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FIQURE 24. Closeup views of the solution with S = 0.1 (figure 23). The point insertion parameter 
was set to 8 = 0.04. (a) t = 5 , N  = 1422. (a) t = 6 , N  = 2580. (c) t = 7 ,N  = 5395. (d) t = 8, 
N = 10604. The dashed (solid) portion of the curve corresponds to points which had negative 
(positive) initial vortex sheet strength. 

stage, quite small scales develop as time progresses. The relation between this h e  
structure and what actually occurs in the limit 6+0 is a matter for speculation at 
present. We note however that DiPernrt & Majda (1987a, 13) have recently begun to 
study such questions in the context of measure-valued solutions of the Euler 
equations. They discuss a new concentration phenomenon occurring for the Euler 
equations and suggest that it may be illustrated in the present computation where 
separate portions of the curve become tightly packed, away from the vortex cores. 
This interesting possibility deserves further study. 

5. Closing remarks 
A method for computing vortex-sheet evolution in the Trefftz plane has been 

presented. Results were obtained for the elliptically loaded wing problem and for a 
simulated fuselage-flap configuration. The key idea is to  desingularize the Cauchy 
principal value integral which defines the velocity of a Lagrangian point on the vortex 
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FIQURE 25. Closeup view of the solution with S = 0.05 at t = 5 ( N  = 8838). The point insertion 
parameter was set to E = 0.013. 

sheet. The approach was heuristically motivated by considering that another Cauchy 
principal value integral, the Hilbert transform, can be alternatively defined via the 
boundary values of a harmonic function in the upper half-plane. The desingularized 
vortex-sheet equation is numerically tractable and the discretization was demonst- 
rated to converge under mesh refinement for a fixed value of the smoothing parameter 
6 > 0. The smoothing parameter controls the amount of detail that is present in the 
computed solution. Numerical evidence was also presented indicating that the 
desingularized solutions converge to a well-defined spiral as S + O .  Away from the 
spiral’s centre, the convergence is uniform and the error behaves like an asymptotic 
power series in the smoothing parameter 6. These conclusions about convergence are 
based on experimental computational evidence and it is certainly desirable that they 
be placed on a more rigorous footing in the future. 

The desingularization used here was chosen for heuristic mathematical reasons and 
numerical convenience. Its physical significance is unclear at  present. Physically 
motivated desingularizations such as the Navier-Stokes equations with Reynolds 
number Re,  and the Euler equations for a vorticity field characterized by a thickness 
d, may also be considered (e.g. Weston & Liu 1982). It is not known whether the three 
limits S + O ,  Re-l+O and d+O coincide for the type of problem considered here. It 
would be interesting to know how closely these sequences approach one another (or 
how quickly they diverge) for non-zero smoothing-parameter values. Clearly, the 
practical significance of our results would be enhanced if it could be shown that the 
solution of the &equation with 6 > 0 approximates in some sense a solution of either 
the Navier-Stokes equations with some Re-’ > 0 or the Euler equations with d > 0. 

A significant consideration for the present method is its expense - with N vortex 
blobs, the computational work per time-step is O(N2). Even so, highly resolved 
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solutions over long time intervals were obtained and new details of the vortex sheet’s 
evolution were suggested which had not appeared in previous numerical studies. Care 
was taken to ensure that the time and spatial discretization error in the computed 
results was negligible. In accomplishing this, it was important to place the compu- 
tational elements where they were needed. Uniformly spacing the vortex blobs in the 
parameter 01 crowds them towards the tip, which is useful for the elliptically loaded 
wing. For the fuselage-flap problem i t  was better to insert points adaptively in regions 
where the curve was stretching. The spatial discretization and time-stepping 
strategies used here are simple to program and we have demonstrated their ability 
to yield accurate solutions. Increasing the computational efficiency is a topic for 
future research and several possibilities have been recently proposed (e .g. Anderson 
1986 ; Carrier, Greengard & Rokhlin 1986; Tryggvason 1987). 
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