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chapter 2 : rootfinding
section 2.1 : bisection method

def : Given f(z), a number p satisfying f(p) = 0 is called a root of f(x).
ex: f(x)=2*>-32+2 = p=1,2

fr)=2>-3 = p==+V3
question : How can we find the roots of a general function f(x)?

idea : Find an interval [a, b] such that f(a) and f(b) have opposite sign. Then

f(z) has a root in [a,b] (by the Intermediate Value Theorem : Math 451 -
advanced calculus).
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The root is contained in either the left subinterval [a, %rb] or the right subinterval

a+tb
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bisection method

b]; to determine which one, compute f(%:?). Then repeat.

(assume f(a)- f(b) <0)
n=0,a =a, bp=>

T, = % . current estimate of the root

if f(x,) - f(a,) <0, then ayi1 = ay, , b1 =y,
else a1 =, , bpi1 = by

set n =n + 1 and go to line 2

St W=

ex: f(x)=2*-3,f(1) = -2, f(2) =1 = thereisaroot pin [1,2], p = 1.73205

n Qn bn Ln f(xn) ’p B xn‘
0 1 2 1.5 -0.75 0.2321
1 1.5 2 1.75 0.0625 0.0179
2 1.5 1.75 | 1.625 -0.3594 0.1071
3 1.625 | 1.75 | 1.6875 | -0.1523 0.0446
4 1.625 | 1.75 | 1.71875 | -0.0459 0.0133



note : We can derive an error bound for the bisection method.
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a P T, b,
|p - xn| < ‘bn - an‘ - %‘bn—l - an—1| — (%)2‘1771—2 - an—?l - = (%)n|bo - aOl
ex : how many steps are needed to ensure that the error is less than 1073 ?

(3)"b—al <107 = n>10

note : We also need a stopping criterion. Here are three options.

b, —an| <€, |[f(zn)] <€, N =N

section 2.3 : fixed-point iteration

Suppose that f(x) = 0 is equivalent to x = g(z). Then p is a root of f(x) if and
only if p is a fixed point of g(z).

f(z) )
| 9(x)
b x ]; x
ex: f(z)=22-3=0
e R I e R e R

We try to solve x = g(x) by computing x,.1 = g(x,) with initial guess xy. This
is called fixed-point iteration.

case 1 | case 2 |case 3
n Ty, Ty Tn
0 |1.5 1.5 1.5
1 12 2.25 1.875
2 |15 0.1875 1.6172
3 |2 3.1523 1.8095
4 11.5 -3.7849 | 1.6723
5 |2 -15.1106 | 1.7740

We see that case 1 and case 2 diverge, but case 3 converges (recall: p = 1.73205).



question : What determines whether fixed point iteration converges or diverges?
Let us consider two cases.

_ T
L3 Ly
We see that this case diverges.
-z
e g(x)

We see that z,, — p, so this case converges.

thm

Let k = max |¢'(x)|. Then fixed-point iteration converges if and only if k < 1.
pf

P = i1l = 19(p) = 9(2n)| = 1g'(O)(p = 0)| < Elp — ]

|

Mean Value Theorem

p— o] < klp—an| <k -klp— x| < - <E"Hp — 20 ok
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note

1. We showed that |p — z,| < k|p — z,,_1]; this is called linear convergence and
k is called the asymptotic error constant.

2. Since k =~ |¢'(p)|, we should choose the iteration function g(x) so that |¢'(p)|
is as small as possible.
recall : f(z)=2%—-3, p=+/3=1.73205
3 , 3 , ,
gie)=— = gq@)=-— = |lap)|=1: diverges
@) =x— (2 =3) = ghr)=1—-22 = |gh(p)| =2.4641 : diverges

23
g3(x) =z — (:v 5 ) = gi(r)=1—2z = |gi(p)| =0.73205 : converges

D=

3. The bisection method also converges linearly, with £ =
section 2.4 Newton’s method

idea : local linear approximation

slope = f(1,) = ——" = T, =T, —

2
x, — 3

22,

ex: fla)=2"—=3 = 2, =2, —
0 | 1.5 -0.75 0.23205081
1 | 1.75 0.0625 0.01794919
2
3

1.73214286 | 0.00031888 | 0.00009205
1.73205081 | 0.00000001 | 0.00000001




note

Newton’s method is an example of fixed point iteration, x,.; = g(x,), where

the iteration function is g(z) = = — ]{/((:2
/ 2 "
It follows that ¢'(p) =1 — /'(p) _f’JE](?Z))g J"(p) = 0.

Here we assumed that f(p) = 0, f'(p) # 0, i.e. p is a simple root of f(z). (This
is the most common case). This implies that Newton’s method converges faster
than linearly; in fact we have |p—z,| < Clp—x,_1|%, i.e. quadratic convergence.

pf (idea) : expand f(x,41) in Taylor series about = = x4

0
T f(zn) o
W - f(xn) +f (ajn) Lp+1 — / = n+l — f( ) 71(

ex : page 102, “Volume of Chlorine Gas”

P : pressure , V : volume , T : temperature
PV =nRT : ideal gas law
number of moles present

n
R : universal gas constant , R = 0.08206 atm - liter/(mole - K)

(P ) (V —nb) =nRT : van der Waals equation
a : accounts for intermolecular attractive forces , a = 6.29 atm - liter? /mole?
b

accounts for intrinsic volume of gas molecules , b = 0.0562 liter/mole
Take n =1 mole, P = 2 atm, T' = 313 K, and find V' by Newton’s method with

starting guess 1} given by the ideal gas law.

n-a

f(V):<P+”2a)(V—nb)—nRT, FV) = (P+V22)+(_2v?fa) (V — nb)

12.84238999999998
12.651154813406302
12.651099337119016 : slightly less than value V| given by ideal gas law

O = O S

By comparing V; and V5, we see that V; has 5 correct digits. How many correct
digits does V5 have? (hw)



note

Newton’s method converges rapidly, but it requires extra work to compute
f'(xy). Is there an alternative?

section 2.5 secant method

f(mn) — f(xnfl)

slope of secant line :

Lp — Tp-1
equation of secant line : y — flan) — flan) = f(2-1)
T — Iy Ty — Tp_q

_ _ f(n) .
(z,y) = (p41,0) = zpp1 =y (f(xn) — f(xn—1)) :secant method

Ty — Tp-—1
note

1. The secant method requires two starting values, xg, r;.

2. Tt can be shown that [p—x,| < C|p—,_1|'°, so the secant method converges
faster than fixed-point iteration, but slower than Newton’s method.

summary
rate of convergence cost per step
bisection linear , k = f(x)
fixed point iteration | linear , k = |¢'(p)| g(zy)
Newton’s method quadratic f(xn), f(xn)
secant method between linear and quadratic | f(z,)

Also, bisection is guaranteed to converge if the initial interval contains a root,
but the other methods can be very sensitive to the choice of x.
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Newton’s method for nonlinear systems
f(z,y) =0
g(z,y) =0

Given (2, yn), we want to find (,41, Yni1)-

0
fw+l) = f(xm yn) + g;(xna yn)(anrl - xn)

0
0
+ 85(£n,3}n)(3/n+1 —Yn) + /
0 dg
Q(WJA) = g(@p,yn) + %(mnayn)(xmrl — )
0
0
+ ag(xnyyn)(yrH—l - yn) + /

=
fx(xm yn)(anrl - mn) + fy(fm yn)(ynJrl - yn> — _f<xm yn>
gx(xm yn)(xm—l - xn) + gy(xna yn)(yn—i-l - yn) = _g(xm yn)
=
fo Jy
(o o)
T

Jacobian matrix

_ <$n+1 - l’n) _ <_f(x”’y”)> . 2 X 2 linear system
o) \Untl = Yn —9(2n, Yn)



