chapter 5 : approximation and interpolation

basic questions

approximate an arbitrary function f(x) by a polynomial p(x)?

H
oW can we {inﬂpolﬁ a set of data values (z;, f;) by a polynomial p(x)?

recall

A polynomial of degree n has the form p(x) = ag + ez + - - - + a,2".
application

b b
/a f(x)dx — /ap(x)dx s

note

Given f(z), there are many ways to find an approximating polynomial p(z).

Taylor approximation

() = (o) + 1@ ”

pe) = f(@) + fa)a— )+ T
Taylor polynomial of degree n about x = a

f(n+1) (g) n+1 .
Cr

f(n)

2
(x—a)*+---+ o

(2 —a)"

r(z) =

note

remainder , error

The Taylor polynomial p(x) satisfies the following conditions.

pla) = f(a) . P(a) = F'(a) . .. . p"(a) = /" (a)
F0)= g+ 4=

In this case there is a simple way to find the Taylor polynomial using the formula
for the sum of a geometric series.

, = if |s| <1
l+s+s+s+-- = 5

diverges if |s| > 1

1
s = —252% = T2 = L (—=2527%) + (—252°)% + (—=252%)% + - - -
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1
note : |zf < ¢ = lim pyn(x) = f(z), |z] > s = Jim po, () diverges
explanation : f(z) has complex singularities at = = :l:%z’ , Math 555

Hence, the Taylor polynomial is a good approximation to f(x) for  ~ a, but in
general we need to consider alternative methods of approximation.

polynomial interpolation

thm: Let f(x) be given and let xg,z1,...,x, be n 4+ 1 distinct points. Then
there exists a unique polynomial p,(z) of degree n which interpolates f(x) at
the given points, i.e. such that p,(z;) = f(x;),i =0: n.

pf: existence : soon , uniqueness : Fundamental Thm of Algebra

ex: n=1, xg, 21
Py

f
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questions

1. How can we construct p,(z) for a general value of n?

2. Is there an efficient way to evaluate p,(x) for x # x;?

3. How large is the error |f(z) — p,(x)| for © # x;7

section 5.1 : Lagrange form of the interpolating polynomial

def
(T :
Li(x) = H( ) , k=0:n : Lagrange polynomial

o Nk —
ex: n=2,r9=—1,21=0,20=1
@)z _ @-O@-1) 1, 1
Lo(x)_(:1:0—:61)(:1:0—:1:2)_(—1—0)(—1—1) 27 T o
L e—m)e—m) (- ()a-1) _
M) = G om0 (o)~ C !
L a—m)e-m) _(e-()a-0) 1, 1
L) = o —m) (- (C)a—0) 2" T3
L “ L,
xﬂ ‘;1 12

properties : general value of n
1. deg Ly =n
0ifi #k

2 Lk(wi):{lifz':k;

Now let f(z) be given. The Lagrange form of the interpolating polynomial is

pu(x) = f(xo)Lo(x) + f(21)La(2) + - - + f(2n) Ln(2) = é S (ar) Li(z).
check :
1. degp, <n

2. pa(r) = X fla)Lale) = (@) i=0:n ok




1
M) =1 ot

p2(x) = f(xo)Lo(z) + f(21)L1(x) + f(22) Lo(T)

= L (G2 f) 1 (A D4 (e ) =1 B2

1?0:—1,561:0,132:1

check ... ok
note

The Lagrange form is useful theoretically (to show that p,(x) exists), but it has
practical disadvantages.

1. it is expensive to evaluate p,(z) for x # x;

2. adding an extra point x,,; means that all the Ly(x) must be recomputed
section 5.3 : Newton form of the interpolating polynomial
pn(x) = ag+ ar(x — xo) + as(x — xo)(x — 1) + -+ ap(x — x0) -+ (¥ — Tp_1)

ex: n=1, g, 11

= f(xo) + (f(xl) — f(x())) (x —x9) : Newton form
L1 — 2o
note
For n > 2, we need a method to compute ayg,...,a,. Suppose that p,_1(x) is

already known. Then define p,(x) = p,—1(x) + an(x —x0) - - (x —2,-1). We will
derive a formula for a,,.

i=0:n—1 = pu(z;) = ppa(z;) + an(x; —x0) -+ (5 — xp1) = f(23)
L=mn = pn(xn> = pn—l(xn) + an(l'n - -750) T (xn - xn—l) = f(xn)

f(xn) - pn—l(xn)

(xn - .f()) e (xn - xn—l)

= a, =

This formula is correct, but there is a more efficient way to compute a,. First
define some notation.

an = flxo, ..., xn] = ao= flvo] , a1 = flxo, x1] , a2 = flxo, x1,22] , ...
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claim : flxg,...,x,] = floy e = flwo, o @] . divided difference
Ty — X

pf

pn—1(zx) interpolates f(z) at zg,..., 2,1 , degp,1 <n—1
qn-1(x) interpolates f(x) at x1,...,x, , degq,-1 <n—1

define g(x) = ( )qn1(ﬂf) + ( )Pnl(x)

then degg < n
Q(CUO) = pn—l(x()) = f(x()) ) g(xn) = Qn—l(xn) = f(xn)

)%—1(%’) + (

= g(x) = pu(z) , now equate the coefficients of ="

T — X Ty — T

Tp — X Tp — X

T; — X Ty — T;

i=1:n—-1 = g(x;) = ( )pn—l(%) = f(x;)

Lp — Xo Lp — Lo

f[xlw":xn] . f[x()u"'?xn—l]
Tpn — X Tn — Xy

=

— flwo,...om] ok
Hence we can rewrite Newton’s form of the interpolating polynomial as follows.

() = flzo] + flxo, z1](x — x0) + flxo, 71, 22)(x — 20) (T — 21)
+ o+ flwo, .. mpl(x —x0) - (T — 2p)
divided difference table

xoif[xo]*
\ *
f[x07331]
/ *
$1 T f[$1] f[$07$1,$2]
\ —
f[mpxg]
/
Ty —— [z,
The starred values are the coefficients in Newton’s form of p,(z).
ex: f(x):mﬁ, xo=—1,21=0, 19=1
1 %*
25 %
26 .
o —% = (1) =g5+x@—(-1)-F@-(-1))(z-0)
] % 26 - 1= %IQ ok



note

Using Newton’s form for p,(z), if an extra interpolation point x,.; is added,
then the previous terms remain unchanged.

evaluation of p,(x)

pa(z) = ag + a1(x — zp) + az(x — xp)(x — 1) : Newton form , 3 mults

=ag+ (x — xg)(a1 + ag(x — x1)) : nested form , 2 mults

general case

() = ag + ar(x — xg) + as(x — zo)(x — 1) + -+ - + ap(x — x0) -+ - (T — Tp_1)

=ag+ (x —xo)(ay + (x —x1)(ag + - -+ ap(x — xp1) - *)

operation count : Newton form = @ mults , nested form = n mults

thm (the error in polynomial interpolation)
f(x), xo,...,x, : given , p,(x) : interpolating polynomial of degree n

FUIQ)

(ny 1 &) (=)

= f(x) = pa(2) +

pf

omit , but note that this resembles Taylor approximation

application : n=1, xp=a, 1 =0
Py
\
| f
\ \
\ \
\ \
\ \
\ \
a b

a<r<b = |f(z) —p(r)] < gM(b—a)? , where M = max |f"(z)]

a<x<b

pf : review sheet
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section 5.4 : optimal points for interpolation

Given f(z) for —1 < x < 1, consider two choices for the interpolation points
Ty y Ty

1. uniform points : z; = —1+1h , h:%, 1=0:n

2. Chebyshev points : x; = —cos(ih) , h="7,i=0:n

uniform points , n=16

-1.5 -1 -0.5 0 0.5 1 1.5

-1.5 -1 -0.5 0 0.5 1 1.5

note : The Chebyshev points are clustered near the endpoints of the interval.



1

ex: @) =1 o5

uniform points, n=4

-15 :
-1 0
uniform points , n=16
15 :
1 i~
! .'" “'._.
0.5} S
o
05
_1 o |
-15
-1 0

1. Interpolation at the uniform points gives a good approximation near the center

, polynomial interpolation on the interval —1 <z <1

Chebyshev points , n=4

-1 0 1

Chebyshev points , n=8

-1 0 1

1.5

0.5

0.5

-1.5

=1 0 1

of the interval, but it gives a bad approximation near the endpoints.

2. Interpolation at the Chebyshev points gives a good approximation on the

entire interval.




section 5.5 : piecewise linear interpolation

Given f(z), a<z<b,a=xy<11 < - <Tp1 <z ="

|
|
|
|
|
|
|
|
|
|
|
1
b
x x
n

n—1
The interpolating polynomial p, () may not be a good approximation to f(z) on
the entire interval, so instead we consider g(x), the piecewise linear interpolant.

v, <x <wi = g(x) = flo + flei, vial(x —2) = g(xi) = f(z;),i=0:n

error : |f(x) — g(z)| < — max |z, — 2* , where M = max |f"(z)]
8 i a<z<b

note : g(x) is continuous, but it is not differentiable at x = x;.

section 5.6 : cubic spline interpolation

A cubic spline is a function s(z) satisfying the following conditions.

1. For each interval z; <z < z;41, s(x) is a cubic polynomial.
2. s(x), §'(x), s"(x) are continuous at the interior points 1, ..., T, 1
ex: ro=—1,21=0, zo2=1

s(z) = {

0 ,-1<2<0
e

3. 0<x<1 /I
, (0, -1<2<0 : J.—z-"’f :
s'(w) = 322, 0<z<1 -1, 0 1

y (0, —-1<2z<0
s'(@) = 6r, 0<z<1

We see that s(z) is a cubic spline.
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roblem

Given f(z),a=xy< w1 < -+ < xp_1 < x, = b. Find a cubic spline s(z) such
that s(x;) = f(x;),1=0:n.

n + 1 points = n intervals = 4n unknown coefficients
interpolation conditions = 2n equations
continuity of s'(z), s”(x) at interior points = 2(n — 1) equations

We can choose 2 more equations. A popular choice is to set s”(zg) = §"(z,) = 0,
which gives the natural cubic spline interpolant.

how to find s(z)

ex : —1§x§1,xi:—1+z’h,h:%,i:O:n

step 1 : 2nd derivative conditions
v <z <miyg = s(x)=si(r),i=0:n—-1
si(z) is cubic polynomial

2

Tip1— T T —
s!(x) is a linear polynomial = s (z) = ai<z+l> + aiH( ’)

= (@) = ai, §{(vin) = ain = 5 4(xi) = a;i = 5 (2:)
Hence s”(x) is continuous at the interior points.
step 2 : interpolation

integrate twice

a;\T; —$3 a; I—$Z'3 €T; — X r — T

6h 6h 3 "
5’(x’):alg2+bz:fi = b fz—azgz
si(Tip1) = a1+61h2 tei = fiog = ¢ = firg — ai+61h2
si(x) = ai(%ﬂ%lh_ z)” az‘+1(x6h_ i)

n (fz B ai6hZ) (gyiﬂh— x) L (fi+1 B ai+61h2) (x ;le>
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step 3 : 1st derivative conditions

/ _ ai(zip — )’ ai1(x — ;)
sil®) = 2h 2h

aihZ —1 ai+1h2 1
+(fz‘— 6)'h+(fz‘+1— 6 s

ah  fi ah  fiqn aiph

/ f— J— J— R J—
i) > "6 T 6

iy Gmh fi ah fi ainh
slt) = = =gt T 6
we require s, (x;) = si(x;)
ah  fin  aiah  fi  ah aih fiaih firr aiah
2 6 T 6 2 a6 " n 6
ai—1h . <h _h N h h) n airth  fica = 2fi+ fin

6 ‘\2 6 2 6 6 h

6 .

a1 + 4a; + a1 = ﬁ(fi—l_in+fi+1) ,t=1:n-—1
step4 : BC
so(xg) =0 = ap=0, s _1(z,) =0 = a,=0

4 1 aq Jo—2f1+ fo

1 .4 1 : B 6 :

- 2
o1 : h :
I 4) \a, Jn—2 = 2fn1+ fa

tridiagonal
symmetric

positive definite
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ex : natural cubic spline interpolation

1 . 2 .
f(x):m,—lgxgl,gsi:—lJrzh,h:ﬁ,z:O:n
n=2 n=4
2 : ) : :
1 - ~ T / \
e N
v \ 2 \
0 0 = =
s N / \
/ N / \
- - / \
-1 ; —1-/ \'
/ \
-2 2oL
-2 -1 0 1 2 -2 -1 0 1 2
n=6 n=8
2 2 '
7\
N /
~ = <
0 = 0—— RN
/ \
-1 -1
— -2
-2 -1 0 1 2 -2 -1 0 1 2

note

1. The natural cubic spline has inflection points at the endpoints of the interval,
in keeping with the boundary conditions s”(z¢) = s”(x,) = 0.

2. There are additional inflection points in the interior of the interval.

3. The spline approximations s(x) converge uniformly to f(z) on the interval
—1 < 2z <1 as the number of interpolation points increases.

5
— = (4) 4.
4. |f(x) —s(x)| < 3% argma%cbﬁ (x)| h* : 4th order accurate



