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chapter 4 : computing eigenvalues
e-value : frequency , growth rate , energy level
e-vector : normal mode , principal component , bound state

note : We assume that A is symmetric. This implies that the e-values \; are
real and the e-vectors ¢; form an orthonormal basis, i.e. ¢! ¢; = 0, ]|g;||» = 1, and
any x can be written as a linear combination of the ¢;. (pf : omit) We further
assume that |Aq| > [Ag| > -+ > |\,

2 —1
e A:<—1 2)

Fa(A) = det (2_? 2‘_1A) 2= AP —1= N4 4+3=(A—3)A=1)

e s = (2D (M) 2a()
—1 2 I9 i)

choose 1 =1, then 2 — 29 =3, —1 + 229 = 329 = x5 = —1

: 1
normalize : qlz\}§<_1> = |||l =1

o=l Ar=z = (7 L) (0= (1)
—1 2 I i)

choose r1 =1,then 2 —29o =1, -1+ 229 =29 = 29 =1

: 1
normalize : go = % <1) = ||g2|l2 =1, check : ¢Tgs =0 ok

obvious approach for computing e-values
form fa(\) = det(A — AI) , solve fa(\) =0 by the methods of chapter 2

exX

1 0 ~ I+e 0 . .
A= (0 1) , A-( 0 1_€> . perturbed matrix

fAN) = Q=22 =X-2\+1 = X=1

i) =Q+e=N1—-€e=XN) = X=-22+1—-€ = \=1=%c¢
A

This shows that the e-values of the perturbed matrix are close to the e-values
of the original matrix (this is true for symmetric matrices in general). However,
note that a small change of size € in the coefficients of the characteristic poly-
nomial leads to a relatively large change of size € in the roots. Hence the roots
of fa(A\) depend very sensitively on the coefficients.



ex (Wilkinson)
A = diag(1,2,...,20)

faA) = (1=X)(2=X)---(20 = \) :ljzooakx’f

20
set ap = ap(1+10"%¢;) , ¢ € (0,1) : random , p(\) = 3 @pA* | roots = ?
k=0

Matlab

plot( zeros(1,20) , ’o’ ); hold on;

for 1i=1:100
r = roots( poly(1:20) .* (ones(1,21)+le-10*randn(1,21)) );
plot( r , ’.°> ); axis([0 , 256, -6 , 6 ]);

end
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This example emphasizes that the roots of the characteristic polynomial can
depend very sensitively on the coefficients, even if the e-value problem for the
matrix is well-conditioned. Hence, solving f4(A) = 0 is not a suitable approach
for computing e-values (in general).
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o Ravleigh quotient.
xlx

def : Given any x # 0, define Ry(x) =

note
T T
4 AG a5 g
1. For x = qj, Ra(qj) = L = L= = \;.
4; q; 4; 4
2. For z ~ ¢;, Ra(x) is an approximation to A\; and we can derive an error
estimate by Taylor expansion. First recall some notation.

f(z1,20) = f(a1,a2) + gfl (a1,a2)(x1 —ay) + gi(al, as)(wy — ag) + - - -
f@) = f(a) + V(a) - (x — a) + O]z —al?) , w:(gfé?f)

Now apply this to the Rayleigh quotient.

Ra(x) = Ra(qj) + VRa(gj) - (v — ¢5) + O(|lv — ¢j[]*)
szélx) avlr - V(2'Ax) — 2"Az - V(2'7)

- ()2
V(zTz) = V(22 + 23) = (221, 229) = 227

T _ _ 2 2
T Ax = (.Cl)l,xg) (CLH CL12> (331) = anTy + 2@12:131372 + A22T5
a2 22 L2

VRa(z) = v(

x1x

V(lj}lllj) = (2&11[131 + 2a1979, 201971 + 2&22$2) = 2(A$)T

VRA(z) = o'z - 2(Ax)t — 2'Az - 227 _ 3 (Az)" = Ra(2)a”)

(xTx)? 'l

VRalg)) = 3 ((Agy)” = Ralga?) = 2(Ng) — Ajg?) = 0

J

Ra(z) = X\j + O(||z — ¢4]|*) : quadratic appoximation

section 4.1 : power method
idea : v, Av, A%v,

algorithm

Lo : given , [[v@, =1

2. fork:1,2,...

3. w = AvF—1) % this can be done efficiently if A is sparse
4 = w/ H'LUHQ % this is done to avoid overflow /underflow
5 A( ) = (M) TAy®



thm
Assume that [A;| > [Xo| > -+ > |\,] and ¢/ v® #£ 0.

k
) e ar = o)

2k
2 )

A

A1
The 4+ depends on sign of A;.

Then [[o® — (£a)|| = O(

pf

0) 0)

00 = a1qp + g + - + ang, , where o = q;-rv(

vW = 3 AR = G (X + aodbge + -0 + anAign)

Ao \F A\
= ﬁk)\]f ai1qr + Qo <2> Q@ + -+ () dn
)\1 >\1

If qlTv(O) = 0, then the scheme converges to ¢, As. ok

note : The power method has some limitations.

1. it only gives the largest e-value )\,
A2

2. v®) A®) converge linearly and the convergence factor )
1

may not be small

section 4.2 : inverse iteration

idea : apply power method to A™t | (A —pul)™' | u: shift
Lw=A"% = Aw=v, w=(A—-pul) v = (A—pulw=1
2. Agi = Nigi = A7 lg =\l

The largest e-value of A7 is A1, so the vectors v®) converge to g,.

3. (A—pul)g =N —pa = (A=pl) g= N —p)"q

The largest e-value of (A — ul)™!is [A; — p|™!, where \; is the e-value of A
closest to 1, so the vectors v*) converge to ¢;.

algorithm

L. v©@ : given , |[[v |, =1

2. fork=1,2,. ..

3. solve (A — pl)w = v+ % e.g. LU factorization
4. v =w/lwl

5. AW = (p(*) T4y k) % converges to s

note : Using a suitable shift u, any e-value of A can be obtained and the rate
of convergence can be accelerated.
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Rayvleigh quotient iteration

idea : update pu

algorithm

0@ given | [[v@|]; =1

A0 = () T4 ©)
fork=1,2,...

solve (A — A*=D )y = =1
v = w/l[w|]2

AR = () T4y (k)

S Tt W o

thm

If v is sufficiently close to an e-vector ¢, then

0" — (£¢5)]| = O(|[o™) — (£4))I]*)
AED 3] = O(A® — A, P)

pf : omit

} : cubic convergence

(.€

2 1 1 1
A=1|1 3 1| , M\ = 5214319743377 , v = |1 .%
1 1 4

k | power method | shifted inverse iteration , u = 5 | Rayleigh quotient iteration
0 5.0 5.0 5.0

1 5.181818 5.213114 5.213114

2 5.208192 5.214312617 5.214319743184

2 6 10



