns out that complex addition
and multiplication are continuous in this topology. Intuitively, this means that if you change the inputs a
little bit, the outputs under these two operations will only change a little bit. This is intuitive when these
operations are interpreted geometrically, as described in an earlier lecture.

Geometric evidence for continuity of complex addition: If we take a, b ∈ C and add them, the
sum a + b is simply translating a right by b’s real component and up by b’s imaginary component.
Clearly (the proof with δ and ε is easy), changing b by a little bit changes the sum by a little bit, so
addition is continuous.

Geometric evidence for continuity of complex multiplication: Again, multiplying a and b is
multiplying their lengths and adding their angles. So, if we make b slightly longer, then |a| ∗ |b| is
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slightly bigger so a ∗ b is slightly farther from the origin; if we make b’s angle a little greater, then
the product will have an angle that is greater by that same tiny change. Thus, changing inputs by
a small amount will change the length and angle of the output by a small amount, and therefore
multiplication is continuous. The δ–ε proof of this fact is more involved than it is in the case of
complex addition, but is nevertheless also left for the reader.

As a consequence of the continuity of complex addition and multiplication, polynomials over C are con-
tinuous in this topology, since they are just compositions of sums and products of complex numbers.

4.4. Complex power series. Definition: A complex power series in z is an expression of the form∑∞
n≥0 anzn, where all an ∈ C.
Although we won’t go into the specifics now, we should note that most of the theorems for power series

over R hold for complex power series as well. Also, note that because R ⊂ C, any real power series is
also a complex power series. Similarly, C ⊂ H, so any complex power series is also a power series over the
quaternians.

4.5. Convergence of complex power series.

Theorem: In C, the series
∑∞

n≥0 anzn converges absolutely in an open ball (“disk”) centered around
0, diverges outside, and may converge (either absolutely or conditionally) or diverge at any point on
the ball’s boundary.

This theorem mirrors one for real power series, where again we have a “ball” of convergence. Over
R, of course, the “ball” is really an interval. In C, interpreted as R2, the ball really looks like a ball,
explaining the name.

Example in R: The geometric series 1 + x + x2 + · · · =
∑∞

n=0 xn converges absolutely to 1
1−x for

|x| < 1 and diverges elsewhere, by the ratio test.
Example in C: : The series 1 − x2 + x4 − · · · =

∑∞
n=0(−1)nx2n converges absolutely to 1

1+x2 for
|x| < 1 by the ratio test. Note that 1

1+x2 is not defined for x = ±i, because 1 + i2 = 0. When
x = ±i, the series becomes 1 + 1− 1 + 1− · · · , which does not converge. The ball of convergence for
this series has radius 1 around 0.

4.6. Complex derivatives. Definition: f : C → C is differentiable at a ∈ C if limz→a
f(z)−f(a)

z−a exists.
This limit is then called f ′(a).

4.7. Determining differentiability in C. In R, to check if a function f : R → R was differentiable at a
point a ∈ R, we had to verify that the left-hand and right-hand limits of the slopes of the secant lines were
the same. That is,

Definition: f : R → R is differentiable at a ∈ R if and only if the limits limh→0−
f(a+h)−f(a)

h and
limh→0+

f(a+h)−f(a)
h both exist and are equal.

However, things are much more complicated in C. In R, there are only two directions from which to approach
a point a. However, in C, there are uncountably many paths approaching a along which we can take limits,
and for f : C → C to be differentiable the limit along all of these paths must be the same. Thus complex
differentiability is a much stronger condition than real differentiability.

Problem: Is the function f : C → C defined by f(z) = z̄ differentiable?
Solution: We will show that f is not differentiable at z = 0 by showing that the limit of f(0+h)−f(0)

h
is different as h → 0 along two different paths: along the real axis, and along the imaginary axis:

lim
h→0

f(0 + h)− f(0)
h

= lim
h→0

f(h)
h

=
h

h
= 1

lim
h→0

f(0 + hi)− f(0)
hi

= lim
h→0

f(hi)
hi

=
−hi

hi
= −1

Thus, if we approach 0 from one direction, then it looks like f ′(0) should be 1, but if we approach
from a different direction, then it looks like f ′(0) should be −1. Thus, f is not differentiable at 0.
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4.8. Fantastic facts about derivatives in C. Proving the differentiability of functions from C to C is
often much more difficult than doing so for functions from R to R. Luckily, there are two key theorems that
make our lives as mathematicians much easier once we know that a function in C is differentiable.

Theorem: If a function f : C → C is differentiable, then f ′ is also differentiable. This means that any
function in C that is differentiable is actually infinitely differentiable! This was not true in R.

Note: Over R, the word smooth was synonymous with “infinitely differentiable.” This is not the
case over C: smooth has a more complicated definition that we won’t give here. So, this theorem does
not actually say that any differenitable function from C to C is smooth, although this is actually true.
Not every smooth function from R2 to R2 is infinitely complex differentiable, or even necessarily once
complex differentiable.

Theorem: A function f : C → C is differentiable if and only if f is analytic. Recall that f is called
analytic if for all a in the domain of f there is some neighborhood of a on which the power series of f
centered at a converges to f . The right-to-left direction of this theorem does not hold for functions
from R to R, not even for infinitely differentiable ones. For example, as discussed previously, the
function F : R → R defined by

F (x) =
{

e−
1

x2 if x > 0
0 if x ≤ 0

is infinitely differentiable but not analytic. This is because its power series at the origin can’t converge
to F in a neighborhood around the origin: on the left, the power series would have to converge to 0,
so every coefficient of the power series would necessarily have to be 0, but on the right, the power
series would have to converge to e−

1
x2 , so the coefficients of the power series could not all be 0.

The field of complex analysis studies ideas like these in more detail. It is a rich field and is often considered
one of the most beaitiful and elegant areas of mathematics. If you enjoyed this discussion, then consider
taking the alpha course Math 596.

4.9. Stereographic projection: one last cool thing about C. Imagine the complex plane cutting a
sphere along an equator. Take any point on the plane and draw a line between it and the top of the sphere
(the “north pole”, if you will). Geometrically, we know that besides the north pole, this line will intersect
the sphere at exactly one point. This gives us a bijection from the complex plane to the sphere minus the
north pole. Call this bijection f . This map is usually called stereographic projection.

4.10. An amazing fact: circles go to circles! For any circle X in C, the image of X under f is a circle
on the sphere. (A circle in C is a set of points equidistant from a fixed point in the metric we described
earlier. A circle on the sphere is the set of points in the intersection of the sphere with some fixed plane.)

4.11. The one-point compactification of C. Intuitively, limz→∞ f(z) is the north pole. Thus, by defining
f(∞) to be the north pole, we can make a bijection between C∪ {∞} and the entire sphere, creating a one-
point compactification of C: a space which is obtained by adding one point to C, which is compact, whereas
C previously was not compact. This allows us to make some sense when discussing the “point at infinity.”

Stereographic projection is really a topological concept, and the study of topology is greatly aided by the
other nice properties of C. If you liked this idea, and also generally like shapes and pretty pictures, you
should consider taking Math 591 or 592, the alpha sequence in topology.
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