preview : integrals, differential equations, series
1st goal : prepare for FTC

Appendix E : sigma notation

n
def: > a;=a1 +as+ a3+ -+ ap1+a, :
i=1

1 index , a;: terms , 1,n : limits

X

5

Si=14+2+3+4+5=15
=1

5
S =1+4+9+16+ 25 =55

note : A series can be written in different ways.

e [

4
i=Y@G+1)=1+2+3+4+5=15
i=1 j=0

set j = 1—1
thm

n n
1. Y ca; = ¢-> a; , where cis any constant

n

2. Z(al—i—bl) = ZCLZ' + sz
i=1 1=1

1=1

3. > aib; # > ai-Y_ b
izl -1 o

pf

1. _Zn:lcai =cay; + cas + -+ ca, = clag + ay + - + a,) = c-zn:ai ok
i—

2. hw

3. counterexample , n = 2

iaibi = aib; + asby

2
> a;-
=1

7

sum , series

2
b = (a1 + as) - (b1 +b2) = a1by + aiby + asby + asby
-1

=1

ok
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thm
i(aiH —a;) = apy1 —ap : telescoping series
pf
i—il(aiJrl_ai)
= s o0+ (=) + (=) + o+ (=) + (o =
= —a; + apy1 Ok
thm
LY 1=14141+--+1=n
i=1 implies
Q.ﬁ:li:1+2+3+---+n:n(n;1) (e.g.n:5i>5=15)
3.znjlz'2:1—|—4—|—9+...—|—n2:n(n+1)6(2n+1) (e.g.n=5 =S5 =05))
pf_
1. ok

2. (i+1)? - = +2i+1 - =2+ 1

n n

S(E+1)2=i%) =3 ©2i+1) =2 i+ 1= , where S = 3 i
1= =1 1=1

1 1=1 1

Il
_

é((iﬂ)z—ﬁ = (2-1)+F-2)+@-3)+ -+ (n+1)°-n?

= (n+1)? — 12
= n? + 2n
1
= 2S+n=n"+2n = 2S =n’+n=nn+1) = S:n(n;) ok

3.hw , ((+1P - =



5.1 area 2
Wed
Given f(z) >0,a <z <b. 9/7
Yy

R = region in the xy-plane between y = 0 and y = f(x) fora <z <b
={(z,y):a<z<b0<y< f(r)}
problem : find the area of R

solution : approximate by rectangles

choose n >1 , set Az = b;a , rp =a+1Ax, 1=0,...,n
Ty = a

r1 = a+ Az

Ty = a+ 2Ax

Ty, = a+nAr =a+b—a =0
area of ith rectangle = f(x;)Ax
area of region R ~ ) f(z;)Ax
i=1
1

approximately

area of region & = lim > f(x;)Ax
i=1



Y f(z)
- R
x
0 1
R={(z,y): 0<zx<1,0<y <z}
. 1
of course , area = i-base-helght =3
b— 1
a=0, b=1, Az = % _ =
n n
, 7
T = a+1iAr = —
n
7
f(xi)—xz—ﬁ
n i 1 J I nn+1) n+1
I CNCIE SN I Sl
P -/n n n® ;- n 2 2n

n 1 1 1
area = lim > f(z;)Az = lim = lim ( ) = — ok
i=1



5.2 definite integral

b—a

As before, given f(z), a <z <b, set Az =
n

Let 27 be any point such that z;_; < 27 < ;.

Then > f(z7)Ax is a Riemann sum.
i=1

ex
x; =x; : right-hand RS
x; = x;—1 : left-hand RS
r; = T £ midpoint RS
2 area , volume
b n
def : /f(a:) dr = lim > f(x;)Az : definite integral = work .
a n=—00 probability
/1da:— lim 3" 1 L gim L 1= lim ©n = lim 1 =1
b— 1
a=0,b=1, Az = a:—,a:i:a—l—iAx:i,f(x)zl
n n n
n 1 1 1 1
/:Cdx: limZ:i — = lim — nn + ):7
n—oo i op o o2 2 2

-\ 2
z>'1 limi.n(nJrl)(2n+1) 1
n n—oo 6 3

geometric series (hw?2)



n b
def: R, = Zf(a:z)Ax : right-hand RS , lim R, = / f(z)dz

Fri
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Zf(xl 1+xl>

question : For a given value of n, which approximation is more accurate?

b
Az : midpoint RS , lim M, = / f(x)dx

1
ex /Oexd:z: —e—1 = 1.71828183 = [

n| Az | R, ||[I—R,| M, ||I— M,
1]1 2.7183 | 1.0000 | 1.6487 | 0.0696
2105 | 21835 | 0.4652 | 1.7005| 0.0178
410.25]1.9420 | 0.2237 | 1.7138 | 0.0045
Hence the midpoint RS is more accurate than the right-hand RS. Why?
( (

—

|
|
|
|
|
1

|
|
|
1

x
1 1

note : If Ax decreases by a factor of %, then the error in R,, decreases by a factor
of approximately % and the error in M,, decreases by a factor of approximately i.

T

properties of the definite integral

L. /abcf(x)dx = c/abf(x)dx

2. [(#(@) +g@)de = [ fx)de + [ g(x) de

3. [[fla)de = [f(a)de + [ f(x)da

4. 1f f(z) < g(x) for a <z < b, then /abf(x) dr < /abg(a:) dz.

Ef‘ n n

1. /bcf(x) dv = lim Zcf(xl)AJ: = ¢ lim > f(z;)Az = c/bf(x) dx ok
a - i=1 a

2. hw2 | 3. | 4. omlt

note : If f(x )changes sign, then / f(x)dxr = signed area.

2m 2m
ex: f(zr)=sinzx = /Osmsvdas>0, / sinxdr <0, /0 sinxdr =0
i

‘O T 27 &

group work : R={(z,y):1<x<20<y<z},plot R, find area by RS




5.3 FTC . 5.4 antiderivatives

thm (FTC, part 1)

Mon
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= [ = g

pf

a xr z+h
define : F(x) :/xf(t) dt , we need to show that F'(x) = f(x)

F(x+h)— F(z)

recall : F'(z) = lim

h—0

Fla+h) = /ax+hf (1) di = /xf (1) d /x+h /a:+h

z+h
= F(zx+h)—F(x /+ f(&*)-h , wherez <t* <z +h

_ Fla+h) — F)

)= EE) g
= F'(z) = }LILI(I) Fle+ h}i — Fle) = }LILI(I) f(t") = f(x) ok (if f is continuous)

€X

FTC = — / tdt = o
check

x . n . n )
Jy bt = Jiny 321t = Jing 3




thm (FTC, part 2)

['f'(@)de = £(b) — f(a)
f

Ay — b—a

n

note : x;+Ar=a+iAz+Axr=a+ (i +1)Ax = ;11

Xn: () Az ~ Zn: (f(% + Az) — )

i=1 =1

= > (f(zit1) — (%)) = f(@ni1) — f(z1) : telescoping sum

1 = a+ Az
Tpy1 = a+(n+1)Az = a+nAr+Azr =a+b—a+Ax = b+ Ax

:>/f )dzr = lim Zf(;r:z)Ax = lim (f(b+ Az) — f(a + Az))
= f(b) — f(a) ok (if f is continuous)

, T, = a+ 1Ax

note
b b
1. We write [ f/(z) dv = f(a:)‘ = f(b) — f(a).
b
2. Suppose we're given an integral of the form / f(x)dz. In order to apply the
FTC, we need to find a function F(z) such that F'(z) = f(z), because then we
b b
have/ f(x)dx = / F'(z)dx = F(x )‘ = F(b) — F(a). In this case we say that

F(z) is an antiderivative of f(z) and we also write /f(x) de = F(z)+ C.

€X 5
1. recall : /xdx—nh_)rgoﬁ:ii—ALIQO;Z:@:”ILIQO;W—; gff;
Now we can use the FTC : /Olsr:da: = /01 (x;)/dx = 3522’(1) = ;
2./_11x2dx::§‘1_1:;—_31 g



anrl
n —1
T ol n #
x! Inzx
Inx rlnx —=x
e’ e’
sin x — COST
CoS T sin x
sinhz = S cosh x
2
N . more later
coshr = ¢ +26 sinh x
1 1
21 tan " x
e’ /acet2 dt
final comment on FTC
d rg(z) _ /
dx/a fdt = f(g(x))-g'(z)
pf
v / 9(x)
Set F(x) = [ f(t)dt. Then F'(x) = f(x) and F(g(x)) = [ f(t)dt.
d 9(x) d ! / /
= — ["Tf@0dt = —F(g()) = F'(g(x))-g'(x) = f(g(x))-g(x) ok
dx Ja dx 1
chain rule
ex
d ra? 2
d:r:/a eldt = e - 2x
check
z? z? 2 d x? d 2 2
/a eldt = € = e’ —e* = dx/a eldt = dx(ex —e“) =" - 2rx ok
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6. applications of integration

6.1 area

6.2, 6.3 volume

6.4 work «—

6.5 average value of a function
6.4 work

force = mass x acceleration , work = force x distance

units metric British
mass kilogram: kg slug : slug
distance meter : m foot : ft
time second : s second : S
force | Newton : N = kg - S—Hgl pound : 1b
work Joule : J = N-m foot-pound : ft-lb

conversion : 1m = 3.28ft , 1IN =0.2251b = 1J=0.738ft-1b
ex : Find the work done in lifting a 1 kg book to a height of 1 m off the ground.

[ J

/r W:forcexdistance:mgxdzlkgx9.8s—rglxlm:9.8J

]

ex : A water tank has the shape of an inverted cone.

T

H
R : base radius of cone
H : height of cone

A h : water level

¥

0

problem : Find the work done in pumping the water out the top of the tank.

strategy : Think of the water volume as a stack of books.



Ax = — : width of a water layer
n

= ¢Az : height of ith layer (v =0, x, = h)

r; = 7 : radius of ith layer
R
R 1 N R
H H H
r check : 2; =0 = r, =0
L

work = force x distance = mass X acceleration x distance
mass of water in ith layer = density x volume =~ p - mr?Az
force acting on ith layer = prr?Ax - g

work done in raising ith layer = pgrr?Az - (H — ;)

work done in raising entire water volume

n 2
= %L@ogpgwr?(H —x;)A / pgwx2§2 (H — x)dx
hoy b N aN\|" R ht
/033 (H—a:)d:r:—/o(:v H—az)d:n—<3H—4 O—gH— 1
RZ h3
|44 PIT g 12( —3h) , check: h=0 =W =0 ok

plug in numbers

R=4m, H=10m, h=8m, p=1000kg/m’ , g = 9.8m/s’

1 3 k
W= 10° (9.8) (3.14) —2 . 5 (40 — 24 gm%x/ﬁ?’

102 12 3 8% 1?2

4
le-lO-g-}Z-B-lOQ-lGJ ~ 3.2-109)

h3
12(

11

Wed
9/14

AH — 3h)
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note

In the previous examples, the force (due to gravity) is assumed to be
constant as the mass is raised (book, water layer), but in general the force
may depend on the displacement of the mass.

exX

Compute the work done in moving an object from x = a to x = b, subject to a
force f(x).
e x | Ax
a T. . X b n

b—a
= , T =a+iAx

work done in moving object from z; 1 to x; ~ f(z;)Ax

............. “............froma/tob ~ Zf(xZ)Ax
=1

= W= Agglozn:f(xl)Ax = /bf(a;‘)da:
i=1 “

X

A spring is stretched x units from its natural length.

Fri
9/16

}—\M@—@ : natural length

0
}—\M—@ . stretched length
0 x

Hooke’s law : The force needed to maintain a spring in its stretched state is
proportional to the displacement x from its natural length.

force = f(z) =kx , k>0 : spring constant

€X

A spring has natural length 10cm and a force of 40N is needed to maintain
the spring when it is stretched to a length of 15cm. Find the work done in
stretching the spring from 15cm to 20 cm.

40N =Fk-(15cm —10cm) =k-5cm = k=8N/cm
2110

b 10 x 100 25 N
W:/be(x)da::/{) kxda::k25:8<2—2>:3006mcm =3Nm=3J
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X

Find the work done in moving a particle from the Earth’s surface to oc.

i
NI

R : radius of Earth

r . distance from particle to center of Earth , R <r < oo

F(r) = GMm

2
G : gravitational constant

: force on particle due to gravity (Newton)
-

M : mass of Earth

m : mass of particle

o0 oo dr —1jo00 -1 GMm,
W:/Rf<r)dT:GMm/Rﬂ:GMm'TR:GMm'@_R): -
7

improper integral , more later

note : We can compute the escape velocity of the particle.
0

initial kinetic energy - ﬁWrgy = work
mvi, GMm N <2GM>1/2
= Vesce = | 75—
2 R R

67-10711N - m? /kg?® x 5.98- 10%kg ">k
Vose = (2. 6.67-10 613117{1%6;1 g) ~ 11;rrl ~ 30 - sound speed (air)

note : black hole = M — 0o, R — 0 = ve — 00 : impossible (Einstein)

= nothing can escape the gravitational field of a black hole



8.8 improper integrals

f

deb (a,b) is a bounded interval

/ f(x)dz is a proper integral if { and

‘ f(z) is a bounded function for a < x <b
, a = —00 or b=o00
otherwise, /a f(x) dz is an improper integral, i.e. if { or

f(z) — oo in (a,b)

€x
1
/0 xdxr : proper

/100x dr : improper (because b = 00)

oo dx )
/1 — : improper

x
ldx . 1
, . @ improper (because ; — oo as x — 0)
x
2 dx
— : proper
I x

14
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note : An improper integral is evaluated by taking a limit of proper integrals.

If the limit is finite, the integral converges; otherwise, it diverges.

,j[,‘2 b—oo J1 1’2 b—oo g1 b—o00

o d bd 1 1
ex /1 ® — lim Y~ lim—-]| = lim<—b+1):1 : converges

1
= the area under the graph of y = — from z =1 to 2 = oo is finite
x
d 1 1
short cut : /oox:—‘ooz—le:l
1 x? x 1 00
o dx S .
ex :/ zlnx‘ = lnoo—Inl =00 : diverges
Lz 1

1
= the area under the graph of y = — from x = 1 to x = oo is infinite
x

o dr
ex /1 —— : diverges

o d 00
pf 1 :/1 ‘ :2\/5‘1 = 2y/00 —2 = oo : diverges

—— : diverges (comparison test . ..




, general form : —

1
ﬁ b

comparison of y = — , —,
x

4_

w
(¢
T

o
()]
T

o
(631
T

15

2 1 1

T

T4+l Va2 41

comparison of y = e~




note : So far we considered /100f(x) dx where f(z) — 0 as © — oo.

1
Now consider /0 f(z) dx where f(x) — oo as x — 0.

1d 1 1
/0\/3;:2\/5‘0:2—022 . converges p:§

1d 1

@ :lnaz’ =Inl—In0 =0—(—-00) = co : diverges , p=1
0 =x 0

1dx 11 1 1 :
5 ﬁ:_x‘0:_1_< 0):—1+oo:oo . diverges , p=2

note : The comparison test can also be used in these examples.
summary (p-test)

/oo dx {converges if p>1 ldx {converges if p<1
1

o : - : . : f: it
P diverges if p <1 7 Jo gp diverges if p >1 * B oM

16
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(e.¢]

ex : /()Ooe_xdx = ¢’ =~ (=) =0~ (~1) =1 : converges

0

x
oo
ex : /0 xe “dr = 1 : converges
. . .. T 00 .1 , -
lim ze™* =00-0= lim — = — = lim — =0 (I’'Hopital’s rule, pf later)
Y
S.oe”
x

b

oo . . b b
/ xe “dr = 7 , integration by parts : /udv = uv —/Udu , pf: soon
0 a o bl

a

choose : u=2x,dv=e"der = du=dr,v=—e"

= /Oooxe_xda: = —}L@ﬂrgonL/oooe_mdx =0+1=1

question : What happens if we choose u = e™*, dv = zdx? ...




integration by parts

(u(z)o(z))" = ulz)'(z) + ' (z)v(z)

(uwv) = wv' +u'v
b / b / b /
= /a(uv)da; :/auvdx —I—/auvdx

b b,
—/UUdZU

a a

b
= / wv'dr = uv
a

dv du
/ . - / _ 7
vdx = d.fl?—d’l},de—

b

-dxr = du

:>/abudv:uv —/abvdu ok

a

€X

0 _$2
/0 e " dx : converges

=

|
|
|
!
1

The antiderivative is not an elementary function, and integration by parts
doesn’t help in this case (try it!), so we will use a different approach.

o0 —z2 _ 1 —xz2 o0 — 2
/Oe dx—/oe da:—l—/le dx
1
/0 e dy converges (proper integral)

r>1= 22> = —22< -2 =eC <eTfora>1

(this is because e” is an increasing function, i.e. a < b = e < €)

0 o0
= /1 e dr < /1 e “dx : converges (comparison test) ok

note : /0 Tedr = \/; : Math 255 (multivariable calculus)

10
Wed
9/21
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' x

x2+1 " 22

1 1 o d oocl 1
/0 xQ—T-1< x__’ @
1

note : — =00 : diverges

1
71 Pforx—u)o
T

Hence the comparison test yields no information, but

so we expect that the given integral converges.

/oo dx _/1 dx +/oo dx
0 2241  Joax2+41 1 7241
T T o dx

proper  converges because /

asymptotic

o dx
< / — : converges ok

1241~ 1 22
, dx 4
alternative : / 71 = tan x = arctanzx
T
N tanf = x : trigonometric substitution
x sec?0 df = dx
7,

secl =vx2+1

/WQ fi

0 =60 = tan 'z ok

[

tanx tan—lo
| | | | r
[ [ [ [ o - T T -~ =-°
| | | |
| | | |
| | | |
| | | T B
I @ tantal™ = tan~loo — tan"10 = ™ T K
=tan x| = tan 0o — tan = — —0 = — : converges o
0 22+ 1 0 2 2 ges 0%
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ex 11
Mon
. diverges 9/26
/ A /.CCQ + g
Y
1 |
!
! 1
| —
I :L‘
| 1
: x2 41
|
| -
| 2x
|
' x
1
V3
_ 1 1 : :
idea : ———= ~ — for x — 00 , so we expect that the integral diverges
»?+1 =

Let’s make this more rigorous.

R N In0 di
\/T /\/T /o — =z =lnoo—In0=oo: diverges
But this yields no information about the given integral; instead we need a reverse
inequality and there is a trick for that.

1 1
>
Viz+1 7 2z

&S V24 1<2r & 2?+1<42®> & 1<32? & >

Sl

= Bl v R Ao

1st integral : proper

— : diverges ok

o 1 o0
2nd integral : dx — / du

[zl



/sec 6df = In(secd +tand) , check ...

d
/ ° = In(vVa?+1+=x) , check...

vaz+1

00 d o0
/ * = In(vVz?+1 —1—33)’ = Inoo —In1 : diverges
0 o241 0

alternative
2+ 1 tanf = x
X sec’0 df = dx
0 secl = Va2 +1
sec? )
= = 7
/\/ﬁi /secede /SeC9d9 !
cos cos
0do = df = dd = [ ———db = =7
/sec /COSQ /00829 /l—sin29 1 —u?
u =sinf = du = cos6db
partial fractions
. 3 3 1 1
1dea . TO 2 5 5—5
I 1 _ e b a(l—wu)+b(1+u)
1—uw?2 (14+uw)(l—-uw) 1+u IT-—u  (I+u)(l—u)
(a+0b) +u(—a+0b) a+b=1 1
N 1 —u? T _a+b=0[ a_b_i
1 1 1
= heck ...
T i@ 21w 20—w @ M
du 1 1 1 1+u
- — Sn(l4u) — =In(1 —u) = =1
/1—u2 /l—i—u /(l—u) p Il +u) =5 dn(l =) 2n<1—u
recall : Ina+Inb=1In(ab) , Ina—Inb=1In(a/b), alnb=In(b*)
1 1 in 6 1 1 inf 1 inf 1 1 in 6
/se09d9:1n<m>:1n< o +Sm> Ly ((Ltsing)
2 \1—sinf 2" \1—sinf 1+sinf 2 (1 —sin“0)
1+sind
= In <+s1n> = In(sec § + tan§)
cOS

20

)
)

12
Tues
9/27
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9.1 arclength

problem : compute the length of the graph of a function
Yy

1st approximation : \/(b —a)®>+ (f(b) — f(a))?
a+b
2

V(@ —0)2 + (f(a1) — f(20))? + /(w2 — 21) + (f(w2) — f(21))?
b—a

2nd approximation : set rg =a, r1 = , To = b

nth approximation : Az = ri=a+1Axr, v, —vi1 = Ax

f: \/(xz — 1)+ (f(z) — f(xi1))? = E”: \l (i — xi_1)2<1 i (f(xl) - f(xi_l)f)

=1 i=1 Ti — Ti_1

L= lim Z\/l + (f'(z)) A:I::/ab L+ (f'(x))?dx

ex : straight line

/ ([Cl, yl)

| (CC(), yO) :

I
n

Y

y=f(r)=mx+b
Y1 — Yo
r1 — Xo

alternative : y = f(z) = m(z — xo) + yo = < ) (= 20) + Yo

check : f(zo) =wo, f(z1) =21 ok

— 2 — 2 T
L= /\/1+ fra)zde = [ J (yl yo)m:du(“ yo)- dz
o 1 — I 1 — Xy Zo

— J1+ <y1—90>2_(x1—x0) = (@1 — 20)2+ (31 — y0)? ok

1 — Xo



ex : circumference of a circle of radius r, L = 2xr
Y

1 —x
/ 12 N-1/2 [ _
f (ﬂf) — Q(T €T ) ( 21') 7“2 332
2 2 2 2 2
— +x r
1 ()2 =1 v _ oY —
+ (f(z)) +7°2—x2 r2 _ 2 r2 _ o2 LY |
b T r | |
L =21+ (f(x))?de = 2| ——————dx : improper
/Q Lf ( )) l/ir \/;5—:j7£§ prop : :
| |
r | |
T —T T
0
2 o2
d 2 _ .2
sin9:£ = cosﬁdez—x, cosf = U
r r r
sin 6
1L - - _
|
s |
—TT _——
= L 0
| 5 @
g |
r=r :>Sin0:1:>9:%
r=-r = sinf=-1 = 60=-7
/2 /2 /2
L:Q/ see® - rc 9d0:2r/ do = 2r -0 — 27 ok
—7/2 —7/2 /2

22

13
Wed
9/28
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ex : parabola , y=22,0<2<1
(Y

note : L > 2 = 1.4142

X

1
flz)=2* = fl(z)=22 = L:/ab L+ (f'(x))?dx :/()1\/1+4x2da:

o V1 + da? tanf = 2x = sec?0dl = 2dx
7, secl = /1 + 422

1
/\/1+4:132dx = /sec@-%se@@d@ = %/sec?’@de

do cos cos 0db du
30d0 = - do = _
/sec /00839 /00849 /(1 — sin%g)2 /(1 — u?)?
u=sinf = du = cos6db
(1— u2)2 = (1 —w)(1+ u))2 =(1- u)2(1 + u)2

1 _a N b c n d B
1—-u2)? 1+4+u (Q+u? 1-u (1—-u)?
alternative

/ sec’0dl = / sec § - sec?0db
u=secl, dv=sec’0d) = du=secHtanfdf, v =tanb

_I_

sin%0

/sec30d9 = secftanb —/sec 0 tan’6df = sec 6 tan b —/sec g - db

cos?6
= secftand —/86039(1 — cos*0)df = secftand —/sec39 +/sec 6do

= /sec30d(9 = 1(secftand + In(sec 6 + tan §))
/\/1 + 4x? dx = i(Q:z:\/l + 422 + 1n<2x +V1+ 4:(:2))

/Olmda: = (me + 1n<2x +Vv1+ 4x2>>‘
=1(2v5+1In(2++/5)) = 1.4789

=

1
0
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fl@)=va = fl(z)=

L = / L+ (f'(z))?de = / \ : improper , converges
dx dx

substitute : y=+v7 = dy= —= =

20T 2y
1 1 1
L :/0 NEEs 12 2ydy = /0\/4y2 + 1dy = arclength of a parabola ok

9.2 surface area

def : A surface of revolution is formed by rotating a curve about an axis.

ex : cylinder

N [ : length
‘. r : radius

/ S : surface area

To find S, cut the cylinder and spread it flat to form a rectangle.
[

2nmr = S = 27rl




ex : cone
: Y
1 l
i [ : slant length
|
77777 &z r . radius
z S : surface area

To find S, cut the cone and spread it flat to form a circular sector.

[ : radius of circle
6 . angle of sector
2nr : length of edge of sector

S : area of sector = area of cone

27r
claim
a) 2mr = 16
?S:%Z-ZQZ%Z-QTFT:WTZ
b)S:%F@
pf
2rr v 0
— = 2mr =27l - — = k
a) 5] — 3. = 2mT 7l o 10 ok
S 0 5 0 119
_— = — — . = = k
b) 7 27T¢S 7l o 510 ok
note

b b
Another proof is given on hwb using A :/f(:ﬂ)d::r; , L :/ 1+ (f'(z))? du.

25



ex : truncated cone

[,r1,r79 = slant length and radii of truncated cone

S = surface area of truncated cone

Sp o= e AEREEEE small cone = 7wrily

Sy = -eens T large cone = 7ry(ly + 1)

S = 8y— 81 = wro(ly +1) —wrily = wli(rg — ry) + mwrol

we can eliminate [q

[
b Ty
™
[ I +1
*1: ! = llTQITl(ll—l—l) = ll(T’Q—Tl):T’ll
1 2

= S =maril+ wryl = w(ry + 7o)l

r1+ 1o

>l = 277l , where 7 = = average radius

2. special cases
r1 =19 = truncated cone becomes a cylinder , S = 27r]

T1:O:> ........................ Cone’S:ﬂ-T-l

26
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general case 5

Mon
10/3

Az = L T =a+ il
surface area of ith slice ~ 7(f(x;_1) + f(x;))Al;
Al o~ (@ —x0)? + (f(zi) — flzis))? ~ 1+ (f(2:))? - Az
§ = Jim 3 w(f(aim) + )WL+ () A :/azwﬂx)de

check 1 : cylinder
Y

T

S:/:)Qﬂf(x) L+ (f'(x))?de = /Ol27r7’dx = 27r7’/()ldx = 27rl ok

check 2 : cone
(]

Phooooeee oo - fla)=—=

h 2 2 h2
S:/O 272$«1+;l2d$:2ﬂ;; 1+;2 ?—WT\/}Z2+T’2:7T7’Z ok

check 3 : truncated cone , review sheet
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ex: sphere
Y
/\ x
—r r
_ —x
fl@) = Vi2—a2 = (P —2)V? = fa) =L -2V 22 N
2 2 _ 2 2 2
/ 2 x T +x B T
1+(f(33))—1+r2_x2— r2 — 2 r2 g2
_27r/f 1+ (f'(z dx—27r/\/1 2 =72 #x-%ﬂ“ "do = 27 - 2
S =4rr? ok
ex : torus 16
Yy Tues
10/4
aIAk
l l T
—r T

assume a > r , equation of circle : 2+ (y —a)* =1*> = y=a £ Vr?2 — a2
upper semicircle : fi(z) =a+ Vr? — 22

lower semicircle : f_(x) =a — V1% — 22
S=5i+85 = [ 2nfi @)1+ (FL(@)?de + [ 2nf (2)y/1+ )2 dz
2
1+ (f (2))? = 7"2?;352 =1+ (f'(z))* , because f’(z) = —f ()
dx
S—27T (G/+V _x2+a/_\/ _$2)ﬂd$_27r 2a T’/ m
T sinf =~ = cosﬁdezd—x
T r r
0 2 _ 2
cosf =~

r

= S—47Ta7“/2 %ﬁdﬁ = drar - = 47lar
Z pcos0
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note
1. Siorus = 4m2ar = 2ma - 2mr = product of circumferences of two circles

2. For the cylinder and cone, we can find S by cutting the surface, spread-
ing it flat, and computing the area of the resulting shape. Does this work
for the sphere and torus? No. (Math 433 , differential geometry)

summary
1 | .
a b

b
area under graph of y = f(x) ona <x <b: A= / f(x)dx

ATCLENEER « + v v v v e [ — /ab’/l + (f(z))2 da

b

Surface area .............................. : S p— / 27‘(‘f(x) 1 _|_ (f/(aj))Q daj
b

Volume .................................. V f— / Wf($)2dx

& Y

1
flz)=—, 1<zr<x
T

5= /OO QWl 1+ - dr : diverges , comparison test , +/14+ 4 >1
1 T x4 ' ) P 4 =

V= . —dr = ——| = : converges , p =2

This shape is called Gabriel’s horn; it has finite volume and infinite surface area.
(see 595/25)




9.3 center of mass

problem : Find the point at which a thin plate balances.

30
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ex : two masses mi, mo connected by a rod of negligible mass

balance of moments (prevents tipping) : midy; = mads

m m

1 2

|
T

Py Il °
. Y .
0 T, T T,

x1, To, T : coordinates of my, mo, CM on x-axis

ml(i‘ — 331) = mg(l‘g — 53) = (m1 + mg)i’ = M1T1 + Moy = T =

mixy + Moo

my + mo

m;x; © moment of mass ¢ about x = 0 , units are mass x distance

note : The balance of moments can be written as m;(Z — x1) + mo(T — z3) = 0.

ex : n masses mq,..., m, connected by a rod of negligible mass

n

n n
balance of moments = Y m;(z —x;) =0 = Y mx =) myz;

i=1 i=1 =1

n

= z=5_ =" M=Y mz;: total moment , m =3 m, : total mass
S m; m i=1 i=1
i=1

note : If n = 2, this agrees with the formula above.

ex: m =2, my=3, mg=1,21=—10, 29 =6, 23 =—4 :
m,=2 my=1 m,=3
° - } } . xr
-10 —4 x 0 6
M:m1x1+m2x2+m3x3=—20+18—4:—6} _ M
= T=—
m=m;+me+m3=24+3+1=6 m

find CM




two-dimensional case

Yy
Ys b - o M3
|
|
|
m
1 |
Y% }
|
| l
|
1 T i
X ! T z
1 : 3
|
l
Yy [ .
my

center of mass : (Z,7) =7

balance of moments : Y m;(z —x;)) =0, > mi(g—y;) =0
i=1 =1
n
= == =Y M, : moment about y—axis = M, =mI

& m
>om;
=

n
> My
= M,

= = = , M, : moment about z—axis = M, =my

> m;

1=1

S|

31

eX . My =My = M3 =

31O (@5)=(0,1/3)

My my
L S A e
(_170) (170)
. mixy + Mala + M3Ty —14+14+0 _0
my + Mo + M3 3
7= miyy +meys +mgys  04+0+1 1

my + mo + ms3 3 3



continuous mass distribution

Consider a region of uniform density in the xy-plane.

Yy

CM = (z,9) ="

symmetry principle

If a region is symmetric about a line [, then CM lies on [.
ex 1 : isoceles triangle , CM lies on [

"1

ex 2 : rectangle , CM lies on [y and I, = CM is at center of rectangle

I L o

Ly

18
Fri
10/7

case 1 : R={(z,y):a<z<b,0<y< f(x)}

Y

b
M M
balance of moments = 7 = —2>
m m
h—
Ax = “

. * 1
n T =a+ 1Az, z; = 5(zi1 + z;)

Y g=—=, but how do we find M,, M,?
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moment principles

1. The total moment of a mass distribution is the same as if all the mass
is concentrated at the CM.

m m

1 2

|
T

0 x, €T 9

2. Let Ry, Ry be two disjoint regions. Then M (R; U Ry) = M(Ry) + M(R5).

T = M =mix1+ mexy = MmIT

E%ib

CM of ith rectangle = (x;“,% (x}))

mass of ith rectangle = density x area = pf(x})Ax

moment of ith rectangle about y—axis = mass x distance = pf(z})Ax -z

n b
My = lim 3 pai (o)) Ax = [ pof(a)de = m3
i=1 ¢
n b
M, = Jim Yp3f(a)) A = 5[ pf(x)'de = my
i=1 a

M, [ fef@)ds M, [ A
m /ab/f(a:)dx | m /Cb/f(a:)dx

ex : rectangle (p = 1)

= T=

h fz) =h
X
!
220 hi?
My:/axf(x)dx:/x hd;p:hEO:7
b ! h2l
M, =5 [ fx)?de = L [ hde = i
m = [ f(@)dz = [ hdz = hl
_—% h7l2 i_i —_Mm_@ i_ﬁ ok
w2 w2 T T2 2
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ex : triangular plate

19
Y Mon
10/10
1
f(x) =1—|z]
X
-1 1

symmetry = = =0

b 1
M, %/f(x)gda: / (1 —x)%dx . ! . .
y = T ab o 1 2.1 ——3(1—1')‘:—3(0—1):3
mo [ 2%
= CM = (0,3)
ex : another triangular plate
Y
1
flz)=1-u
/p//
i T
z 1

symmetry = CM lieson theliney =2 = y=7=

b 1
o M, /axf(x)dx B /Oxl(l—x)dx B (%$2 —léx?’)‘o B % o
= = % = = = =3
m /f(a:‘)dx 311 2 2
= CM = (3, 3)

question : The line x =  divides the triangle into two parts. Which part has
greater area?

area of left part = 5 - 3(1+ %) = %

: — 1,2 2__ 4
area of right part = 5 -5 -5 = 35

So the left part has 25% greater area than the right part, even though the CM
lies on the boundary of the two parts.
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ex : half-disk

)
/\f@)m
-1 1 !
lbx2az 1—x2x 3619631 2
gzMx_gfabf()d I A it | N T T
m /af(a:)dx /2 /2 /2 T
case 2 : R={(z,y):a<z<b,g(r) <y< f(x)} ?I%
Y f(a;) 10/efl
g(w)
o w,, b v
My LU —ghde a3 () - gl
o L) - gepde ™ [ ()~ g(@)de
ex: f(x)=z, glx)=2*,0<z2<1
Y
S |
1/2 - _ !
25— - 12 % |
\a--1- |
1

b 1
M, =3 [(f(@) = g(@))de = § [ (2* —at)de = § (3 - 1) = &
b 1
My—/aa:(f(x)—g(a:))dx:/ (xQ—xg)dx—%—%:%Z
M, L M, L
E:—y:¥:% : g:—:%:g = CM is closer to top edge
meoos moo%
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X

!
!
!
!
!
|

1

For some choice of m,n, the CM lies outside the region. (hw7)

Theorem of Pappus

Let R be a region that lies on one side of a line [.
[

!

A = area of R
V = volume obtained by rotating R about [ = V=A-d
d = distance traveled by CM when R is rotated about [

pf : (special case)

’ f(x)
TCM 77777 R : rotated about z—axis
i | — 9(@)
; ‘ ——°
A= [[(f@) = g@de . V= ['n(f@) = gla))dz
A 22 — a(2)dx
d:w:%Mz:%2/ab<f<> g(x)*)d :Z "
m | (@) = g(x))da

ex : cylinder

= V=A-d=rl-7r=mr*l ok (hw7: torus)
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9.5 probability

X : random variable

21
Wed
10/19

ex
X = velocity of a gas molecule
X = waiting time in the supermarket check-out line
X = GPA of a college student

def
A random variable X has a probability density function f(z) with the property

b
that / f(x)dx = probability that X lies between a and b = prob(a < X <b).

examples of f(z)

X = velocity ///\

20 10 0 10 20

X = waiting time \
; ; ; ; T minutes
X = GPA L,,///////////\\\\
s ; ; : : x grade points

0.0 1.0 2.0 3.0 4.0

x meter /second

note : large f(x) = high probability that X is close to x
small f(x) = low probability that X is close to «

In practice, the pdf f(x) is obtained by empirical sampling or as the solution of
a differential equation.

properties of a pdf
L f(z) =20

2. /O:O f(z)dz = prob(—oco < X < o0) =1

def : The mean value of a random variable X (average value, expected value) is
denoted by p = p(X) and is defined by the relation

p= [T af@)dr = S af@)Ae =y

i=1 )

x; - prob(z,_1 < X < x;),
1

i.e. the values of z; are weighted by the probability that X is close to x;.




38

ex : Gaussian pdf

I Yy
f(l‘)—ﬁe ‘
1. f(z) >0 | )

note : /_Oo e "dr =+/r (Math 255)

2

3. ,u:/_o:oxf(x)dx :/_O:Ox\}%ex dr =0

def : The median value of a random variable X is denoted by m = m(X) and
is defined by the relation prob(X < m) = prob(X >m) = 1.

note

1. This is equivalent to / f(x)dz = / f(z)dx = =, i.e. half the area under
the graph of f(x) lies to the left of m and half hes to the right.

2. In general, u # m. (more later)

def
The standard deviation of a random variable X is denoted by o = ¢(X) and
is defined by the relation ¢* = /_OO (. — p)? f(2)d.

note : small 0 = X is more likely to be close to u

large 0 = X is less likely to be close to u

22
I e Fri
f($):7€ = p=0,0=7 10/21
00 00 1 2
02:/_oo(x—u)2f(x)d:c:/_ooaj2ﬁe”’d.r , u=x, dv=uwxe “dx
du = dx _ €
1 e 1 o o 1 1 1 1
= — Tdr | = — - = = — = — = 0.7071
ﬁ(:c 5 Oo—l— 2/_006 x) /7 2 NZs 5 =0 NG 0.707
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1 u)2

\/_e 54" Then f(x) is

the pdf of a random variable X, called a normal distribution, with mean p and

def : Let p and o > 0 be given and define f(z) =

standard deviation o.

1. The Gaussian pdf corresponds to u =0, o = %

2. u shifts the pdf along the x-axis and o scales the height and width of the pdf
check (hw7)

/_o;f(x)dx = /_O; 0\}2_ T
)2

/_O:Oxf(a:)dx :/OO:L’ ! e A dy = i

—00 g/ 2T
o0 o0 1 71’7#2
[ =i @)de = [~ (= p)P e dr = o
—00 —00 o\ 2

ex
1. Find the probability that X is within 1 sd of pu.

prob(p—o < X < pu+o) :/Maf(x)da:
u—c

p+o 1 —(z—p)? < 1 7
= 2 dr = V2 \/_ du = — v —Ud
p—o o 27T6 : ! /_550\/% 2o du \/%/_V1§ ¢
( T — [ J dx )
u="——, du=—=
V20 V20
2 15 a2
:ﬁfofe dv = erf(J;) = 0.6827
2 oz Y
recall : erf(x):ﬁ/oe_ﬁdt 1L |
erf(—=) |- — - '
TERI |
| |
| I x
1 3
72 G

2. Find the probability that X is 3 sd or more

w\H 9

reater than pu.
)

prob(X > p+30) = ... = , e dr = 1(1— exf()) = 0.001349

23
Mon
10/24

1
vl
ex : annual rainfall in a certain state is normally distributed with p = 25in
and o = Hin.

1. 68% of years have rainfall between 20in and 30in (twice in 3 years)
2.013% ......... T greater than or equal to 40in (once in 740 years)




pdf of a normal distribution : f(x) = e 22, u=0

1.5 1.5
o=1/4 o=1/2
1 1
0.5 0.5
0 0
-5 0 5 -5 0 5
1.5 1.5
o=1 o=2
1 1
0.5 0.5
0 0
-5 0 5 -5 0 5

1.8 | | | | I I I I |




41

exponential distribution

T = waiting time in the supermarket check-out line (minutes)

_Ct .
f(t) = {86 it =0 , where ¢ > 0 is a constant

if t<0
f
c=2 f’(t) Cze—ct = f( ) _02
c=1
t
50 00 e—ctoo
heck : t)dt = dt = =0+4+1=1 ok
chec /_oof() /Oce C—Co + ok

average waiting time = p :/_oo tf(t)dt :/Oootce_ddt (u=ct, du = cdt)

= /Oooue_“du _ 1

c c
Assume the average waiting time is 5 minutes. Then p =5 = ¢ = %
1. Find the probability that a shopper waits 1 minute or less.

_ /! I L __—ctl__—c 1 o
prob(0 < T < 1) = ["f(t)dt = [ ce™dt = —e J=—e b l=1-c = 01813

Hence 18% of shoppers wait one minute or less.

2. Find the probability that a shopper waits 5 minutes or more.

> —et gy — _p—ct|” _ o~ _
prob(7T > 5) /f t)dt = /ce dt e, =€ 0.3679

Even though the average waiting time is 5 minutes, only 37% of shoppers actually
wait 5 minutes or more. In fact, the median waiting time is only 3.5 minutes
(hw7), which implies that half the shoppers wait less than 3.5 minutes and half
wait more.

f
c
= “heavy tail” | “rare events”
| | t
mop
The average waiting time (p = 5) is greater than the median waiting time

(m = 3.5) because some of the shoppers who wait more than 3.5 minutes actually
wait a lot longer (e.g. 10 minutes).
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10.1 differential equations 94
some famous differential equations 361/6255

Newton’s 2nd law : particle moving in a force field
Maxwell’s eqs : electromagnetic waves

Schrodinger eq : quantum mechanics

def : A 1st order differential equation has the form 3" = f(y), where y = y(t)

is a function of time ¢ and 3’ = % is the 1st derivative.
ex

y=y

Y =-y

y=1-y

note

The function y(t) represents a quantity that varies in time (e.g. population, tem-
perature, value of an investment) and the differential equation y' = f(y) controls
the variation of y(t). A function y(t) is a solution of the differential equation
if y'(t)=f(y(t)) for all ¢t > 0; we also say that y(t) satisfies the differential

equation.
ex

Is the given y(t) a solution of the differential equation i’ = y?

y(t) =€ : yes

y(t)=¢e"+1 : no
y(t) = 2¢° yes
y(t) = e* no
st =~ yes
y(t) =e! no

The function y(t) = tanht satisfies the differential equation 3’ = 1 — y2.

, d d sinht  cosh®t — sinh?¢
pf: y = —tanht = — =

_ =1—tanh’t=1—19¢> ok
— dt dt cosht cosh? a 4 °
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note

A differential equation ' = f(y) has infinitely many solutions y(¢), but there is
a unique solution satisfying the initial condition y(0) = ¢ for any value c.

ex
y(t) = €' is the solution of 3y = y satisfying y(0) = 1
y(t) =2e" ... e y(0) =2
y(t)=—e" ... T y(0) = —1

Y /

, /

1

t
B \

note

We can also consider 2nd order differential equations, i.e. equations involving
the 2nd derivative.

ex : mass-spring system

y(t) : displacement of spring from its natural length

Newton’s 2nd law : F = my” } L — —k
Hooke’s law : F' = —ky (k > 0, restoring force) 4=

y(t) = coswt is a solution < m - —w? coswt = —kcoswt & w = \/k/m

The system oscillates with frequency w; this is called simple harmonic motion.

other examples : pendulum , Earth’s orbit , heartbeat , ... (Math 256)
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10.4 exponential growth/decay

Let y(t) be a population size at time ¢ and assume that the population changes

at a rate proportional to its size. Then 3’ = ky, where k is a constant.

k>0 = 3 >0 = population grows

25
Wed
10/26

k<0 = 3 <0 = population decays
/

k = LI relative growth rate , units = time™
Yy

solution

1

d d
v =ky = di =ky = Y9 _ k dt : separation of variables
Yy

= Iny=Fkt+c = y=eM"c=eM.c0 = AeM
t=0 = y(0)=A = y(t) =y(0)e*" : exponential growth/decay , check ...

k>0 LE<0
Y Y

ex : A bacteria culture starts with 1000 cells and grows at a rate proportional
to its size. If there are 2500 cells present after 2 hours, then how many cells are
present after 4 hours?

y(t) : number of cells present after ¢ hours

»(0) = 1000 , y(2) = 2500 = y(4) = 4000 : no

y(t) = y(0) e = 1000 **

y(2) =1000e* = 2500 = ¢* =25 = 2k=In2.5 = k=1In25=0.46
y(t) = 1000 e%16¢

alternative : e = e(am25)t = (¢M25)1/2 — (9 5)1/2  recall : et = (o)

y(t) = 1000 (2.5)"/% | check : y(0) = 1000, y(2) = 2500 ok

= y(4) = 1000 (2.5)% = 6250 cells
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ex : A radioactive sample has mass 100 mg and decays at a rate proportional
to its size with half-life 1600 years. (The half-life is the time required for the
sample to lose half its mass.)

a) Find the mass remaining after ¢ years.
y(t) : mass (mg) remaining after ¢ years
y(t) = y(0) e = 100"
y(1600) = 100e'% =50 = 0% =1 = 1600k =Inj = —In2
k=552 =-0.00043 = y(t) =100 000043
alternative : y(t) = 100 (= 12/1600)t — 100 (¢2)~t/1600 — 100 . 2-1/1600
check : y(0) =100 -2° =100, y(1600) = 100-2"' =50 ok
b) How much mass is remaining after 800 years?
1(800) = 100 - 27800/1600 — 100 . 271/2 = 100 — 771 g
¢) When will the sample be reduced to 25 mg?
y(t) = 100 - 274160 — 25 — 9=t/1600 — =1=27% = b =-2

1600
t = 3200 years = 2 half-lives

ex : compound interest
x : initial investment (principal) , r : annual interest rate

compounded annually

after 1 year, the investment is worth = + rz = (1 + r)x

26
Fri
10/28

..... 7 )
..... o ()
compounded semi-annually : 2 times/year

after 1 year, the investment is worth z + Lz = (14 %)z
..... Lo (T D)
..... b (L B

note : (14+45)?=1+r+ % > 1+ : more frequent compounding is beneficial

compounded daily : 365 times/year

after ;3= year, the investment is worth = + g2 = (14 55z

2 2
..... %(1—{—%)33
..... Lo (T )
..... b (T )PP
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continuous compounding

after t years, the investment is worth
t
lim (14 7)"2 = (1}1_%10(1 + ;)”) = (eN'x = ets : hw?
ex : x = $1000, r = 0.10 (i.e. 10%) , t = 10 years

compounded annually : (1 +7)fz = (1.1)1°. 1000 = $2593.74

compounded continuously : ez = €110 .1000 = $2718.28
note
1. "1 =1.1052 = 1+ 0.1052 = the equivalent annual interest rate is 10.52%

= 10% compounded continuously is the same as 10.52% compounded annually

rt

2. continuous compounding < y(t) = y(0)e" < ' =ry

def : A differential equation ¢y’ = f(y) has a constant solution y(t) =c < f(c) =0.

ex : y =1 —y? has two constant solutions : ¢ = +1

def : A constant solution y(t) = ¢ is stable @tli_glo y(t) = c for all nearby solutions;
otherwise, it is unstable.

ex : y =ky = 0is a constant solution. Is it stable or unstable?

case 1 : £ >0 = 0 is an unstable constant solution

/

Y Y

case 2 : k£ <0 = 0 is a stable constant solution
) )

> t y
note : The y—1v' plane is called the phase plane; it gives a concise description of
the dynamical system.
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ex : Newton’s law of cooling/heating

27
The rate of change of temperature of an object is proportional to the Mon
temperature difference between the object and its environment. 10/31

y(t) : temperature of object

T : temperature of environment

= Yy =k(y—T)

note : There is one constant solution y(t) = 7.

case 1 : k>0 = T is unstable case 2 : k<0 = T is stable

/ /

Y Y

note : The case k > 0 is not physical, so we assume k& < 0.

solution

d d

d:Z:k:(y—T) = yT:kdt = In(y—T)=kt+C = y—T = "0 = AV
y_

t=0=y—T=A , where yo = y(0)
= y—T=(y—-T)e" = y(t) =T+ (yo—T)e" , check ...

Yy

T\
——

Yo > 1T = object is cooling

Yo <IT' = object is heating



X

A can of soda takes 1 hour to cool from 30°C to 20°C in a refrigerator at 10°C.

a) Find the soda temperature 30 minutes after it starts to cool.
y(t) =T+ (yo — T)eM =10 + (30 — 10)e* = 10 + 20e*
measure ¢ In minutes

y(60) = 10 + 20e%% = 20 = 20 =10 = % = 3
= y(t) =10+20-27% = y(30) = 10+20- 272 =10+ 7 =~ 24°C

\V]

b) How long does it take for the soda to cool an additional 6°C?
y(t) = 10 + 20 - 274/60 = 30 — 24 = 18°C
= 20 (1)7"=8 = 0590 =04 = t=60-

an 5 ~ 80 min

It takes 50 minutes for the soda to cool an additional 6°C.

note : as y(t) — 7', the rate of cooling decreases

= b= ()T =2

ex
A 5000 L tank contains salt water with salt concentration 0.004 kg/L.
Seawater with salt concentration 0.03 kg/L starts pouring into the tank
at a rate of 25 L/min. The solution is kept well mixed and it drains
from the tank at the same rate as it enters. How much salt is present
in the tank after 30 mins?

y(t) : amount of salt (kg) in tank after £ mins

y(0) = 0.004 1% 5000 L =20 kg , y(30) =? (we expect y(30) > 20)

y' = rate of change of amount of salt in tank ( kg )

min
= (rate coming in) - (rate going out)
kg L kg
rate coming in = 0.03 T 25 i = = 0.75 mm
. ykg k
rate going out = F000L 25 ﬁ = 0.005y mlgn

Y = 0.75— 0.005y = —0.005(y — 150) = k(y — T)
y(t) = T + (yo — T)er = 150 + (20 — 150)e 009t = 150 — 130e0-005
y(30) = 150 — 1306090530 — 150 — 130¢ %5 — 38 kg

question : what does 7" represent in this problem? tlim y(t) =T =150 kg

28
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10.5 logistic equation

y(t) : population

M : maximum population (due to finite resources)

Yy = k(M —y)y : logistic equation
P
note : textbook uses P =k (1 — K)P

assume k>0, 0 <y < M
then k(M — y) is a variable growth rate

There are two constant solutions : y =0, y = M.

/

Y

y = 0 is unstable

y = M is stable

if y = 0, then v ~ kMy = exponential growth

if y ~ M, then ¢y ~ kM (M — y) = cooling/heating

Yy




solution
dy dy
— =k(M —y)y = ———— =kdt
dt ( ) (M —y)y
1 _a b ay+bM—y) OM+y(a—D0)
(M—-y)y M-y vy (M —y)y (M —y)y
1
M =1 =b=—
M = L L + L heck
= , check ...
b0 1 (M —-y)y MM-y) My
— b= =0 = —
a a M
dy dy dy 1 1
—— = | + ——In(M —y)+ —Iny
/(M—y)y /M(M—y) /My 2 Y
1 (0
:M1n<M_y>:/kdt:kt+c
In (My_ y) = kMt +cM = My_ e e
Yo
t=0 = =D
M — 1y
Y Yo kMt Yo kMt
= e = y= (M-
M-y M-y y=I y)M—yo
Yo o ety My g - kMt _ kMt
y1+M_yOe >_M—yoe :>y(M Yo + yoe )-Myoe

=0 = yt)=

: these are the 2 constant solutions
Yyo=M = y(t):M}

M is stable

if 0 <yo < M, then }Hglo y(t) =M = { 0 is unstable

This confirms what we knew from the phase plane analysis.
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10.2 Fuler’s method

consider ¥’ = f(y) , y(0) =yo , goal : approximate y(t)

choose At = h = time step , set t, =nh,n=20,1,2,...

define y, = y(t,,) :

Uy,

exact solution at time ¢,

numerical solution at time ¢, (approximation)

Upil — U
il m f(u,) : Euler’s method | finite-difference scheme

h

= Upi1 = Up + hf(un) , ug=1yo

(.€

vV=y,yp=1=ylt)=e

t

Upt1 = Up + hu, = (14 h)uy,

U, = (L+h)u,1 = (1+h)"

for example, suppose t,, = nh = 1, then y,, = y(t,) = y(1) = e = 2.7182818

h Un, [Yn — Un| | [yn — unl/h
0.1 2.5937425 | 0.1245 1.245
0.05 | 2.6532977 | 0.0650 1.300
0.025 | 2.6850638 | 0.0332 1.328
l l l l
0 e 0 e/2 , pf: later
note

1. limwu, = lim(1+ h)"
h—0

h—0

2. If the time step h decreases by a factor of
solution given by Euler’s method decreases by a factor of approximately % Hence
the error is proportional to h; we say “the error = O(h)”.

3. There are higher order methods, i.e. methods for which the error = O(h?) for

1 n
= lim <1 + ) = e = FKuler’s method converges
n—oo n

1
2

7

some p > 2. (Math 371, numerical methods)

30
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, then the error in the numerical




Euler’s method

differential equation :

numerical method : u,1 = u, + huy,, ug =1 = u,

v =vy,y0)=1= y(t) =¢

(14 h)"

52

h=1/2

h=
8 - 8
7t 71
6f 6l
5t 51
4t ) 4t
3t -7 3t
2t o 2t
1< ' 16
0 0.5 1.5 2 0

h=1/4
8 : 8
7t 71
6f D 6f

/

L / L
5 P 5
4r ’ 41

Jeg
3t /O/ 3t
)
2t _ ol
16 - : 10

0 0.5 1.5 2 0

note

1. The solid line is the exact solution y(t).

The circles are the numerical solution wu,,.

The numerical solution values are connected by a dashed line.

2. For a fixed time t, the error decreases as h — 0.

3. For a fixed time step h, the error increases as t — oo.



chapter 12. sequences and series

preview

2 5133 1.4 n

v 1 S R H T
e +x+ 5 + 5 + 24 +
questions : meaning? utility?
12.1 sequences

def :

T

Tavlor series
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A sequence is a list of numbers {ay, a9, as3,...} = {a,}. If the sequence

converges to a limit L, we write nll_%lo a, = L, or a, — L as n— oo, and if the
sequence does not converge, we say it diverges.

ex
terms converges?
1 11 1 ' ‘ ‘ ‘ 1
an:E 17§7§717 : ¢ ' L 0 L=0
[ * [ | 1 .
by=(-1)"|-1,1,-1,1, ! ! ! ! ] diverges
_ (_1)71 1 1 1 | ° [ i 1 -
G="7—|"1.3. 3. 1, o i v T L=0
d —1—1] g 1L 2 3 ‘ ‘ . ’ 1 -1
n— L+ 7 ) 29 39 4 l T l l 0 -
def : A sequence {a,} is ... "
... bounded if there are constants m, M such that m < a, < M for all n. | Mon
11/7

... increasing if a,, .1 > a, for all n.

... decreasing if a,,1 < a, for all n.
ex : bounded? :
thm

1. A convergent sequence is bounded.

2. A bounded increasing or decreasing sequence converges.

pf: Math 451 (advanced calculus), but it’s clear from the examples

note : The converse is false.

1. A bounded sequence is not necessarily convergent.

2. A convergent sequence is not necessarily increasing or decreasing.

pf : hw9 (by example)

all the above , increasing? : {d,} , decreasing? : {a,}




comparison theorem

If a, <b, <c¢, for all n, and nll_{gO a, = nh_)rgo ¢, = L, then nll_{go b, = L.
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pf : omit
ex: lim % = 0 (used later)
n—oo N
ni|l| 2| 3 4 | ]
L RO o s s = 0< <y
e | 1122|333 | 4444
then lim 0 = 1 % = 0 = lim % = 0 : by comparison theorem ok
12.2 series
def
0
Y a, = a+a+ay+---+a,+--- : series
n=0

note : the starting index may ben=0orn=1or ...

def

{sn} : sequence of partial sums of the series
So = Qo
S1 = ap + ap

So = ag + ay + as

n

sn:ao—l—al-i-ag—l—“-—l—an:Zai

1=0
€ex
=1 1,01, 1 2
z_:? l+5+3+5+ =1
80:1
_ 1 _ 3
si=1+3=5%
_ 1 1 _ 7
82—1—|—§+1—1
w=14hlalon

= lim s, =2
n—oo

pf : soon



Z a, = lim Z a; = lim s,

n—oo n—oo

If the limit exists, the series converges; otherwise, it diverges.

ex : geometric series

95

1
0 — it —1<r<l1
St =14r4+r i = L—r
n=0 . .
diverges , otherwise
E£ 1 __Tn+1
,if r#1
recall : finite geometric series : 1 +7r+72 4 - 7" = 1—7
ntl | ifr=1
0 Lif —l<r<l
7}1_}1207“”“ = 1 Lifr=1
diverges , otherwise ok

ex
o /1" 1 1 1
nz::0<2> 2+4+8+ 1_%

1 1 1 o0 1\" 1 2

2 4 8 a0\ 2 1—(-3) 3

4 8 16 oo gntl oo /2\" 1
24+ — _ o= = 2. 2l = 2. — 6
HERE T EO 3n E()(:s) 1-2
ex

A rubber ball is dropped from height 1, bounces back to height p (0 < p < 1),
and continues bouncing after that. Find the distance traveled by the ball.

initial height =
height after 1 bounce = p
----------- 2 bOunCeS — p2

........... n bounces = pn

distance =14+ 2p+2p*> + --- = 2(1+p+p2+...)_1 — 9.1 1

for example : p = % = distance = % =3

p — 1 = distance — oo

p — 0 = distance — 1

32
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harmonic series

DI UL R U T

— = —+ -+ —+---: diverges
o 27374 &
pf
81:1

s1 =S +3+1>3+5+7 =2

N Ot

ss=siti+i+i+li>244.1 =
1

S16 = Sg‘f‘%‘f“f—%(; > g+8'16 =3

= lim s, =000 ok
n—oo

thm
(0]
If Y a, converges, then lim a, = 0.
n=0
pf
o0
set > a, = ,}LI%OSn = 5
n=0

Sp, = ap+ay+---+ay

Sp—1 = Ao+ a1+ -+ ap-1

Sp — Spn—1 = Qp

= Jim a, = Jim (s, = s,1) = Jim s, — Jim s, = s—s =0 ok
note

(0. 9]
1. The converse is false, i.e. if lim a, = 0, then ) a,, may converge or diverge.
n—oo

n=0
> 1
> — @ converges
n:0 2n . .
.1 . both satisfy 7}1_{1(;10 a, =0
> — @ diverges
n=0 T

(0.9]
2. However, if nh_)lgo a, # 0, then P a, diverges.
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12.3 integral test for series 33
In this section assume a,, = f(n), where f(x) is positive and decreasing. Wed
00 11/9
integral test : ) a, converges < /1 oof (x)dx converges
n=1
pf gy
f
x
1 2 3 4 )
5
= a9+ a3+ aqg+ as S/lf(x)dx§a1+a2+a3—l—a4 ok
S I
ex : — = —+ -+ — 4 -+ : converges
&L 47916 &
_ 1 1 00 codr B "
pf: f(x):? = f(n)zﬁ = /1 f(z)dx :/1 o | converges ,p=2 ok

note : We don’t know the value of the sum s, but we can approximate it by s,,.

for example : sq =1+ 1+ § + 5z = B0 = 28 — 1 49361111

question : How large is the error?
(0.9]

§—8p = a1+ -+ aptap+— (e Fay) = G+ S/n f(x)d
Y

T

n n+1 n-+2

= 0<s—35,< /Oof(az)da: : error bound = s, <s< sn+/oof(a:)dx

for example : [;° de — 1 *=1-025 = 142361111 < s < 1.67361111
4 x4 4

question : How large must n be to ensure that the error is less than 10737

s—sp <[ =-1"=1=10" = n=1000

= S1000 < S < S1000 + 1073 = 1.64393457 < s <1.64493457
o0 1 2

in fact , Y — = 7T6 = 1.64493407 : discovered by Leonhard Euler in 1735
n=1T

< 1
note : there is also a p-test for series , Y — :

{converges if p>1
n=1 np

diverges if p <1~ —



12.4 comparison test for series

Assume 0 < a,, < b, for all n.

o0 (0.9)
1. If > b, converges, then > a, converges.
n=1 n=1

2. If > a, diverges, then »_ b, diverges.

n=1 n=1
pf: > a, <) by, ok

n=1 n=1

i 1 1 n 1 n 1 n
ex : — = — 4+ -4+ — +--- : converges
=S+l 276 12 &

o) 1 o ] .
pf nzln(nJrl) 7121”2 . converges , p=2 ok
in fact | 3 1 : hwl0
in fact , ————— =1: hw

n=1 n(n + 1)

o8

34
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12.5 alternating series

In sections 12.3, 12.4, we considered series with only positive terms.

def : An alternating series is a series whose terms alternate in sign.

i(_l)n ot Ly Iternating h ic seri
ex : =1— -+ - ——-+---: alternating harmonic series
ST 273 4 5
(0. ¢]
general form : > (=1)"a, =ap—a; +as —az+--- , where a, >0
n=0

alternating series test

If a,, satisfies :
1. a, >0,
2. api1 < ay (ie. {a,} is a decreasing sequence),
3. nh—>rgo a, = 0,
o0

then > (—1)"a, converges.

n=0
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(=1)"

n—+1

converges

o0
ex:
n=0

1. >0

n+1

1 1

< = series converges by AST
n+2 n+1 & Y

) 1
3. lim =0
n—=o00 n 4 1

S|
recall : > 1 diverges

n=0
pf (AST) 35
. . . . Mon
> (=1)"a, = lim s, : we need to show that the limit exists 11/14
n=0
So = Qg

S1 = Qg — ap
So = ap — aj + as

53:a0—a1—|—a2—a3

0 S Sq S, C

It follows that nh_g)lo s, exists. ok
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error bound for alternating series
(0]

Let s = > (—1)"a, , where a, satisfies the conditions of the AST.

n=0

Then |s — s,| < a1, i.e. the error is bounded by the first neglected term.

of
s=ay—aj+ay—- -+ (—1)"a, + (—=1)" a1+
Sp=ag—a;+az—---+(—=1)"a,

§— 8Sn = (_1)n+1an+1 + (—1)"+2an+2 4+
= (—1)""apy1 — Qpyo + Qg — Qpyg + )
|s — Sp| = [(@ns1 — @ny2) + (Anes — apga) + -+ - |
= (Aps1 — Qnt2) + (Qpys — apya) + -+
= aps1 — (Qpyo — apas) — (Qpag — Qpys) — -+
< aps1 ok

note : |s—sy| <apnp1 © —api1 <S—5, < apy1 S Sy — Api1 <8 < S+ Apya

o (—1)" 1 1 1
: = 1+ _ 4. =
i) 23 1" °
check : a, = %—H : satisfies the conditions of the AST
1 1 1 12—-64+4-3 7
=]1l—=-—+-—-= = — =0.5833
°3 27373 12 12

1
|s — s3] < ayg = = 0.2 = 0.3833 <5 <0.7833

in fact , s =In2 = 0.6931 (pf: soon)

12.6 ratio test

a
Let a, be positive or negative, and suppose nlingo a5
— an
o
1. If L < 1, then )_ a, converges.
n=1

2. If L > 1, then ) a, diverges.

n=1

note : If L = 1, the ratio test does not apply; the series may converge or diverge.



61

36
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> 1
: : - : _ 1
ex 1 : ;_21271 . converges , geometric series , r = 3
1 n
. a . SnFl . 2 . 1
a, = — = lim " im 21“ = lim = lim — = —
omn n=| q. n—:oo o n—o00 9n+l n—o00 9
ratio test = series converges
| . : :
ex 2 : > — : diverges , harmonic series
n=1T
1 . |a : 1
a, = — = lim |/ = lim n=1
ratio test does not apply
© 1
ex 3 : ) —5 : converges , p-test , p =2
n=1"T
Ap41 1
anzﬁéh = 2n2:1
n =l ay, =% (n 4+ 1)
ratio test does not apply
< 1
ex 4 : Y — : converges
n:07ﬁ
1 a _ 1 1
a, = — = lim |[—| = lim n! = —
n! =%, =% (n 4+ 1)! = 4+ 1

ratio test = series converges

pf (ratio test)

lim

n—oo

An+1
Qp

An+1
Qp

=L =

~ L when n is sufficiently large

= |ani1| = Llay|
| y2| = Llans1| =~ L?|a,|

|an+s] & Llanso| & L?|ay|

= |an‘ + |an+1‘ + |an+2‘ + ’CL’I”H-?:‘ + -
~ |an| + Lla,| + LQ‘an| + L3|an\ T
=la, |1+ L+ L*+L3+--) ok




12.8 power series

def

o0
A power series has the form 3 ¢, 2" = co + 12 + cox® + c3a° + - - -

n=0

¢, : coefficients , x : variable

note

For a given value of z, the power series may converge or diverge.

62
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ex 1

@)
Sa=14ax+2>+a>+--- : converges for —1 <z < 1

n=0

pf : geometric series , r = x

ex 2
> —=1+x+—+4+—+--- : converges for —oo < x < 00
n=0 TL' 2 6
n
pf: a, = T
— n!
n+1 ]
lim || = T g L an g
xn
note : This implies that lim — = 0 for all x.
n=o0 pl
ex 3 (more later)
00 (_1)711.271 1’2 ZE4 $6
-~ =1—-—=+4+ — + - -+ : converges for —oo < x < o0
nz::o 22 ()2 22 T 92 42 92.42. 2 vers

27" (n!)? = (2")*(n!))* = (2-2-2---2)*(n(n —1)(n —2)---3-2- 1)

= ((2n)(2n —2)(2n —4) ---6 -4 - 2)?

PE = ()2
i Ut ” (_1)n+1x2(n+1) . 22n(n!)2 . |:L‘|2
n=ce| q. n—00 22(n—|—1)((n_|_ 1)[)2 (_1)nx2n n=o0 22(n_|_1

2:Of0rallx
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def : A power series centered at x = a has the form
o
2

elr—a)'=co+c(r—a)+c(r—a)+---
n=0
ex
Sx-1)"=14(x—1)+(x—1)2*+--- : converges for 0 < z < 2

0

S
|

pf: geometric series , r=r—1, —-1<r<l & —-l<z-1<1 & 0<r<?2

ex 2
00 — 1) -1 2 -1 3
Z(x):(x—l)—l—(x )+(x )—l—---:convergesfor0§x<2
n=1 n 2 3
1)
pf: a, = (z )
— n
n -1 n+1

lim [ %] =g (DT e e <1
=%l q, =l p+1 (x — 1| n=x n+1
For x =0 or z = 2, nlinolo ntl) _ 1 so the ratio test does not apply.

< (1)
r=0= ) . converges by AST

n=1 n

x 1
r=2= > — : diverges , p=1

n=1M7
thm (convergence of power series) 38

00 Tues

Given a power series > c¢,(z — a)", there exists R > 0 such that 11/22

n=0

1. if 0 < R < oo, then the series {converges for |z —af < 1

diverges for |r —a| > R,
2. if R = oo, then the series converges for all x,

3. if R =0, then the series converges for x = a and diverges for x # a.

note : R is called the radius of convergence of the power series

z—a/|<R<& —R<zrz—a<R&a—R<z<a+R

1 1 1 T
a—R a a+R

interval of convergence : the set of all points x for which the series converges

pf: omit
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series center roc 10C sum
ioj " 0] R=1 l<z<l1 L
T a= = — T
n=0 1 —=z
io:( )" 1| R=1 0<x<2 ! !
=0 l—(x—1) 2-—=x
o0 _ 1 n
Z(x ) a=1| R=1 0<x<?2 —In(2 — ) : soon
n=1 n
o0 l'n
— a = =00 | —00 < x <0 e’ : soon
> ' 0R << o
n=0 T
00 (_1)nx2n
— =0 |R= —0<r< Ji
nzz:O 2o (12 a 0| —o0 < x <00 o(z)
Bessel function of order zero
o (—1)"g? 22 xt T
Joz) =S 2t T _ :
0(33) EO 22"(n!)2 22 - 22 .42 22.42 .62 T

vibrations of a drum , ripples on a lake , Math 454 (partial differential equations)
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12.9 power series representation of a function

39
Mon
11/28

o
flx) = cua™ = cy+ x4 cpx® + ez + - -
n=0

problem : given f(x) , find ¢,

ex

1 00
=Y 2" =14o+2*+2°+- - for—1<w<1
n=0

1—z

note : Power series can be added, subtracted, multiplied, and divided, and the
result is another power series.

€X

1 =\
127 :@of”m) =(t+z+a+a’+-)

=(l+z+a”+2+-) - (I+z+a*+2°+-)
=14+z(1+1)+221+1+D)+2°(1+1T+1+1)+ -

0
=14+22+32° +42° +-- =Y (n+1)a" for —-1 <z <1
n=0
term-by-term differentiation and integration of power series
o
fx) = co+cx+er+ex®+--- =Y ¢
n=0
O
fl(x) = 1+ 2cm + 3c32® + -+ = Y ne,a"
n=1
C1x CaX CnT
dr = B T
/f(a:):z: Cot + -+ - F nz::onJrl
thm

1. The power series for f'(z) and / f(z)dx have the same radius of convergence
as the power series for f(z), but the endpoints of the ioc must be checked in
each case.

2. Similar results hold for power series centered at x = a.

pf : omit , but we will see examples
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ex 1

1 2 3 4 — 7

; =l+zx+z"+a2°+2"+---=> 2" for—1<x <l

— X n=0

differentiate
1 o] [ee]

i )2:1+2x+3x2+4x3+---=an”_IZZ(n+1)$”f0f—1<x<1
— X n=1 n=0

note : This agrees with the previous result obtained by multiplication.

integrate
—ln(l—x)::c—l—x22—|—§+i—l—---:§0§?jll:ni::lx?:for—1§x<1
ln(l—x):—x—f—x;—aj— :—glg;:for—lgx<1
$:1$1n0:—1—;—;—i— diverges
x:—1$1n2:1—1+1—1—|— converges

2 3 4
xziiln;:_;_;_;ﬁl_&_”.:_gl%n)n:_IHQ
ln2:;+;+214+614+'”:§:1n1” = 0.693147... : #1
1n2:1—;+;—i+---:7§1(_2n+1 = 0.693147... : #2

question : Which series converges faster?

Sp, #1 Sp , 2
0.5000 1.0000

0.6250 0.5000
0.6667 0.8333
0.6823 0.5833

~ w3

answer : #1 converges faster



i dx
014 x4
method 1 : FTC

i dx V2 22 4+2x+1 V2
biva = (5l )
01+x 8 2 —\2x+ 1

ex 2 : evaluate

4
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+ —(tan_l(ﬂaj +1) + tan_l(ﬂaj — 1)))

method 2 : Riemann sums

i dx o 1 .1
/014_:64"’;1_’_(22)4

_ 1 _b—a _ 1 _ . 4
a=0,b=3,Ar = =5, T =a+1Ar = -

method 3 : series
1 1

_ _ 4 8 12
1+x4_1—(—x4)_1_x 42—z +---for—-1l<ax<l1

1 1 1
- _5.25+9.29 - 13.213+'”
,
hiem=a 5w =5 10160 = “497
/051 ixﬁ _0'49375‘ =909 = 9-1512 - 46108 = 40100 = 0.00025
= 0.49350 < /(f o < 049400

3 dz !
/01+x4 /0(1_564+a:8_x12+---)d$:<$—5+9—13+---
1
2

method 4 : Maple
(L
> Int(1/(145'), x=0.1/2); [ (1 +x4>d:@
> evalf(%);  0.4939580511
question : which method does Maple use?

method 5 : Monte Carlo integration
Y
: 3 dx # points bel h
: __ # points below grap
/0 1+ 2%~ # points total in box

H
. . L
.o, . |
. . |
= — — ———I

0

=

2




x X x
floy=lret ottt =2
question : Can you identify f(z)?
.,L.Q xQ 1.3 o0 xn—l ooxn
-1 T L
flay=ldat ot gyt RN
= fllz)=f(z), f(0)=1 = f(x)=¢"
e:1+$+5+§+1—|—- :n_oﬁfor—oo<x<oo
4 6 4 n .20
a2 5 T x _OO( 1)z
e’ =1—=x +?—§ o _n—O o for —oco < x < 0
1 = 1—|—1+1+1—|-1+ 2.71828
T = e = — =+ — ... =2
2 31 4l
1 1 1
=1—-14+-———+——...=0.36788
+2 3'+4'

12.10 Taylor series

o

flx) = zzjocn(x—a)" L Cp ="
f(z) =
Fl@) = o

f'(z) = c1 + 2c3(x — a) + 3e3(x — a)? + deg(x — a)® + - - -
) =

(
(

f'(a
f//(x):2C2+2'303(x_a)‘|’3'4C4($—a)2_|_...
f”(a) :202 = ¢y = f/IQ(a)
f’”(fU):2‘3C3+2'3'4C4(aj—a)+...
f///(a) —2-3c3 = 3= f’;('a)

| (n)
f(”)(a):2-3-4-~-n-cn s Cn:fn‘(a)

def : The Taylor series of f(x) at x = a is

o f(n)(q
S P9 = fa) + fa) @ — a) +

n=0 n!

f"(a)
2

41
Wed
11/30

co+c(r—a)+e(r—a)?+ez(z—a)P+cy(z—a)t + -

(x_a)2_|_...
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1
ex1 : f(x)= [, 0= 0 : find the Taylor series

fla)=(1—a)" = f(0)=1
@)= (1—2)2 = f/(0) =1
f'(@) =201 )™ = f1(0) =2
f(x)=3-2(1 - ) = f(0) = 3!

M (0) = n!

) (n) o0 1
TS:Zf (a)(:c—a)”:Zﬂ:”: for -1 <z <1

note : Hence the geometric series is a special case of a Taylor series.

ex2 : f(z)=sinz, a=0: find the TS
f(z) =sinx = f(0) =0

f(x) =cosz = f/(0)=1

f'(x) = —sinz = f"(0) =0

f"(x) = —cosz = f"(0) = —1

fB(z) =sinz = fU(0)=0

oo f(n)
n=0 n!
" " 4)
_ / F"0) 5 f"0) 5 fU%0) 4
= f(0) + f(0)x + 5T +TI‘ + T + -
3 ) 7 o (1" 2n+1
:x_:;—'_a;!_i!—'ﬂ“:go(@?zfl)! . converges for all = (ratio test)

note : We still need to show that the T'S converges to the given f(z); in some
cases it does, and in some cases it doesn’t.

1
]

—1/2?
doesn’t : f(a:):{g ’ x#g = f(M(0) = 0 for alln\ /
Y xr =
| T

does : , e’ sinz, cosx, Jy(x), ... y
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error bound for Tavlor approximation

Recall the FTC and related formulas derived on hw.
f(@) = fla)+ [ f(t)dt
f@) = fla)+ @)@ —a)+ [ (x— ) f"(t)dt

f(z) = f(a)+ f'(a)(x —a) + f”2(a (x —a) +/ fM(t)dt

in general : f(z) =T,(x) + R,(z)
T, (x) : Taylor polynomial of degree n of f(x) about z = a (partial sum of TS)

() (4

n!

T.(x) = f(a)+ f'(a)(x —a) + -+ +

R,(x) : remainder , error

Rie) = [ (x;!t)nf”“(t)dt

a

42
Fri
12/2

note : n=0 = f(x +/f
|f(z) — Tn(z)| = |R, ( )| < n+1) M, 1|z — al™™ : error bound
where M, 1 = max | ") (1)]

note : The error bound resembles the first neglected term in the T'S.

thm

. $3 $5 $7 00 C_l)n$2n+l

sm:z::a:—erg—ﬂ—F anzjo(wforallx
2 4 6 o (—1] 2n

COSZ’:l—a;‘Fi! Zg'—|— :ngo((>)x for all x

pf : consider sinz , cosz is similar

we must show that lim R,(z) =0 for all x

| R ()] < ¢

n+1) "+1‘x - CL|n+1

|lﬂn+4

M1 = max|f"(t)] = 1 = |Ry(2)| < (n+ 1)

summary
1. We’ve shown that the TS for sinz about x = 0 converges to sinx for all x.

— Qasn— o0 ok

2. The Taylor polynomial 7},(x) is an approximation to f(x); the approximation
becomes more accurate as n increases and r — a.
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f ()
f ()

=tanhz = f(0) =0

f'(z) = sech’z = f'(0) =1

deep water

A
d/>\—>oo$v2zg~1$vz

™

g)\ 1/2
(5)

43
Mon
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ex 1 : Taylor approximation for sin £
\ y . Ti(x)
\ 7/
\ x AN sin
\ 9 | \
' — ﬂ«“
s 52 Y
g " Ty(x)
R 1l
smx:x—g—l—g F—I—
: s s : s s s 3
sin? ~ I =0.6283 = |sinf —Z| < 4(I) =0.0413
T~ T 1 (m 3_ T s 1 3 1 (m 5_
sin? ~ I—4(2)°=05870 = |sinz — |2 - 1(2)°]| < 4(2)"= 0.0008161
ex 2 : water waves
B d : depth
A . wavelength
v : wave speed
g : acceleration due to gravity
, 5 gA 27d : {d//\ — 00 : deep water
= Z—tanh — ;
given : v o tan N two 1mportant cases d/X—0 : shallow water
tanh x
x
p r for t — 0
() = f(0)+ f'(0)z +--- = tanhz =
1 for z — o0

= In deep water, long waves travel faster than short waves.

shallow water

d/X—0 =

g\ 2md

2m A

v’

= gd = v~ (gd)"/?

= In shallow water, the wave speed is independent of the wavelength.
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ex 3 : I'Hopital’s rule

| f( ) fx)  fla
f im —~% = —. then lim — )
i @ ~ o i ) < )
Cf@) . fd) + fa)@<a) + L a) (@ — a4 f(a)
f: lim—==1 = k
B gle) T gta] g () a) (@) —af T gla) T
: _ 1.3 ..

eX4:}£%Slzx:}£>%$ 3!2+ :}C{%(l—%ﬁ—iﬂ“):l

12.11 binomial series
flo)=00+z)" , a=0

TS = f(0) + f(0)z + f”2(0):c2 - fl;(,o)a:?’ o

fl@)=Q0+a)" = f(0)=1

fll@) =k +2)""t = f(0) =k

f'(@) = k(k = 1)(1+2)"% = f"(0) = k(k — 1)

f"(@) =k(k = 1)(k = 2)(1 +2)"7* = f"(0) = k(k = 1)(k - 2)

oo [k =1)k=2) (k= (n—1)) if n>1
f()(0>_{1 if n=0
thm

(1+x)" =1+ke+

k(k—1 - —

(k=1) »  k(k=1(k=2)
2 3!

For x = +1, the series may converge or diverge depending on the value of k.

+.oifor —1l<z <1

pf : ratio test , error bound ...

ex

T2
=l—z+2*—2°+--

Qg2 o 1 (et C %)(—%)x2+ (DD 2y

—1_1 3.2 5.3 4 .
=1 2:13+8:1: 16x+

44
Tues
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replace x by —z?

(1___$2)—1/2:: 1 __l(__IQ)_+_%(__x2>2__.f%(__x2)3_%...
=141 :c + x +1—6:L‘6+




ex 1 : FEinstein’s theory of special relativity

mp : mass of an object at rest
v : velocity of the object
m : mass of the object when moving at velocity v
c : velocity of light = 3-10%m/s
B mo {ifv—>0,thenm—>m0

S

kinetic energy = (total energy at velocity v) — (total energy at rest)

2 1/2
K:mc2—m0€2:L—m062:moc ((1—U> — 1)

J1—v?/c? c?

if v — ¢, then m — oo

v v 1/2 _
assume v << ¢, set r = — = (1—) :(1—x2) 1/2:1+%x2+---

c c?

1/v\2 102 1
K = 21 — = e — 1) &~ 2,22 = 2
moC< +2<C> + ) moC 5 2 2m0v

= special relativity reduces to Newtonian mechanics for v << c.
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ex 2 : Two ions with electric charge +¢ and —¢ form an electric dipole.

-q +q
e ® ¢
=, - R |
) ) ) .. q —q
The induced electric field at the observation point is £ = — + ———.
P R? (R+1)?

This expression can be simplified for R >> r.

et w0 o)~ w0 (05

t k 2 T: <<1
se =—2,T=— x
R

A4a)2=1+(-2)a+ 232 o =1 20 4322 — -
q 2 2
E=d(1-(1-2Z 43 _... ol _ 3l ...
R2< ( A )) R2<R R )
2
= B = " far-field approximation for the electric field of a dipole

R3
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recall
k(k—1 k(k—1)(k—2
(14+2)" =14 ke + (2 )a:2+ ( 3)'( ):133+
© kik—1)---(k—(n—1
),
n=1 n:

special case

For the remainder of this section, let k be a positive integer (i.e. k =1, 2, 3, ...).
Then f(z) = (1 + z)* is a polynomial of degree k and the series terminates at
index n = k.

ex

k=2 = (1+x2)?=1+2x+2> ok

45
alternative notation Wed
12/7
k(k—1)---(k—(n-1)) (k—n)(k—(n 1)) :3-2-1
n! (k—n)(k—(n+ 321
k! k k
— m = (n) : binomial coefficient |, (0> ol k'
ko (k k k!
1+ 2)F = "=y " for k=1,2,3,...
(1+2) ngo(n)x ;Z:On!(k:—n)!x ot T
ex
k=4, (1+a2)

4 (4 4 4 4 4 4
1 4 _ no_ 2 3 4
ara = 2 ()= o)+ () (o) () ()
= 1+ 4x + 622 + 423 + z*

=(1+2)(14+2)(14+2)(1+2x) ok
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interpretation
k k! k(k—1)---(k —
= = (k 1) (k n 1) = k choose n
n n!(k—n)! n!

= number of ways of choosing n objects from a set of k objects, disregarding
the order in which they are chosen

ex : k=4, n=2
4 objects : {A, B, C, D}

4\ 4l _4-3_6
2/ 22l 2

= there are 6 ways of choosing 2 objects from a set of 4 objects

{AB, AC, AD, BC, BD, CD} note: BA is the same as AB
pf (general k, n)

(1+2)=0+2)1+2z)---(1+2z) : k factors

S R N PO . TN L P i P
—\0 1x 296 nx k$
k .
(): coefficient of z"

= number of ways of choosing n factors from £ factors ok

Fo(k
(a+b)F=> ( )ak_"b” : binomial formula
n=0 \"

of

b\ ok b\ L[k
(a+b)"=0a"{1+ " a nz::o 2 nzz:o e ok
ex

B 4 4 4 4 4
(a+b)* = (O)a4bo + (1)a3b1 + (2)a2b2 + (3)a163 + (4>aob4

= a* + 4a®b + 6a%b* + 4ab® + b* | check ...
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11.3 polar coordinates

(x,y) : Cartesian coordinates of a point P

(r,0) : polar coordinates of P

P
r=+v22+y?, 0 =tan' L
r i
Y x=rcosf , y=rsinf
0
x

Appendix G. complex numbers

—b+ Vb? — 4dac

ar?+br+c=0= = 5 . quadratic formula
a
pf 46
aa:2+ba:+c—a<:c2+bx+c> a(:c +ﬁx+b72 b2+c> )
B a a) 4a? 4a®  a 12/9
()~ s) =
= al\|\x — —_ — — | =
2a 4a2  a
j( +b>2 b2 c 1)2—4acj +b N b? — 4ac "
- = _— = _— O
o 2a 4a?2 a 4a? v 2a 2a T

ex: 22 —2x+2=0
T —2x+2=(x—1)2+1>0 = no real solutions

x 2:|: 4 i :|:£—1:|:\/_\/_—1:|:i

def

A complex number has the form z = x + iy where x,y are real and i =+/—1.

real part , ¥ : imaginary part , Z=x — 1y : complex conjugate of z

. . 21

arithmetic : 21+ 22, 21 — 22, 2122, —
z9

X

(A+i)+1—i) =2

I+ - —i) = 2
A+)(1—i)=1—i+i—4*=2
1+ 14+ 142 1+i+i+4° 24

— . — = —_— =7

1—i 1—4 1434 2 2
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Euler’s formula : e = cosf + isinf

pf : e =14+a+T +4+2 4+ 4.

e = 1+ WO o GOD GO0 GO,

= (1-C4+% ) +i(@-L+8 +..) = cosO+isind ok

3!
€ex
€™ = cosm+isinm = —1
2™ — cos2m +isin2r = 1

™

emi/2 — Cosg+isin2 =1

note

1. A complex number z = x + iy can be plotted as a point in the zy-plane using
(x,y) as Cartesian coordinates.
2. A complex number can be written using polar coordinates, z = = + 1y =

rcosf +irsinf = r(cos @ +isinf) = re?,

ex Y

z = 2i = 2™/ 194
z=—1=¢e" Lol

z =147 = +2¢"/* - o T
z=1—i=+2e ™/ 1 1

applications of Euler’s formula

1. double-angle formulas
(eia)Q = €% = cos 20 + isin20
(ew)Q = (cosf +isin0)® = cos®0 — sin® 6 + 2isin 0 cos 0
= 0520 = cos’f —sin®6 , sin20 = 2sinfcosb
2. addition formulas for sine and cosine
el et = elotib — ilatd) — cog(a + b) 4 isin(a + b)
el . e = (cosa+isina)- (cosb+isinb)
= (cosa cosb —sina sinb) + i (cosa sinb + sina cos b)

{ cos(a +b) = cosa cosb —sina sinb
=

sin(a +b) = sina cosb+ cosa sinb ok



