Math 156  Applied Honors Calculus II ~ Final Exam Review Sheet Solutions Fall 2011
1. True or fal§e o ) )

a) FALSE. Y/, i = 000 570 ? =

b) TRUE. lim;,— 0 ZZ (@) Az = f [ (z)dz = f(b) — f(a) by FTC

¢) FALSE. If n is doubled, then Az decreases by a factor of % and the error in the right-hand Riemann sum decreases by
a factor of %7 not i, as we saw in examples in class.

)TRUE Since Iy fla ( )dz = [} f(a ( ) flx )g’(:ﬂ)|0 g (z )df( ) F)g' ()= F0)g' (1)~ [, f 1 (x)da =
_fo z)dx and fo x) f(x)dx = fo df'(z) = g(z) |o—fo f'()dg(x) =g(1)f’( )—9(0)f'(1 ) g' (@) f'(x)dw =
— fo x)dx, left hand side equals rlght hand side.

e) FALSE. Slnce fo 9% diverges by p—test = [ % diverges.

f) FALSE. The work done for spring W = [} k(z — 10)dz = [J kede = 1ka?|] = 200 (N- cm) = k= 16. W =

1200 k(x — 10)dx = folo kxdx = %ka‘éO = 800 (N- cm)=8 Joule. (The general rule is: both starting from the natural

length, if the length stretched is doubled, the work is multiplied by 4.)

g) FALSE. Do not try to find the true CM, it is complicated, instead, draw a graph and think. Z = 0 is correct since
the graph is symmetric about x = 0. But § = % is lower than the actual y. If the region is a rectangle —1 <z <1 and
0 <y <1, this CM is true, but the actual graph is well above y = 1 (the lowest point of coshz is 1 at x = 0). Actually,
the true y = 0.5985.

h) FALSE. A counterexample is an exponential distribution, f(x) attains its maximum value at x = 0 rather than u = %
(For normal distribution, the statement is true.)

i) TRUE. Since [*_af(z)dz = pand [*_ f(z) =1, one has [~ (z — p)f(z)dz = 0.

j) FALSE. The statement describes a linear decay. But the radioactive material obeys exponential decay (y(t) = yoe_kt),
after 100 year (half-life) only kg left, after 400 year (1)4 = i kg left.

k) TRUE. Compounded Continuously y(t) = yoe"™* = yo(1 + rt + (Tt + Remainder), where ¢t = 2, r = 0.05 =
y(2) = 2000 - (14 0.05- 2+ £(0.05 - 2)?) + Remainder = 2210 + Remalnder > 2210 (The Remainder is positive.)

1) TRUE. y(t) = 1 is a constant solution of the differential equation.

m) FALSE. This is only true if the constant solution is stable.

m) FALSE. A counterexample is a,, = %, b, =n, lim a,b, = 1.

n—oo

n) FALSE. If the step size h decreases, then the error also decreases.

0) FALSE. A counterexample is a, = +, b, = n®.

(oo} oo
p) FALSE. A counterexample is a,, = %, b, = %, so that > a, converges, but Y. b, diverges.

n=0 n=0
q) FALSE. In class we showed that 1 — £ + % — 14+ =2
r) FALSE. Since L = lim |*=| = lim —n® =1, the ratio test in inconclusive.
n—oo n n—oo (N+1)
s) FALSE. The series Y ., n+)1 " converges at x = 1 by AST. However, it does NOT converge at x = —1 by p—test
with p = 1.

t) TRUE. The radius of convergence is at least R = 1, so the interval of convergence is at least 0 < x < 2, which contains
1

u) FALSE. Do not try to find f(®(0) and f()(0) directly, instead, using the Taylor series to derive them, since the general

form for Taylor series f(z) = Y c¢p,a™ where ¢, = % = fM(0) =n! c,. Since e = Y La", f(z) = e =
n=0 n=0

oo}
> L(—2®)" =1—2%+ 12" — }2% + Remainder. Here c3 = 0 since there is not % term, ¢g = —%, thus f®(0) = 0,

n=0
f©(0) =6!-cg =720 (—%) = —120. Thus the statement is false.

v) TRUE. Since 1—Tw = 1_(1_36) = (=1)"z™. Differentiate on both side yields —(1+w = > (=)t =
- ~ n=0 n=1
(e = 35 () et = 55 (1) 1

w) TRUE. Since e* = 20%1:

,1etx=1,6=1+1+%+%+%+~-+i--~,itisclearthane>2. Consider a

n!

series 1 +1+3+3+4+ +4+ =1+ o= 1_17 = 3, this series is greater than the series of e, since
n=0 2

except the first three terms (1 = 1,1 = 1,% = ;) each term in this serles is greater than the correspondmg term in the

series of e, 1> & =4, & =154 = 27 7lr > & then yrbey = g > sk = gy since n+ 1> 2 for

n > 1, by induction, the series of 3 is greater than the series of e, since each term in the former is greater (or equal) the
corresponding term in the latter. Thus 2 < e < 3.



n!
n=0
1

1a* is positive, one can show that the remainder is positive (omit here). Thus fol e dx > fol(l —2?)dx =
231 1_ 2

(@-F)y=1-35=3

y) TRUE. Since the series is sin 7 (note that sinz = x — Sfllx3 + %xf’ - %:ﬂ +---) and sin § = 1.

z) TRUE. cosh’z — sinh®z = (ez“ﬁ)z — (em_;ﬁf = 2x+2+6721 — 21_2:’57% =1.

aa) FALSE. [tanhadr = [ $2h2gy — [ 1 _dcosha = ln(cosh ) # sech®h. Note that (tanhz)’ = sech®z.

bb) TRUE. Note that T} (z) = f(a) + f'(a)(z — a), thus T{(a) = f'(a).

cc) TRUE. e” =14z + 322+ -+, s0 e 0! =14 (=0.1)+ 3(=0.1)?+--- =1—0.140.005 — - - -, so [e"*-* — 0.9] < 0.005,

50 0.895 < e791 < 0.905.

dd) FALSE. Using the binomial series (1 + :1:) =1+kr+---, replace x with 22 = (1+22)f =1+kz?+---

k=3 VitaZ=(1+2)2=1+1a2+..

ee) TRUE. Since coshix = e”+25 - 5 =cosx

ff) TRUE. Since ™ = cosmw + ¢ sinm = —1 = mi = log(—1). (Actually, more rigorous log(—1) = (2k + 1)m¢, where k

is an integer.)

gg) PALSE. () = gty = §57 =

hh) TRUE. () = 3% = 2% = (%)-

ii) TRUE. >, (ﬁ) (=) =1+ (-1)~=0.

o) &)
x) TRUE. e* = > La", f(z) =e® = Y L(-a?)"=1—-2?+ a2 - %x6 + Remainder = e~ ® > 1 — 22 since the
n=0

next term

, since

__ cosxz+1 sinx+cosx—1 sinx

integration

. ; : : 1 2012
Question 2 Solution a) geometric series = —sgorr = = 2012
) & 1—2Z00TT = 2012-2011

1 .
b) It equals fol 1+ x)dx = (x + ﬁ) ‘0 = % (change - — z, % — dx)

c) It equals fo = dz = In(1 + )]y =In2
d) By L’Hospital’s rule, hm sz _ lrrb (SEI;)J?) = hr% €L = cos0 = 1.
xr— xr—
e) By L’Hospital’s rule, hm 1-cosz _ lin%) % = hH(l) 5‘2‘? =1
T— r—

f) Note that lim (1 + 2y - (T}gr;o (1+5)")=(e)?=¢"

, 1
g) By L'Hospital's rule lim Y=L — lim WL — fim 275 — 1

xr— xTr— xr—
h) Jim @HI=et iy elpdethebe®htidnn ot iy da’htGe?hipash® bt iy (403 4 G22h + dzh? + h3) = 42° (one
h—0 v h—0 v h—0 h—0

can use L’hospital rule, note that ‘h’ is variable here, regard x as constant)
z+h)—f(z . "(z+h
fz+ }3 flz) _ limy, .o f (Tl+ ) #(z).

SN2 @I h) _ iy, S amh) gy SR mh) gy,

i) By L’Hospital’s rule, limp,_,o

j) Using L’Hospital’s rule twice, limy, o
) h rpyde L’Hospital Rule . z)dz)’ . )
k) lim oS tim @D SO ()

h—0 h—0 ()’ h—0

. Jhaf(z)az L'Hospital Rule . (/o f(2)de)’ hf(h . f(h) _ f(0)
D) lim S5 lim S0 = lim 2 = Tim LG = T
Question 3 Solution
a) limpo(1+R)" =lim, oo(1+ 2)" =e' =¢ b) use L’Hopital’s rule twice

Question 4 Solution

a) TO BE COMPLETED
) TO BE COMPLETED
)

TO BE COMPLETED

TO BE COMPLETED

TO BE COMPLETED

TO BE COMPLETED

g) integration by parts

Jasinzdr = [2(—1)dcosz = — [xdcosx = —xcosz + [coszdr = —zcosz +sinz + C =sinz — xcosz + C
h) using integration by parts twice

Using integration once

Je “sinzdr = [e *(—1)dcosz = —e “cosz + [ coszde”
Using integration twice

Je*coszdr = [e "dsinz =e “sinz — [sinzde™® =e “sinz + [ e “sinadx

b
)
d
)
)

¢
e
f

T =—e "cosx— [e " cosadx



Thus

Je *sinadr = —e "cosx — e “sinz — [e Tsinzder = 2[e Tsinz = —e Pcosz —e Fsine = [e Tsinz =
1(—e"cosz—e ®sinz) + C = —Le "(cosz +sinz) + C

) [=--Ll4C

) [ irde = [ tEzda? = [ izd(4+22) = LIn(d +22) + C

If you do not like the above way, using variable change u = 4 + 22, du = 2xdx = dr = %du

[ iizde = [£ du= [ sodu=fImu+C =34+ +C
k) This type of antiderivative, one needs to use substitution z = 2tan 6, dx = 2(1 + tan® §)d6
oy = [0 g9 — [1d6 =10+ C = Jarctan g 4 C
Write down this formula f a;fx? = %arctan =
1) This type of antiderivative, one needs to use the formula 1 + sinh? @ = cosh? 6, using variable change 2 = 2sinh#,
dxz = 2 cosh 6d0,

f 4+x2_f\/

2 cosh 0 _ 2 cosh 0 2 cosh 0 _ _ . x R —1 z
4+4sinh29d9 = [ FE=dd = [ Jeoqgdd = [df = 0+ C = arcsinh§ + C =sinh™ §+C

d _ 1
Write down this formula [ Jr=z =sinh™ £ +C
m) Using partial fraction

4$2 f(Q_HE(Q = f(£+%>dx: ;ﬁcd —|—f1/4dx—11n|2+x\—%1n|2—x\+0

24x
n) partial fraction again

Jrts = ey = (2 + 14 ) do = [ Lo+ [ LAdw = Jmfal - {4 -]+ C
o) TO BE COMPLETED
p) using integration by parts once and using the equality sin?z + cos?z =1

[sin?xdz = [sinz -sinzdr = [sinaz(—1)dcosz = —sinz - cosx + [coszdsinz = —sinz - cosz + [ cos? zdr = —sinz -
cosz + [(1—sin?x)dr = —sinz - cosz + [ldz — [sin®vdz = 2 [sin’xzdz = —sinz-cosz +2+C = [sin’zdr =
—%unxcowﬂ— +C = 7—7511121:—&—0

A simple way, using sin® z = 1299522 sin 27 = 2cos zsinz, (cos22)? = (1 + cosdx)/2

Thus fsiandx:f#dx: % —%—I—C
q) using the equality sin® z + cos? z = 1

[sin®zdr = [sin’z -sinzdr = [(1 — cos?x)(—1)dcosz = — [(1 — cos?x)dcosz = — [ldcosz + [cos?zdcosz =
—cosx + %COSSI'-FC
r) using integration by parts will be too complicated, using sin?z = #, sin2x = 2coszsinz, (cos2x)? = (1 +
cos4x)/2
ThllS fsin4 T = f (1—0(235237)2 d.’L’ — f 1—2 0052m+0052 2x dil? f 1—2cos 212—1—sin2 dem
= [ (3 — $cos2z— Lsin®22)dz =% — lstac — L [sin®2zd(2x)
3 ~>2
ueing 8 a2 L Tsin2z — é (%I — sindr) — %x— 18in2z + 55 sindx + C
Question 5 Solution
Using variable substitution u = § — x, du = —dx
0 sin(Z —u) . 0 3 /2 ;
f‘n’/2 sin(%—u)j—cos(%—u) (7 )du - fﬂ'/2 cos(;fj-ginud —Jo cosio—i:inudu

7“/2 sin 0 _
0 sin 6+cos 6 g =

J3"? 5256 on one hand, one the other hand [;/* smsdp+ [7/2 et sag — [7V° (pml g et ) do =

both u and x are integral variables changing from 0 to %, one may replace them with 6, thus

0 sin 6+cos 6 sin +cos 6 sin 6+cos 6 sin f+-cos theta sin 0+cos 6
2
T2 1d0 = 7
/2 sm@ _ 77/2 cos 6 _ T
Thus f sin O+cos 0 o = sin O+cos 0 do = 4

Question 6 Solution ,
a) convergent by p—test  [[* Hdx = [T (1) dz = -1 io =1
b) divergent by p—test [ % = Inz|® = oo

O e d;’ divergent by p—test
d) dlvergent by p-test fol H=-1 ’(1) -
e) convergent by p-test fol % = 2\/5\(1) =2

)
f) divergent by p-test ~ Since both f31 9z and fol 9= diverges.

Question 7 Solution




Using substitution r? — 2rz + a? = y, —2rdx = dy, since x changes from —a to a, y changes from r? — 2r(—a) + a® =
r2+2ra+a? = (r+a)? tor? —2ra+a% = (r —a)?

z Ty (r—a)? —-dy (r—a)®
Vir) =g [°, 7 26 Jorarr —Z5 = e 2VY]

—a /r2—2rg+a? rhe vy e
4 if r>a

= s (Ir—al=lr+a)=y0 o2 .
u <r<

Question 8 Solution
Divide the water into many layers, each is a rectangle with length [, width w, and height dz, put the origin (z = 0) on

the top layer (downward), the work done is foh g-l-w-zdz=g-l-w- %22 g = %glu}h2 (where g is the acceleration due

to gravity). Actually the center of the mass is on the level g, the total mass is lwh, assume p = 1, pumping the water
out the top is equivalent to move the Center of the mass from z = g to the top z = 0, thus %glwhz.

Substitute values, the work done is fg 2.1-0.5%2 = 1

From the formula leth, it is clear that if the Wldth is double, the work is also doubled. If the height is doubled,
the work is multiplied by 4.

Question 9 Solution

a) On z-axis, since one ion is held fixed at = 0, the distance is z, replace r in F = —g—z with 2, Work = [ F(z)dz =
2 2 212 2 2
fa=t =g -C=¢
b) On z-axis, since one ion is held fixed at © = 1, the distance becomes = — 1, replace r in F' = —3—; with =z — 1,
2 2 2 2 2
Work = [ F(x dx—fg (@— 1)2d =5 3:2(11_3(1—1 =%
¢) Add the results in a) and b) together Work :% + % = 242, ie, the work can be calculated with respect to A(z = 0)

and B(z = 1), respectively, then put together.
d) Divide the rod into many small pieces, each has width Aw, here we use w to denote the position of small pieces (w

changes from 0 to 1, it overlaps = 0 to = 1), for each piece the charge is ¢Aw, and the force F(z) = —(‘;Z%"Q,
2

work contributed by each piece = fg x)dx = f3 (‘i AJJ/V de = ;AIZ”‘ = (ﬁ — f) 2Aw. Then we need a second
3

integral for w from 0 to 1 to sum all the pieces, Total Work= fo (—w — ﬁ) 2 g Buzdw, fo ( — ﬁ) ¢dw =

2[-In(2 —w) +In(3 — w)]|O = ¢*In 3 ~ 0.28¢ (this result is reasonable since it is larger than g ~ 0.16¢2 (case a) and

smaller than g ~ 0.5¢> (case b), cases a and b are two extreme cases (if we put all charge to one end of the rod), given
that in the three cases (a,b,d) the total charge is the same.

Question 10 Solution
f(z) = coshx

a) arclength = f_ll V1+[f(2)2dx = f_ll /1 + [cosh(z)']2dz = f_ll V1 + sinh® zdx = f_ll Veosh? zdx

= fll coshzdz = sinhz|" ; =sinh1 — sinh(fl) = 2sinh 1

b) surface = f 27 f(x)/1 + [cosh(z)[Pdz = 27 [ , cosh® zdx = 27Tf (

(f cosh? zdx = 5 1 coshxsinhz + §x see review problem for 2nd midterm exam.)

2
) de = 2F(e? —e 2 +4)

Question 11 Solution

m= f: f({E)dI, T = m fﬂ?f(

T,y =~ f f2 Ydz in (a,c,d)
ormzf:[f(a:)— g(x)dx, = L [z[f(x (2)ldx, § = - [ 5[f%(x) — g*(x)]dz in (b)
(5517)—()(32)(13)(3 ) ( )(%) ( 1)
) m = fo 1+a:2 = arctanac\(lJ )

Varlable change z = tan 6, dv = (1 + tan?#)df, x changes from 0 to oo, corresponding to # changes from 0 to 5 since
T =tané, tan():O tan2 00

m= fo 1+w2 dr = f02 Litan0 79 foi 1d6 = arctanx|é =I

1+tan? 0 2
Lda?
[e) oo 27" 2
I = f zf(x)dx _ f(, 1+1 dz _ Jo 1+12 — 1n(1+w )| = 00 ”[
m m 2

The area is finite, it has a 1nﬁn1tely large T
_ > 1f2(z)ds 1 oo 14ia?—1q?

_Jo 3 _ 1, 2 L 1(_1 _2 _ 2 stga®—ga®
y= m = m 0 32 (@)de = 0 2 (1+r2> dr = fo (1+m2)2 fo (e —dx

14z L2 z-T
(fo 21&% fo qurT)?dx> (fo 7 d fo (12+93 dx)



1 oo g
_Zfo 1+z2dx)

-5 dz oo
(%arctanx‘o fo W)_%B *-l-f wd<1+x2>] ( +
<
( +*'W 1

2 (= z 1 _

Zo 1+z2dz)*n<4+4 22|,
—_2 = _1

+O_* 5)_ 8~ 4

s

ﬂ\w Ao Jw

Question 12 Solution
— —ct —
f(t) = ce™, where ¢ = 1555 and t >0

a) Prob(0 <t < 200) = [ ce~ldt = —e~ )" =1 -3 ~0.18
b) Prob(t > 800) = [, ce ce—etdt = —e =500 = e~ % ~0.45

Question 13 Solution
We need to show that fo x)dr =1

= 1 1 1
)de = [} — A dy 22, |2 L du=[? ——2
fo * f() my/z(1-x) v ff% m/(ut 1) (1—u—13) v fﬁ% (3+u)(5—u) v
1 u=1 sin 6 st o
:ff% ﬂ\/;qﬁdu : ff%ﬂll s scosfdf = 16|27, =1

Differential Equations
Question 14 Solution
a) y = —2y, yo = 1 (standard exponential decay) = y=C- e %
Y=1=C=1 = yt)=e2 andtlir&y(t):o
b)y =1-2y = % = 1— 2y separation of variables = 1dy = dt integrate both sides = —1In[l—2y|=t+C
= 1-2y=C-e? = y= 71_02'87%

Yy=0 = C=1 = yzl_gfzt andtlim y(t) =

1
2

1
o)y =1-y* = % = (14y)(1—y) separation of variables = Mi% = dt partial fraction = 1+1/ dy—l— 17 dy =
dt integrate both sides = iln[l+yl—iln[l—yl =t+C = 111’1+y‘ =2t+C = %:szt where C' is

constant may be positive or negative = y(t) = gz;:f&

_ (et | efet

Y=0=C=1 = y) = 2;—;} Furthermore y(t) = (Tt = erte=t = tanht

Check... y(t) = tanht is the solution.

lim y(t) =

— 00

d)y =—-ty = d—g = —ty separation of variables = dy—y = —tdt integrate both sides = Inly| = —%tQ +C =
y=Ce2t"

y=1 = C=1 = y(t):e’%152

lim y(¢t) =0

t—o0

Question 15 Solution
t / t t

a)y =ciet + et = ¢y =cret — et = Y’ = cret + et

=y, thus it is a solution of ¢/ = y for any constants

C1, Co.
b)y(0)=1,y(0)=0 = c1+ca=1,c-cc=0= c1=ca=5 = y(t)=3e" +3e ' =coshz
) y(0)=0,/0)=1 = c1+c2=0,¢c1—ca=1 = 01:%,62:—% = yt)z%et—%e_tzsinhas

Question 16 Solution a) ¥’ = ky. Solve the equation, we have y(t) = yoe**. 200 = y(30) = yoe3°* and 800 = y(90) =
yoe?%%. Therefore, yo = 10% = 100 cells.
b)200 = 100e3%%, so k = B2 Therefore, y(t) = 100 - 2t/3°. Solve the equation 6400 = 100 - 2¢/3°, Then t =

30
30In64/1n2 =30 -6 = 180 hours.

Question 17 Solution
y(t) = yoe ™
( ) =40 - ( )m
30 = 40 - (1) TaxioT
t=14x 10*4% — 0.581 x 10~4s

Question 18 Solution
o 2000 20y
0000
(125 — y) Newton’s heating/cooling ' = k(T — y)

!
y—500



y(t) =T+ (yo — T)e ™ = 125 + (yo — 125)e 500
approach to 125 kg.

Question 19 Solution
y(t) = T + (yo — T)e ¥ Note that the patient’s temperature is T, yo = 70°F

95 =T+ (70 — T)e *
100 =T+ (70 — T)e~2k

2
(95—T _ 100—T

70-T ) — 70-T
T =101.25° F

Question 20 Solution
y = ky(M —y)
y(t) = y0+(M_5OO)e—kMt
yo = 10, M = 4000

_ 40000
y(t) = 10+ (4000— 10) ¢~ 7000KT

measure time in days

20 = 40000
10+ (4000— 10)8*4000 7k

—k 199 28000

e " = (350

y(t):%
10+3990(435)7

let y(t) = % - 4000 = 2000, solve t = 399 - ~ 60 days.

Question 21 Solution
TO BE COMPLETED

Series
Question 22 Solution
o0 (o]
a) divergent Y 5= =4 > L by p — test of series, p=1.

n=1 nl

o) o0
b) convergent since Z 5w = (%)n =1y (%)n =1 1_1% =1<o0.

n=1 n=0

convergent by p — test of series, p = 2.

c)
d) convergent by Alternating Series Test, lim a, = lim L
)

-7 =0, ant1 < a, and the sign is alternating.

n—oo

= lim 2 f=2>1, (L > 1 divergent)

e) divergent by Ratio Test, L = lim m ooy o

n—oo

An 41
a

n

Question 23 Solution

— _ 1 1 1 1 e N R N T 1
a) 0.111111.... = 0.140.01 +0.001 +0.0001 + - - = & + 1k + 15 + o5 + -+ = 2_)1 o7 = 10 Zo(ﬁ) ~ 'L =%
_ 12 12 12 _ _ = 1 _ 12 1  _ 12
b) 0.1212121212... = 100 T 10000 + Toooo00 Z 100n - 100 = (, 100"~ 100 15 T 99
c) 0.4999999... = 0.45 + 0.045 + 0.0045 + 0. 080045 + =2+
— _ 45 1 _ 45 1 _1 _
- 100 o (1+ 10 + Too + 1000 +) = 105 "~ 10" — 100  1-L — 2 (ie. 0.49999999... = 0.5)
Question 24 Solution
5] n S n
a) Recall that e = ) T, % = €2, where z = 2.
n=0  n=0
b) nzl == %nz (%)n =3 1E% = 1 (note that n starts from 1)
o0 &) &) o0 o0
Y mr= = [arde| = [ 2" e = [ [a"dx = fﬁdm‘ = —In(l—2z)|,_:
n=1 n=1 3 n=1 3 n=1 :% n=0 :é =3
1 3
h’lm L hlé
3
(Note that In 2~ =2 + 12?2 + fad + fat + . =37 Lam)

Question 25 Solution




o) o0 o)
Given that Z L= % note that Z (2n+1)2 includes all the odd terms. Z 4 =odd terms+even terms = Y L =
> @t Z @y = Al DN oy i S Dl
n=0 n=1 n=1 n=0 n=1
2 & 172 & 1 2 2 2
= Z n+1)2 +i% = Zo @n+1)2 — Vil 3
n=0 "=

Question 26 Solution
a) Use |s — s10] < foo f(z)dx Since all terms are positive, where f(z) = %

OO . oo _ 1 o0 _

|s = s10 < [ f(2)dz = [i szdx = _E|10_O'1
b) Use |s — s10| < an41 where a1 = ﬁ since the series is an alternating series.

|s = s10] < g1 = = = 137
Question 27 Solution
Assume the dog starts with A running towards B, it W111 take T+2 hr to meet B, during this time interval A and B
traveled 2 - 10+2, respectively and the dog traveled 10 - 10+2 =% =25

20 _ 40 .
Then the dog will run from B towards A, the distance between A and B becomes 20—-2- m =2 1573 = 3 - Everything
is the same except 20 replaced by , this time the dog will travel 10+2 % = % =25 (5)
2

The series is 25 2 +25- (2)" +25- (3)" 425 ()" 4+ =25 2. (14 24 (3)" 4+ ) =25- 2. 115 =50
The question requires to express D as an infinite series, actually a simple way to find the sum is that using distance
= speed X time, where time = =5 = r, total time 1t will take for the two students to meet, then the distance =

peed X time, where ti 22_82 5 hr, total time it will take for the t tud t t, then the di

10 x 5 = 50 miles.

Question 28 Solution
Consider an arbitrary sequence of a finial win :

1,-1,-1,-1,1,-1,1,—-1,--- ,1,1

where —1 denotes lose, 1 denotes win. The sequence satisfies following properties:
1) It has even number of elements, denote the length of the sequence as 2n (n round), the sum equals 2, it is required
that as,—1 = 1 and a9, = 1. The sequence must have a length of an even number. This is equivalent to, if you generate
a sequence with —1 and 1, and the sum of the sequence is 2, the length of the sequence has to be an even number.
2) In this sequence, ag;—1 = 1 and ag; = 1 (i < n) does not exist, otherwise, the game stops at ¢ round rather than n
rounds.

3) In this sequence, as;—1 = —1 and as; = —1 (i < n) does not exist, otherwise, the game stops at ¢ round rather than n
rounds.
4) Thus in each round, there are two cases: eith er {ag;—1 = 1,a9; = —1} or {az;—1 = —1,a2; = 1}. In other words, in

each round, ag;—1 and as; have opposite sign, for ¢ < n. After each round (i < n), the score comes back to zero.
5) The possibility in each round p(1 — p) + (1 — p)p = 2p(1 — p).
6) The possibility for a sequence with a length 2n is [2p(1 — p)]"~1p.

The total possibility to a final win is

2

S 2p(1— Pl = 3 [26(1 — p)]"p® = p? 3 [2p(1 — p)]" = p? R = Tt

n=1 , n=0 n=0
p=3 = %:%

=1 = = 2p+2p =1

:% = 1— 2p+2p :%

Question 29 Solution

a) Thetotallengthremoved:%+2-%~%+4~%-%~%+~-~=%[1+%+(%)2+-~-} 2%-1_12 =1
3
b) The number of intervals is a sequence: 2,4,8,---,2" --- and lim n? = oo.
n—oo

Power Series, Taylor Series
Question 30 Solution

. . nt1 . . . .
a) L = lim || = lim |2——| = |z| <1 = the radius of convergence is 1; since at two end points = +1, the
n— 00 " n—oo
series diverges, the interval of convergence is —1 < x < 1. The sum is ﬁ for -1 <z < 1.
. n, ntl . . . .
b) L = lim |22 = lim |25 | = {§| <1 = |z| <2 = the radius of convergence is 2; since at two end points
n—oo n n—oo
o0
x = £2, the series diverges, the interval of convergence is —2 < z < 2. The sum is | (%)n = 1_1% = % for -2 <z < 2.

n=0



_qyn+1

¢) L= lim |“==| = lim % =lr—-1<1 = —-1<z—-1<1 = 0<z<2 = theradius of convergence
n—oo n n—oo

is 1 (the length of the interval divided by 2); since at two end points z = 0 and 2, the series diverges, the interval of

convergence is 0 < x < 2. The sum is ﬁ 5= for 0 <x <2.

d) L= lim [“] = lim LIRSS, |z <1 = —1<ax<1 = theradius of convergence is 1 ; since at x = 1, the
n—oo | %n n—oo | (nt1)z

series is harmonic series thus diverges, while at = —1, the series converges by AST (alternating series test), the interval

n

of convergence is —1 < x < 1. Note that " = [na" 'dr = Z- = [2" 'dz thesumis > [2" Yz = [ Y 2" 'dzx =
n=1 n=1
Ik Z Jamde=[Adr=-In(l-2)=In{= for -1 <z <1

In = Z%

An 41
a

n

(n41)z"+?

e) L = lim = lim P

n—oo n—oo

the series diverges, the interval of convergence is—-1<z<l.

oo 00 ! ’
Note that (z™)" = nz™ Z nx™ =x Z nz" '=z 3% (") =x- (Z x”) =x- (ﬁ) =T- (1,193)2 = Tz
n=1

n=1 n=0

=|z|]<1l = —1<xz<1 = theradius of convergence is 1; since at x = +1,

n

118

I—=2)? = nxT

n=1

Question 31 Solution

Namely find ¢, such that f(z) = = = 3 cu(z — 3)™

n=0

1 1 _ 1 _ 1 1, 1 l.oo _ 1 n:OO n+1 _ 1\n
=TT D e bl Ieh 2 Taeeh 2 n G —g)t= 2 2t g)
Question 32 Solution

f(z) =sinha = f(0) =sinh0=0

f/(x) =coshz = f'(0) =cosh0=1

f"(xz) =sinhz = f"”(0) =sinh0=0

f"(x) =coshz = f"(0) =cosh0=1
. ’ ” 11 0 p2nt1
smhx:f(O)—i—f’(O)x—i-fT(mxz—&—fT(o)m?’—l—-~- =z+ gFad + La2b . = ZOW

’
. 2n 41 S 22t )/ X g2
coshz = (sinhz)’ = (Z (2n+1)'> — ngo (7(2%_1)!) =Y St

Question 33 Solution

. s n z2ntl 3 5
81nx:2(—1)mzx_%+%_...

x 2n 2 4
cosa::ZO(—I)”("gn)!:l—%+%_...

= , .
sin® x + cos x_(gg_%?+§_...) +<1_§+%_...)
Z(SE —2“” +2% +~-)+(1—2L;+§+2L‘,‘+..):1

Question 34 Solution
oo

Because e” = et = > (o))" _ S (-1 =1—22+
=0

n!’ n!
n=0 n=0

Ti(z) = To(x) — 1 and Th(z) — 1 — 22

Question 35 Solution
Show that 0 < f(z) <1, lim f(z) =1, lim fM(z) = P(L)e~/* where P(2) is a polynomial of 1, when 2 — 0F
Tr—00 z—0

—1/x

e — 0 exponentially (faster than any polynomial) thus f( (z) — 0 regardless of the form of P(%)

Question 36 Solution ]
Vz =+a+ 2—\1/5@ —a) — ta~%(z — a)? + Remainder
set a =9
VT =3+ §(z—9) — 515 (x — 9)* + Remainder
This is an alternatlng series, [s — $p| < anq1, ie [V — (3+ ;(z —9))| < 515(z — 9)?




set £ =10
|\/1O — 3.16666| < 0.00463 < 0.005
The approximate value is 3.16666

Question 37 Solution

(o]
Since f(z) =In(l+z) = z— “”2—2 + % - %4 + % +-- Z (=1)"*12- an alternating series, thus |s — s,| < a,41 where
Apt1 = n”J:, let f::: =107? (need to evaluate In 3 ln(l + 1), ie, x = 1), substitute z = § yields 55+ = 0.001(n + 1),

test with n =1,2,3,4,5,6,7, find that n = 6, roughly satlsﬁes the equality. n = 6, sg ~ 0.4047, exact value s ~ 0.4055,
error is within 1073

Question 38 Solution
The first two nonzero terms
a) tanr = z + % + Remainder

b) e"*sinz = x — 22 + Remainder
C) l—cosz __ 1

1. 1.3 ;
- = 5T — 3« + Remainder

Question 39 Solution
f(@)= %5, Bo=f(0)=1B; = f(0) = —3 By = f"(0) = ¢ (using L'Hospital rule).

Question 40 Solution

a) f(x) =z, f(0) =0, f'(0) =

1) 7(a) = s, 10) - 0, 1/) = cos, /(0) =

O 1) W1+ a)10) 2 0. o) L) = 1

b) f(m):ew—l,f(O)—O,f’( )—6 7f( )

If the functions are sketched in a neighborhood of = 0, the order they appear (from top to bottom), consider their
Taylor approximations

T =ux, sinz:zféz3+~~~, In(l+z)=z—32%+ - e —1=ux+ 1z?

Thus on right hand side of 0, from top to bottom, e* — 1, z, sinz and In(1 4 z); on left hand side of 0, from top to
bottom, e — 1, sinz, z, and In(1 + z).

Question 41 Solution
2 4
a) Jo(w) =1— % + g — -+ it is alternating series.

1 22
fo (1**) :%

error bound fo 64dx =% ﬁ

b) ( ) Z ( 1 nanQH 1 z_: ( 1)n+1(2n+2)r2n+1

n=1 22” (n)? 22772 (n+1)1)2
( ) nil( 1)"22"23(7:1')1)902" 2
wJo(z) = §°; 212;”2‘"“

n=0
> n+1,2n+1 " " n
:CJO(‘T)H + JO(I)/ + ZJO(I) = Z ( 12)2n(n!)2 22%7;[?)2 + @ 21(171)5_21)12) - 1] =0

Thus Jo(x) satisfies zy” +y' + 2y =0

Question 42 Solution

a) f(ﬂ’z(ft”) 23 = 3 (ot D
n=0

F2) = (Zt”> =1+1t+2t+3t7+ 4¢3 + '—Z(n+1)
n=0

Thus f( ) = f2(t), f(t) is solution of y' = y? and f(0) =1

b) y = y? = fl"; =y? = j—g = dt = f%’ = [dt = —i =t+C = y = —4—. Substitute initial condition
o0
t=0,y=1 = C=-1,thusy = ﬁ = Y t" Geometric Series.

- n=0

Question 43 Solution




T nm

i Dr i D7 g - = D g . .
a) [y SRt dy = f(n+ STy = [T E0Lgg 4 Z f(n+ T gy <[ R gy + 21 f:w )™ sinT gy since in each
n= n—
interval z > nx

O sinx T sinx 1 — 1 i+l . T sinx 1 — — cos T (n+1)m T sinx 1 — cosnm—cos(n+1)w
Jo e < [ #iEdrt p) 7o sinadr = [ S Edr4 2 p) == = Jy HFduty Y SEETEEE =

nmw 0 =i n
. o0
Jo 2zdy+ L zl(—l)"% = [y odr+ 2 21 CED” converges since the n = 0 term is finite (note that hrr%) SnT — 1) and
n= n
by AST.
0 |sinx - (n+1)7 |sin | | | (n+1)7 |sin x| T sing X p(n+l)m |sinl
fo |s l}dm f su;w dr — fo sin dr + Z fn.n. blzw dr > fO Sméd‘r—k 21 fnTr (;ff;ﬂdx since in
ne
each interval z < n(—|—1)
o0
JoTemrdy > [FenEgy 4 L Z TnY (nH sinz|de = [ #2%dz + L Z = [y midy 4+ 2 Z — diverges since
the series is Harmonic Serleb
Question 44 Solution
coszT = 1— 1;82 +1 :E — ; it is a convergent alternating series, so |cosx — 1| < <4 :v , and ’(:osa: -(1- %m2)| < 4,:104,

setting x = % gives the result

Question 45 Solution
erf(z) = % [Fefdt= Z [T -+ 5+ .)dt = (e — 5 + 5+ )

Question 46 Solution

(o)
a __a 1 _a 1 _a a\"

a) 55 =TT 3‘1,(,%)—3‘2(—3)

a a a CL2 — a a a

m:z(lffrbfﬁ”')*z*?ﬁ?ﬁ”'

b) using the Theorem

(1+x) —1+lm+k(k Va2 for—1<z<1

1 B 2
/R2 — 2 — /1 R—R(lf;:)z—R{ 5,1% ()( 1)( 1%22) +...:|_R£.Eg.;_;+...

Question 47 Solution
Starting from the formula derived in class, f(xz) = f(a) 4+ ---, replace © — z + h,a — z, ...

Question 48 Solution
a)lety=0 = z=x(1+¢),letx2=0 = y==+1

2
b) Solvey = y= f(z)==% 17<1+€)

1+4€ 1+e
e)=2[" /1 lie der=4[,""4/1 1+e dx
1+e | 1+e /1 1 .
€) =4[, 1-1- 1+ dm—4 1+e) |, - 1+e difz = 4(1+e€) [y VI —uldu = 4(1+6)§ = (1+e)m

The first two nonzero terms are m + we.

Question 49 Solution
V(z)=Gm 4 Gme for g s ooie, x>z and x> z9 = V()= Gma 4 Gma

|z—x1] |x—x2] T—T1 T—To
Using the hint set y = 1/x, ie., z = 1/y and expand the potential in powers of y

_ G G _ Gm Yy Gmay
V(l/y) - 1/y7flm1 + 1/y7ﬁ2mg 1 mlly + 1— riy

Using Geometric Series Formula m = E (z;y)" where i = 1,2

V(1/y) = Gmyy Z (z19)" + Gmay Z (z2y)" = Gmy Z Y™t + Gmo Z 2Byt = (Gmy + Gma)y + (Gmyxy +
n=0 n=0

Gmaxa)y? + (Gmlmg —|— Gmoz3)y> + -+
change y = + back
V( ) (Gm1 + Gmg) (Gmlml + Gmng) (Gmmz + Gm2x2) L + -
Thus a = (Gmy + Gmg) b= (Gmyzy + Gmgl‘g) and ¢ = (Gmi23 + Gmgxg)

Question 50 Solution
a) TO BE COMPLETED
b) TO BE COMPLETED

10



¢) TO BE COMPLETED

d) Find the quadratic Taylor approximation at z = xq, ie., ¢ + ¢1(z — ) + c2(x — 39)?
using the Theorem

(1+x)k:1+kx+@x2+u~ for—-1<z<1

v =) -2 =v () T o2() | w () T oa () T 2w () o2 (1

using the above Theorem

—12 C12)(—12-1) /o pn2
(1+a:;:0) :1_12a:;:0+( 12)(2 12 1)( o) +...:1_%($_w0)+1§(m_%)2+...
—6
z—x z—x —6)-(—6—1) (z—z0)2
<1+ z00> =1—6 :EOOJF( )(2 )( IO) +...:1f%(x7$0)+%<x7:ﬂ0)2+...
V() =Vo |(1- 2@—m0)+ Be—20)+ -+ ) =2 (1= E(a—a0) + Z(@ —20)?) | + -
z%{—l—l—%g(x—xo)ﬂ+---=—V0+36%§(x—x0)2+-~-

Ta(z) = -V + 36%%(1‘ — 1)
e) TO BE COMPLETED

Question 51 Solution
using the Theorem
(1+a)k =1+ ke + X

k— k(k—1)(k—
21)3;2+ ( 13)'( 2)%3+

k(k_l)(z,_z)(k_B)x‘l +.for—-1<a<1

(L a?)* = 14 ha? + SUDt | MEDG2) 6 | Ko1)G2)03) 05 .
101 __ Lol 1_ 11 1_ 1_
(1+I2)%:1+%I2+ 2(22 1)I4+ 3 (3 13)'(2 2)I6+ 5(5 1)(1! 2)(5 3)1‘8+~~~:1+%I2*%I4+%I67%1’8+"',itiS

an alternating series.
Using the second order Taylor approximation Ts(x) =1+ %x2, |S —Th| <as= %x‘l where S denotes the exact value.
Jo VT ade ~ [y (1+ La?)de = = + %xg‘}é =1

) 1
The error is bound by [ %x‘ldﬂc = 4—10305‘0 =1L

10
binomial series

Question 52 Solution

a) Show that (1) = (5) + (%)

This is true since the left hand side is number of ways of choosing n + 1 objects from a set of k + 1 objects (disregarding
the order in which the objects are chosen).

The right hand side means that: assume all £ 4+ 1 objects are white, one may randomly pick one object from the k + 1
objects, coloring it red, then put it back. Now choose n + 1 objects from these k& + 1 objects, there are two different

situations: one situation is that the red one is chosen, the number of ways is (Z) (it is equivalent to choosing n from k

objects); the other situation is the red one is not chosen, the number of ways is (nil) (it is equivalent to choosing n + 1
objects from k objects).

The left hand side equals the right hand side, since it is the same thing, choosing n + 1 objects from k + 1 objects.

(k+1) _ (kDU kb(k+1) _ kl(h—ntndl) __ kb(k—n)bkl(nd1) _ kb(k—n) o kbngl) k! 4
n+1/ = (n+1)l(k—n)! T (n+DI(k—n)! — (n+1)I(k—m)! T (n+1)!(k—n)! — (n+Dl(k—n)! (n+D)I(k—n)! — (n+1)(k—n—1)!
k k

n!(kkin)! = (n+1) n
b) gg)l) 1
! 11

() () () 121

(o) () () (5) 1331

(o) () ) () (3) 14641
(6) ) ) ) G G) 1510 10 5 1
(0 ) G GO E 1615 20 15 6 1

Denote elements in the triangle as ay ,, nth element on kth row. Each subsequent row is obtained by adding the two
entries diagonally above,

Ak+1,n+1 = Ak,n + Ok,n+1, ie’ (flii) = (fl) + (nil)

c¢) The next two rows are added in b).

(a+0b)° = (g) ab+ ((15) a’b+ (g) atb? + (g) a3+ (g) a’b + (g) ab® + (S) b8 = a®+6a°b+15a*b? +20ab> 4 15a2b* 4 6ab° 4 b°
complex numbers

Question 53 Solution
a) 14+i=12e%" (z=1,y=1 already in Cartesian form)
b) (1442 =1+2i+i2=14+2i—1=2i=23" (r=0,y=2)

11



c) (T+i)d=(Q+40)*(1+i)=2i(1+

| Nl
I
|
[\
Jr
[\
<.
I
)
| %
G}
S~
&
I
|
g
<
I
[\
~

1 1(1—d) _ 1—i _ _1—i 1—i 1 _ 1 1 == 1. 1
D =~gasn 12~ 1D~ 2 E—il—me“ r=59=-3)
1 .
e) Viti=(V2ei')® = ie%z:ﬁ(cosg—l—ising):2%COS%—|—Z'2%sin% (mzﬁcos%,y:ﬁsin%)

Question 54 Solution
a) See 49 ¢) (1+4)0 =14+6-i+15-12+20-7 +15-i* +6-° + 7 =1 +6i — 15— 20i + 15+ 6i — 1 = —8i
b) 144 =+2ei? sincex =1, y=1,r= /22 +y2 =72, Qfarctany:arctanlzg,reei:\/ie?

(1+)0 = (V210 = 232%™ = 2337 = §(cos 37 4 i sin 37) = —8i

Question 55 Solution
a) 22 +2:-2=0 = a=1,b=2c= -2, Z12 = _bivb2 dac _ 72iv4+8 = —1 + /3 two real roots
)

b) 22 +22+2—0 = a=1,b=2c=22,= —bivbz ac _ —2ESA *2if = 2L 4 1= 14
z =re”t = = r= = TK, where 1sany1nteger = 212—
2= =M= 1,0 = mk, wh kS +1
3

o

14 V3,
—§:|:7’L

[=9

) 23 = 7‘3639’ =1= r =1,0= %“k, where k is any integer = three roots: z; =1 and 293 =
Yyt =rtet? =1 = 22=41 = four roots: 21,0 =%1, 234 = %i

) e* = 1 on real axis there is on root z = 0, but in complex plane there are infinite roots, let z = x + yi, e = e*t¥! =
e*(cosy +isiny) =1 = x =0 and y = 2k7, where k is any integer, roots are z = 2km .

@

-

Question 56 Solution
(cosf +i sinf)" = (e 91) = e = cosnf + i sinnb

Question 57 Solution

J e cosbrdr = [e*™+dsinbr = %e - sinbx — fbsmbxde“ = %e‘” sinbz — [ fe M81nb1:dx = %e‘”” - sinbx —
| ger® (71) dcosbr = ze* -sinbr+ [ %e*” dcosbr = Tec T.sinbr+ He” Cosb:cf—fcosbxde“z = 1e®.sinbr+ S e®
cosbx—— fe‘” cosbrdr = [e% cosbrdr= be“” -sin bx+ 26““ -COS ba:—— T cosbrdr = (1 + b—Q) fe’”‘ cosbrdr =
(l
%e“ -sinbr + e -cosbr = [e* cosbrdr = P (b-smbx—i—a-cosbx) +C
e sinbrdr = [e** (—%) dcosbx = —%e“‘” - cosbx + f%cosbmde‘”' = —%e‘” -cosbr + [ $e cosbrdr = —%e“‘”
cosbr + [ $e - %dsinbx = —%e‘“’ -cosbr + [ e dsinbx = —%e“’” -cosbr + He™ -sinbx — & [ sinbx de®” = —%e“‘” .
. 2 . . 2 .
cosbx + I;%e‘” - sinbx — Z—Q fe‘” sinbrdr = [e*sinbrdr = f%e‘”" - cosbx + b%e“ - sinbx — b—Ql e sinbrdr =
2 . . . ax .
(1 + ZT) [ e** sinbx dx = —%e‘”” cosbr + &e* -sinbr = [e"sinbrdr = P (a-sinbx —b-sinbx) + C
b) e(a+ib)m = eaxtibr _ cax ibr _ cax (COS bz 4+ 5 sin bl‘)
(a+ib)x — _1 _(at+ib)z _ 1-(a—1b) (a+ib)z _ CL—ib (a+ib)a:
fe dr = atib®  (a+ib)-(a— zb)e T a?4b?

since [ el ®)Tdy = [ (e cos bz + i e sinbz) dr = f e cos br dz+i [ e sinbx dr = 575 -a—ib platib)e a‘é;ilf’z (% cos bx + i e®

%(a cosbx + bsinbx) + i [%(a sin bz — bsin bx)}

Thus [ e cosbz dx = %(a cosbz + bsinbz) and [ e sinbx dx = a2+b2 (asinbx — bsin bx)

Question 58 Solution

. —i . ; — Tap—

a) since €' = cosz +isinz and e™* =cosx —isinz = e€*4e ¥ =2cosx = cosr = FF—
.. . ir _ —ix
b) e'® =2isiny = sinz= "7
iw  —ix ix . —ix iet® —ie )4 iz, —ix .
¢) £ co sx—%(g £ ):’e < _ T )i _ e — — —sinx
d d [e®—em® _ ielqie=i® _ g®gemin

d) gsine = 3 ( 2% ) = % =T T cCos¥
e) 1 =€ e (cosx +ising) - (cosx —isinz) = cos®x — i%sin® & = cos® x + sin’
f) 62‘“ = cos2z +i sin2x

€2 = ¥ . % = (cosx + isinz)(cosx +isinx) = cos®x + i - 2cosxsinz + i sin® x = cos® x — sin® x + i - 2cos xsin

Thus cos 2z = cos? x — sin® z g) and sin 2z = 2sinz cos x
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