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Abstract: The increasing risk of poverty in retirement has been well-documented; it is
projected that current and future retirees’ living expenses will significantly exceed their
savings and income. In this paper, we consider a retiree who does not have sufficient wealth
and income to fund her future expenses and we seek the asset allocation that minimizes
the probability of financial ruin during her lifetime. Building on the work of Young (2004)
and Milevsky, Moore and Young (2005), under general mortality assumptions, we derive a
variational inequality that governs the ruin probability and optimal asset allocation. We
explore the qualitative properties of the ruin probability and optimal strategy, present a
numerical method for their estimation, and examine their sensitivity to changes in model
parameters for specific examples. We then present an easy-to-implement allocation rule
and demonstrate via simulation that it yields nearly-optimal ruin probability, even under

discrete portfolio rebalancing.
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1. Introduction and Motivation

The increasing risk of poverty in retirement has been well-documented (Parikh, 2003).
It is projected that retired Americans’ living expenses will exceed their financial resources
by $400 billion over the ten-year period 2020-2030 (VanDerhei and Copeland, 2003). This
shortfall is driven by demographic trends, the increased longevity of our aging population,
changes in Social Security, inadequate private retirement savings, and the continuing trend
toward defined contribution plans such as 401(k)s, under which the individual, not the em-
ployer, assumes all investment and longevity risk. Individuals now have more responsibility
for managing their retirement portfolios; in 1998, 62.7% of individuals who participated
in a retirement plan had a defined contribution plan as their primary plan, compared to
49.8% in 1993 (Copeland, 2002).

In this paper, we seek the investment strategy for a retiree with fixed income and

expenses (in real or nominal terms) that minimizes the probability of financial ruin during
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her lifetime. Beginning with Merton (1969), researchers in economics, finance, and mathe-
matics have studied strategies for maximizing expected utility of consumption or bequest;
see Bayraktar and Young (2005b) for additional references on this problem. If one were to
maximize expected utility of consumption with a power utility function, then the optimal
consumption is a multiple of wealth; therefore, bankruptcy is not possible. Young (2004)
and Bayraktar and Young (2005a) studied the connection between this problem and the
problem of minimizing the probability of lifetime ruin under consumption that is propor-
tional to wealth (with a positive ruin level). They showed that it is possible to choose the
parameters in the two problems so that the consumption and investment strategies are
identical in the two problems. Therefore, one can reinterpret some results from expected
utility maximization and put them in the context of minimizing the probability of ruin.

Because a utility function is a subjective measure of an investor’s attitude toward risk
and wealth, and investors do not know their utility function, utility maximization might
be difficult. On the other hand, minimizing the probability of lifetime ruin is an objective
and understandable goal. In fact, the Nobel laureate William Sharpe founded a financial
services advisory firm that is largely based on using probabilities to provide investment
advice.

Several papers in the risk and portfolio management literature revitalized the Roy
(1952) Safety-First rule and applied the concept to maximizing the probability of achieving
certain investment goals. For example, Browne (1995, 1997, 1999a.b,c) derived the optimal
dynamic strategy for a portfolio manager who seeks to maximize the probability of reaching
a “safe” level before ruin. The probability of lifetime ruin has been studied by Milevsky,
Ho, and Robinson (1997), Milevsky and Robinson (2000), Albrecht and Mauer (2002),
Orszag (2002), Gerrard, Haberman, and Vigna (2004), Dus, Mitchell, and Maurer (2005),
Young (2004), and Milevsky, Moore, and Young (2005).

Young (2004) considered an individual who targets a specific rate of consumption
who can invest in and trade dynamically between a risk-free bond and a risky stock or
index. Using techniques from stochastic optimal control, Young derived the Hamilton-
Jacobi-Bellman (HJB) equation that governs the optimal asset allocation and minimal ruin
probability. Under the simplifying assumption of constant force of mortality (or hazard
rate function), the HJB equation is a nonlinear ordinary differential equation (ODE), which
Young solved in closed form. The result is concise, closed-form expressions for the minimal
ruin probability and optimal investment strategy. Indeed, in this work, under the model
assumptions, Young prescribed an easy-to-follow investment rule.

The assumption of constant force of mortality is equivalent to assuming that the

investor’s future lifetime random variable has exponential distribution. Because of the
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memoryless property of exponential random variables, this assumption is unrealistically
simple. Milevsky, Moore, and Young (2005) demonstrated that, for a related problem, the
shape of the hazard rate function significantly impacts the optimal investment strategy;
thus, in this paper, we consider more general mortality assumptions.

Under more general mortality assumptions, the HJB equation that governs the ruin
probability and optimal strategy is a nonlinear partial differential equation (PDE) with
fixed boundary conditions. We transform this problem to a linear free-boundary problem
(FBP), which we solve numerically. In addition, we employ super- and sub-solution meth-
ods to prove results about the qualitative behavior of smooth solutions to the PDE; these
results are useful in the implementation of the numerical method.

By numerically solving the FBP, we are able to approximate the optimal investment
rule and ruin probability. However, to implement this method, an investor must know the
hazard rate function and rebalance her portfolio continuously. To address this limitation,
we prescribe an easy-to-implement investment rule, based on an estimated hazard rate
and the results of Young (2004), that yields nearly-optimal ruin probability, even under
discrete (versus continuous) portfolio rebalancing.

The layout of the paper is as follows. In Section 2, we describe the model and present
the HJB equation that governs the ruin probability and optimal strategy. In Section 3, we
summarize the results of Young (2004), including the easy-to-follow investment rule. In
Section 4, we transform the nonlinear HJB equation to a linear FBP via scaling and duality
arguments. In Section 5, we prove the existence of an upper bound on the ruin probability
and other qualitative properties of smooth solutions that aid in the implementation of the
numerical approximation. In Section 6, we present numerical results for specific examples.
In Section 7, we present a modification of the easy-to-follow investment rule of Young
(2004). We use simulation to show that this rule yields nearly-optimal ruin probability,
even under discrete portfolio rebalancing. Our results are consistent with those of Rogers
(2001), Rogers and Stapleton (2002), and Browne, Milevsky, and Salisbury (2003). We

conclude in Section 8.

2. The Model

In this section, we describe the financial market in which the individual can invest
her wealth and formulate the problem of minimizing the probability of lifetime ruin. We
consider (x), an individual aged = with future lifetime described by the random variable
T(z). Let A\;(t) be the hazard rate function for T'(x) (or the force of mortality for (z)).
Young (2004) considered the special case of constant force of mortality; that is, 7'(z) has

exponential distribution.



In this paper, we assume that the individual consumes wealth at a constant rate of
¢; this rate might be given in real or nominal units. One can interpret ¢ as the minimum
consumption level below which an individual cannot (or will not) reduce her consump-
tion further; therefore, the minimum probability of lifetime ruin that we compute gives
the individual a lower bound for her probability of ruin under any consumption function
bounded below by c.

Under a fixed hazard rate, Young (2004) and Bayraktar and Young (2005a) considered
consumption rates that increase with wealth. We expect that the work in this paper,
namely finding nearly optimal investment strategies under a variable hazard rate, extends
to those consumption functions. The reason for this belief is that when Bayraktar and
Young (2005a) found the probability of ruin under the consumption rate c(w) = ¢+ p(w —
d)4, in which ¢, p, and d are positive constants, the optimal investment strategy for wealth
below d was qualitatively similar to the strategy when c(w) = ¢.

We assume that she invests in a riskless asset whose price at time s, X, follows the
process dX, = rX.ds, X; = x > 0, for some fixed force of interest » > 0. Also, the
individual invests in a risky asset whose price at time s, S, follows geometric Brownian
motion given by

dSs = puSsds + 0SsdBs,
Sy =58>0,

in which ¢ > r, 0 > 0, and B is a standard Brownian motion with respect to a filtration
{Fs} of the probability space (2, F, P). If ¢ is given as a real rate of consumption, then
we express r and p as real rates.

Finally, we assume that the individual has a pre-existing constant rate of income
A < ¢, which can represent the income rate from a job, Social Security, or a pension. If the
rate of consumption c is real, then we assume that A is also real. Note that the individual’s
annual shortfall is ¢ — A; the present value of this shortfall, in perpetuity, at the risk-free
rate r is %.

Let W, be the wealth at time s of the individual, and let w4 be the amount that she
invests in the risky asset at time s. It follows that the amount invested in the riskless asset

is Wy — ms. Thus, wealth follows the process

(2.1)

dWs = [rWs+ (p—r)ms + A — | ds + omsdBs
Wt =w.

Milevsky, Moore, and Young (2005) include the possible purchase of annuities to

guarantee part or all of the desired consumption rate c. In this work, however, we restrict
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our attention to individuals who self-annuitize; that is, we do not include annuities in the
set of investments.

” we mean that the individual’s wealth hits a specified value w; > 0

By “lifetime ruin,’
before she dies. The value w; could represent assets below which an individual qualifies
for social assistance or considers herself impoverished. Denote the minimum probability
that the individual outlives her wealth by ¢(w, t), in which the arguments w and ¢ indicate
the one conditions the probability on the individual possessing wealth w at time ¢. This
notation is consistent with that used for the ruin of a surplus process of an insurance
company (Bowers et al., 1997), namely v (u), the probability of eventual ruin given that
the initial surplus is wu.

Let 7; denote the first time that wealth equals w;, and let 74 denote the random time
of death of (x). Thus, % is the minimum probability that 7, < 74, in which one minimizes
with respect to admissible investment strategies {ms}. A strategy {m,} is admissible if it is
Fs-progressively measurable and if it satisfies the condition fg 72 ds < 0o, almost surely,

for ¢ > 0. Thus, one can express ¢ as follows

Y(w,t) = inf Prn < 14|W; = w]. (2.2)
Ts
Since the risk-free asset alone is sufficient to fund the investor’s annual shortfall in per-

petuity for wealth in excess of <=4, we have that @b(C;A,t) = 0. We define w, = <=4

T T

and observe that the investor is safe from ruin at this level of wealth. Note also that
Y(wy,t) = 1.

By using the principle of dynamic programming and It6’s Lemma, it follows that for
w € (wy,wy) X (0,00), ¥ is the unique smooth solution of the following Hamilton-Jacobi-
Bellman (HJB) equation:

(

M) =y + (rw + A — c)hy + rr;in (b — )Ty + %UZWQ@ZJWU ,
b0 =1 o3
¢(wu7t) =0,

\ Sll{(r)lo sDot+tE [w (Ws*v S) ‘Wt* = w] =0,

in which W denotes the optimally-controlled wealth at time s. See Young (2004) for a
derivation of this equation, and see Bayraktar and Young (2005b) for a related verification
theorem.

The optimal investment strategy 7* is given by the first-order condition from the HJB
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equation (2.3):

* w—=r ww (w7 t)
t) = — . 2.4
T (w, t) T Do 1) (2.4)
The optimal investment process is, therefore, given by
— w(Wit
H: — W*(Wt*,t) — _N r ¢ ( t ) (25)

0-2 d]ww(Wt*?t) '

3. Prior Results for a Special Case

Young (2004) considers the special case of constant force of mortality, that is, A, (¢) =
A; this is equivalent to assuming that the random variable T'(z) has exponential distribution
with parameter A. Because of the memoryless property of the exponential distribution,
this is not a realistic model for human survival. Moreover, Milevsky, Moore, and Young
(2005) demonstrated that, for a related problem, the optimal investment strategy was quite
sensitive to the shape of the hazard rate function.

Despite these limitations, this special case provides valuable insight into the qualitative
properties of the ruin probability and optimal strategy; we discuss this further in Section
5. Moreover, the concise, closed-form optimal investment rule given in Young (2004) is the
basis of the easy-to-implement, nearly-optimal rule that we describe in Section 7.

Under the assumption of constant force of mortality, 1 is independent of time and
the HJB equation (2.3) is a boundary value problem (BVP) for a nonlinear ODE, which

Young solves explicitly. For w € (w;,w,), the ruin probability and optimal strategy are

given by
c—A—rw\”
P(w) = (m) (3.1)
. p—rc—A-rw
™ (w) = 2 =1 (3.2)
in which )
p:§[(r+/\+m)+\/(T+/\+m)2—47“/\]>17 (3:3)
and

1 /fp—r 2
m= - .
2 o
We make the following observations about these results:
e The expression (3.2) above for 7* gives an easy-to-implement investment rule, but

requires continuous portfolio rebalancing. We call this strategy “continuous p-re-

balancing.”



e The ruin probability v is convex in wealth. Based on this observation, we seek a convex
solution to the PDE in the more general case. More precisely, in Section 4, we seek a
concave solution to the dual variational inequality. We justify the ansatz of convexity
in Section 4.2.

e Note that the ruin probability 1) and the allocation 7* to the risky asset decrease as
the wealth w increases. In particular, 7*(w, ) = 0; thus, once wealth reaches the “safe”
level, the individual invests 100% in the risk-free asset.

e 1) and 7* decrease as the hazard rate )\ increases.

e (w,) =Y (w,) = 0; the ruin probability “flattens out” at w = wy,,.

We see in Sections 5 and 6 that several of these properties are preserved under more general

mortality.

4. Derivation of the Variational Inequality

In this section, we transform the nonlinear BVP in (2.3) to a linear FBP via the Leg-
endre transform; see Karatzas and Shreve (1998). By exploiting the connection between
free-boundary and optimal stopping problems, we recast the FBP as a variational inequal-
ity, which we solve numerically in Section 6. We explore qualitative properties of solutions
to the HJB equation (and the dual FBP) in Section 5.

4.1. Linearizing the Equation for i via Duality

To linearize the HJB equation in (2.3), we first define
f(w7 t) = tPzx w(U), t)?

tPx = €Xp <— /Ot Ax(s)ds)

is the conditional probability that (z) survives until age x + ¢. Then the PDE in (2.3)

in which

becomes

2
with boundary conditions f(wy,t) = tp, and f(w,,t) = 0 and with transversality condition
limg_,oo E[f(WZ,s)|W; = w] = 0. This condition can be rewritten as lim;_, o f(w,t) =0
with probability 1 because 0 < f < 1.

Next, we assume that 1), or equivalently f, is convex with respect to w (as is the case

fe+ (rw+A—c)fu+ rnﬂin |:(:u — )7 fu + 10'27T2fww} =0, (4.1)

when the hazard rate is constant), so we can define the Legendre transform of f as follows
(Karatzas and Shreve, 1998):

f(y,t) = min[f(w, t) + wy]. (4.2)
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*

The critical value in the minimization of (4.2) w* solves the equation f,(w,t) +y = 0;

thus, w* = I(—y,t), in which I is the inverse of f,, with respect to w. It follows that

Fly,t) = flI(=y,t),t] + yI(—y,t). (4.3)
Note that ~
fy(y,t) = = full(=y, 1), t1y(=y, t) + I(—y,t) — yI,(—y,1)
=yly(—y,t) + 1(~y,t) — yl,(~y,t) (4.4)
= I(_y7t)'

We can retrieve the function f from f by the relationship

flw,t) = r;lgg[f(y, t) — wyl. (4.5)

Indeed, the critical value y* solves the equation fy(y,t) —w = 0; thus, y* = —f,(w,1),

and ~
f*t) —wy™ = flI(—y*, 1), 1] + y* I (—y",t) —wy"
(

fuw(w, £),8),8] = fulw, )I(fuw(w, t),t) + w fu(w, t)
(w7t) - wfw(w7t) + wfw(wat)
(

in which we use equation (4.3) for the first equality. In Section 4.2, we demonstrate that
f is concave with respect to y; therefore, our assumption that f is convex is founded.
Next, note that

Fuy(ys ) = =L (=y, ) = =1/ fuu[I(=y, ), ), (4.6)
and ~
fi(y, ) = full(=y, 1), t]1(=y, 1) + fell(=y, 1), 1] + yli(—y, 1)
= —yL(=y, 1) + fell(=y, 1), 1] + yli(=y, 1) (4.7)
= fell(=y,1),t].
In the partial differential equation for f, let w = I(—y,t) to obtain

ft[f<—y,t),t]+<rI<—y,t)+A—C>fw[f<—y’t>’ﬂ‘%( o ) (;;UIE[<< ,,),)f]t)] -

Rewrite this equation in terms of f to get

fily, t) + (rI(—y,t) + A= o)(—y) —m——=———— =0,



or equivalently,

Fe(y,t) = ryfy(y, t) + my® fiuy (y, ) + (c — A)y =0, (4.8)

with boundary conditions given implicitly by f(w;,t) = ¢p, and f(w,,t) = 0. Note
that (4.8) is a linear partial differential equation. Now, consider the boundary conditions
f(wy,t) = ¢ps and f(wy,t) = 0. If f,, <0 is strictly increasing with respect to w, we have
yi(t) > yu(t) >0 for all t > 0, in which y;(¢) and y,(t) are defined by

w(t) = —fuwlw,t), (4.9)

and
Yu(t) = — fu (Wy, t). (4.10)

Thus, the boundary conditions become

Flyi(t), 1) = epe +wiyn(t), for fy(yi,t) = wi, (4.11)

and
f(yu(t)7 t) = wuyu(t>v for fy(yu(t>v t) = Wy (4'12)

The transversality condition limy_ f(w, ) = 0 with probability 1 becomes lim;_. o f(y, t)
= 0 with probability 1. Note that the first equations in (4.11) and (4.12) are reminiscent of
value matching conditions, while the second equations are reminiscent of smooth pasting
conditions. We exploit this observation in the next section, where we express f as the

value function for an optimal stopping problem.
4.2. Optimal Stopping Formulation

Recall that in Section 3, we saw that in the special case of constant hazard rate, the
ruin probability v is a decreasing, convex function of wealth. Thus, we seek a decreasing,
convex solution in the general case. Equivalently, we seek an increasing, concave solution
to the dual FBP (4.8), (4.11), (4.12). In this section, we demonstrate that the solution to
the dual FBP is indeed concave.

The conditions (4.11) and (4.12) motivate us to define a penalty function u by

u(y,t) = min (+pz + Wiy, wuY) . (4.13)

Since v is maximal among those functions that are concave in y and satisfy the boundary
conditions in (4.11) and (4.12), it follows that f(y,t) < u(y,t) for all (y,t) such that

yu(t) <y < ui(t).
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Define a stochastic process Yy by

p=ro oo
dY, = —rYsds + P "v,dB,
Thets T (4.14)

Yi=y>0,

where Bj is a standard Brownian motion, and consider the optimal stopping problem given
by

fly,t) = irTle {/;(c — A)Ysds +u(Yr, 7)Y =y| . (4.15)

Note that f is concave with respect to y. Indeed, because Y; in (4.14) follows geometric
Brownian motion, the integral in (4.15) can be written as yh(r,t) for some function h
independent of y, that is, the expression in the expectation is concave with respect to y.
Therefore, the infimum over stopping times 7 is concave with respect to y.

A candidate solution for f is the value function f from Section 4.1. Indeed, @ksendal
(2000, Section 10.4) studies such optimal stopping problems and proves a verification

theorem that we apply as follows: If we can show that
ur(y, ) = ryuy (y, 1) + my*uy, (y,t) + (c — Ay > 0, (4.16)

for y > y,(t) and for y < y,(t), and if f is sufficiently regular, then f = f. Thus, to ap-
proximate f numerically, we can use algorithms developed for optimal stopping problems.

It remains for us to verify that inequality (4.16) holds. Indeed, for y < y,,(t), we have
that u(y,t) = (¢ — A)y/r, so that

w(y, t) — ryuy(y, t) + my*uyy (y,t) + (c — Ay
=—(c=A)y+(c—A)y=0,

so (4.16) holds here. For y > y,(t), we have that u(y,t) = p, + wy, so that

ur(y,t) — ryuy (y, 1) + myuyy (v, t) + (c — A)y
- _Ax(t) tPx — TYW; + (C - A)y7

and this expression is nonnegative for all y > y;(¢) if
[wu - wl] Y (t) > )\x (t) tPx-

We check this condition in our numerical examples in Section 6.
Thus, to solve the FBP (4.8), (4.11), (4.12), it is sufficient to solve the variational

inequality
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max | —f; + ryfy - mnyyy —(c—= Ay, f—u| =0. (4.17)
Friedman and Shen (2002) prove the existence of a unique, continuous solution to a similar
variational inequality. We discuss the numerical solution of (4.17) in Section 6. But first,
we examine the qualitative properties of solutions to the HJB equation (2.3) and the dual
FBP (4.8), (4.11), (4.12).

We end this section by summarizing our results to this point. If we find a solution f of
(4.17), then by a verification theorem in @ksendal (2000, Section 10.4), f = f, in which f
is the Legendre transform of f; see (4.2). Note that f is concave with respect to y because
f is concave, so that retrieving f via the inverse Legendre transform makes sense. The
concavity of f with respect to y implies that f is convex with respect to w; thus, the solution
¥ of (2.3) is convex with respect to w. By a standard verification theorem (Bayraktar and
Young, 2005b), the minimum probability of ruin is the unique smooth solution of (2.3).
Therefore, through this chain of reasoning and corresponding transformations, if we solve

(4.17), then we have effectively obtained the minimum probability of ruin ).

5. Qualitative Properties of the Ruin Probability and Optimal Strategy

In this section, we explore the qualitative properties of smooth solutions to the HJB
equation (2.3) (on a bounded time domain) and the dual FBP (4.8), (4.11), (4.12). In
particular, we prove an intuitive upper bound on the ruin probability . From this upper
bound, we see that the qualitative properties of the solution to the special case ODE
of Section 3 are preserved in the general case. Moreover, we prove that the left-hand
free-boundary y,(t) is zero, which is useful in the numerical solution of the variational
inequality (4.17).

To prove the upper bound, we transform the HJB equation in (2.3) by substituting
the first order condition (2.4); thus, we consider the boundary value problem:

2 2
A0 =+ (ot A=, — 31T Lo
bl t) =1, (5.1)
P(wy,t) = 0.

Let 9)(w) solve the corresponding ODE with constant hazard rate A where
A < Ag(B);

that is, let ¢ be given by (3.1). In Theorem 5.1, we prove that ¢(w) is an upper bound

for smooth solutions to (2.3). This result is intuitive and consistent with the observation
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of Section 3; an individual with higher hazard rate has lower ruin probability as she is less
likely to outlive her wealth. Now, since 9(w,) = @I(wu) = (wy,t) = 0, it follows that
Y (wy,t) = 0. It follows immediately from (2.4) that 7*(w,,t) = 0, assuming 1, # 0.
Thus, at the safe level of wealth, the optimal allocation to the risky asset is zero. Moreover,
it follows from (4.10) that y,(¢) = 0; that is, that the unknown left-hand free-boundary is
Zero.

The proof of the upper bound is given in the Appendix.

Theorem 5.1 Let v be defined as in the previous paragraph and let 1) = v(w, t) solve the
boundary value problem (5.1). Suppose that for some T', we have that ¢ (w,T) < ¥ (w) on
(wy, wy). Let Q = (w;,w,) x (0,T) and assume that ¥ € C2(2) NC(Q) and J’% < 0o on
Q. Then ¥ (w,t) < (w) on .

Remark The theorem above says that if ¢» < ¢ for some T', then ¢ < 1) on [0, T]. Assuming
that ¢ < 1 for some T is innocuous; effectively, we are assuming that an individual
with “realistic” mortality will eventually have lower ruin probability than someone with
memoryless mortality. To put it another way, it is safe to assume that, say, a 300-year-old
has lower ruin probability than someone with memoryless mortality, because the 300-year-
old will die sooner. Such a terminal condition is required to prove a comparison theorem
like Theorem 5.1; see, for example, Walter (1970, Section 28).

6. Numerical Examples

In this section, we consider a numerical example in which we approximate the ruin
probability and optimal investment strategy and examine their sensitivity to some of the
model parameters. Many of the results are consistent with financial intuition; however,
we find that the shape of the hazard rate function has a dramatic impact on the optimal
investment strategy. This result highlights the importance of using realistic mortality
assumptions.

Because (4.17) is similar to the variational inequality associated with pricing an Amer-
ican option, we employ the projected SOR method, as described in Wilmott, Dewynne,
and Howison (2000), to find the solution f of (4.17) and to recover the free boundary. The
projected SOR method is an iterative method for solving the PDE from (4.17), namely

—fetryfy = my?fyy — (= Ay =0, y € (yu(), m(1)), (6.1)
subject to the inequality constraint from (4.17), namely

f<u, ye ), ul)). (6.2)
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We solve the constrained PDE on a domain that contains the free boundary and then

recover the location of the free boundary after computing the solution. The boundary

points y,,(t) and y;(t) are the points at which the inequality in (6.2) changes to equality.

Note that in Section 5 we proved that y,(t) = 0, thus we need only recover the location of

the right-hand free boundary. The verification theorem of @Wksendal (2000, Section 10.4)

ensures that f also solves the free-boundary problem (4.8), (4.11), and (4.12).

To employ the projected SOR method, we

1. Transform the degenerate problem in (6.1) on (0, 00) to a non-degenerate problem on

R via the standard transformation £ = Iny.

2. Solve the transformed variational inequality via the projected SOR method and re-
cover the location of the free boundary.

3. Invert the transforms of Section 4.1 to recover 1 (w, t) from f(y,t).

4. Numerically approximate the optimal investment in the risky asset 7*(w, t).

We tested this numerical scheme by using it to calculate the probability of lifetime ruin
and the corresponding optimal investment strategy for the special case of constant hazard
rate, for which a solution is given in closed form by (3.1) and (3.2). Our computed solution
matched the closed-form solution, so we are confident in the validity of our numerical
scheme.

We begin with a base scenario and then examine the effect on the ruin probability and
optimal investment strategy of changing the mortality assumptions and the parameters of
the financial model. We take the following as our base scenario:

Base Scenario:

e Consistent with the mortality assumptions in Milevsky and Young (2005) and Huang,
Milevsky, and Wang (2004), we use the Gompertz hazard rate A, (t) = exp (ZE="7) /b.
We choose m = 90 and b = 9; these values approximate the Individual Annuity Mor-
tality 2000 (basic) Table with projection scale G. Note that the hazard rate increases
exponentially with age.

e x = 50; the investor is 50 years old. Under the mortality assumption described above,
her expected future lifetime is 35.32 years.

e r = 0.02; the riskless rate of return is 2% over inflation.

e 1 = 0.06; the drift on the risky asset is 6% over inflation.

e 0 = 0.20; the volatility of the risky asset is 20%.

e ¢ = 1; the individual consumes one unit of real wealth per year.

e w; = 0; the individual considers herself ruined when her wealth reaches 0.

e A = 0; without loss of generality, we assume that annuity income is zero.
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o It follows that the annual shortfall is ¢ — A = 1. The individual is safe from ruin when

wealth reaches w, = C;A = 50.

In the experiments that follow, we examine the impact on the ruin probability and

optimal investment strategy of varying individual parameters from the values given above.

Example 6.1, Impact of Attained Age: Figure 6.1 shows the ruin probability ¢ (w, 0)
and optimal investment in the risky asset 7*(w, 0) for the base scenario described above
(that is, for z = 50) as well as for ages x = 30 and 70. Observe that ¥ (w;,0) = 1 and
Y (Wy, 0) = 1y, (wy, 0) = 0. We note that the ruin probability and optimal investment in the
risky asset decrease as age increases. Thus, a younger investor with wealth w € (w;, w,)
is more likely to ruin than an older investor with the same wealth because the younger
investor has a greater probability of survival for each future year; that is, the older investor
is more likely to die and thereby not ruin. In addition, the younger individual will invest
more in the risky asset than an older individual with the same wealth. This occurs because
the investor with the longer expected horizon needs the (potentially) higher return of the
risky asset because she needs her wealth to last longer. On the other hand, the investor
with the shorter expected horizon can invest more in the risk-free asset because the lower
return is more likely to be sufficient to fund her lifetime consumption. This investment
pattern is consistent with the conventional wisdom that investors with longer horizons can
be more aggressive in assuming risk (see Siegel, 1994, for example). We found similar
results under power utility in Moore and Young (2006). Samuelson (1963, 1989a,b) and
Bodie (1995) challenge this view.

In general, if an individual faces a greater risk of ruin, then she will invest more in the
risky asset. We see this phenomenon demonstrated in that the younger individual invests
more in the risky asset. We also see it demonstrated in that the amount invested in the
risky asset increases as wealth decreases (and ruin becomes more likely). Note that at low
values of wealth, the optimal strategy is a heavily leveraged position in the risky asset; the
investor employs a desperate strategy to avoid ruin. Young and Bayraktar (2005b) study

this phenomenon by restricting borrowing and considering alternative objective functions.
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Figure 6.1: Ruin probabilities and optimal investment strategies as we vary
the attained age x

Example 6.2, Impact of Stock Volatility: We next examine the impact of changing
the volatility o of the stock return. Specifically, we consider ¢ = 0.1,0.2, and 0.3. We
observe that for fixed wealth, the ruin probability increases and the optimal investment in

the risky asset decreases with o. This is consistent with our financial intuition.
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Figure 6.2: Ruin probabilities and optimal investment strategies as we vary

the volatility o of the risky asset

Example 6.3, Impact of the Hazard Rate: In this example, we examine the signifi-
cance of the mortality assumption. We contrast the mortality assumption described in the
base scenario above with a constant hazard rate (A = 0.0283) chosen to yield the same ex-
pected future lifetime. Figure 6.3 shows that, although the impact on the ruin probability
is small, the optimal strategies differ markedly. In effect, it is possible to achieve nearly
the same minimal ruin probability, regardless of the shape of the hazard rate, but the
strategy required to “steer” the probability to the minimum differs significantly, depend-
ing on the hazard rate. At low wealth, the individual with increasing (Gompertz) hazard
rate behaves more like a “long horizon” investor, while at high wealth, she behaves like a
“short horizon” investor. To understand this result, we remark that ;pso, the probability
of a 50-year-old surviving another t years, is higher under the Gompertz hazard rate than
under the constant hazard rate for ¢ less than about 42. Thus, at low wealth, the Gompertz
individual must invest more in the risky asset. At high wealth, the Gompertz individual

can invest more conservatively because the increasing hazard rate will eventually take over

to prevent ruin.
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Figure 6.3: The shape of the hazard rate function has a dramatic impact

on the optimal strategy, even for “similar” mortality assumptions.

7. A Simple, Nearly-Optimal Strategy

In Section 6, we showed that under a general hazard rate assumption, one can compute
the optimal investment strategy and corresponding ruin probability by numerically solving
the dual variational inequality (4.17). However, investors do not know their hazard rate
function in parametric form. Thus, in this section, we examine the effectiveness of a
modified strategy based on the easy-to-implement continuous p-rebalancing rule given
in (3.2) with the hazard rate estimated from readily available mortality data. We also
examine the impact of discrete versus continuous portfolio rebalancing. Using simulation,
we find that the modified, easy-to-implement rule yields nearly optimal ruin probability,
even under discrete rebalancing.

Consider an investor who has access to mortality data such as mortality rates or
future life expectancy. Suppose that on her birthday she estimates a constant hazard rate
Az for the year from the data and then employs discrete or continuous p-rebalancing as
in (3.2) assuming that the estimated A, would apply for the rest of her life. (We call this

“approximate p-rebalancing.”) Thus, she uses the same value of p for the whole year. On
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her next birthday, she consults the mortality data again and updates her estimate of A,
(and hence of p).
In this section, we use simulation to calculate the probability of lifetime ruin for an

individual who employs this simple strategy.
7.1. Details of the Simulation

We use the same parameter values as in the base scenario of Section 6. For mortality,
we compute life table values based on the Gompertz hazard rate of Section 6 and consider
four methods of estimating an annual constant hazard rate A,:

1. A; is computed each year directly from the parametric form of the hazard rate. More
specifically, A\, = A, (0) where \;(0) is given by the Gompertz hazard rate function.

2. A\p & m where E[T'(z)] is the future life expectancy of (z)

3. Az & ¢, where g, is the probability that (z) dies in the next year and

4. \; = —In(p,) where p, =1 — q,.

See Section 3.6 of Bowers et al. (1997) for explanations of these approximations.

0.12 — Cts. A 1 0.12
— — Annual Discretization

0.1 1 0.1

0.08 [ 0.08

0.06 4] 0.06

]
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0 0 :
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Figure 7.1 The actual and approximate hazard rates for x = 50 and t €
[0, 40]
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Figure 7.2 The actual and approximate hazard rates for x = 50 and t €
[40, 80]

Figures 7.1 and 7.2 show the estimated constant annual hazard rate versus the para-
metric form for ¢ € [0,80] for an individual who is aged 50 at time ¢ = 0. All of the
approximations are good on a portion of the domain, but 2 above overstates the actual
value of the hazard rate for small £. On the other hand, 3 above understates A\, (t) for large
t.

We consider a 50-year-old individual with initial wealth wy. We simulate the future
lifetime random variable T'(z) to determine the time of death. We assume that the investor
employs discrete or continuous p-rebalancing based on the estimated annual hazard rate
Az and we simulate the sub-optimally controlled wealth and check daily whether financial
ruin or death occurs first. We estimate the ruin probability 1*™ as the proportion of the

population for whom ruin precedes death.

Finally, we measure the effectiveness of this sub-optimal strategy by comparing /5™
with the ruin probability for a 50-year-old investor with the same initial wealth who follows

the optimal strategy computed as in Section 6 (by numerically solving the dual variational
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inequality). For comparison, we also compute the ruin probability for an individual who
invests 100% in the risk-free asset.

We consider three different levels of initial wealth in order to test the effectiveness of
the sub-optimal strategy at low, intermediate, and high ruin probabilities. In the simula-
tion results that follow, we used N = 20, 000.

7.2. The Effectiveness of the Simple, Nearly-Optimal Strategy

Table 7.1 shows the results of our tests. We include the standard error Tppsim =

(1 — 1) /N of our point estimator 1*"™. We summarize the results below.
[Table 7.1 placed here]

1. The ruin probability does increase under approximate p-rebalancing, but the effect is
not large. For example, if an individual has ruin probability of 79% under the optimal
strategy, employing approximate p-rebalancing increases the ruin probability to 80-
82%, depending on the method of estimating A, and the frequency of rebalancing. If
the optimal ruin probability is 1%, the sub-optimal ruin probability increases to 3-8%.

2. The effect of discrete versus continuous rebalancing is small compared to the effect
of parameter estimation. This is consistent with the results of Rogers (2001), Rogers
and Stapleton (2002), and Browne, Milevsky, and Salisbury (2003).

3. At low ruin probability, the approximation A\, = m yields the best results; at the
high ruin probability, it yields the worst.

4. At 1% ruin probability, investing 100% in the risk-free asset is a better strategy than

approximate p-rebalancing using a “bad” estimate of \,.

8. Conclusion and Future Research

Because of the increased longevity of our aging population and the continuing trend
toward defined contribution retirement plans, under which the individual investor assumes
all investment and longevity risk, a growing number of people are faced with the risk of
outliving their retirement savings. In this paper, we presented a method for computing
the asset allocation that minimizes the probability of lifetime ruin. This investigation is
timely and our choice of ruin probability as the optimization criterion is appropriate in
light of this increased longevity risk. Moreover, ruin probability minimization is arguably
a less subjective and more understandable goal than utility maximization. Young (2004)
and Bayraktar and Young (2005a) studied the connections between the two optimization
criteria.

We found that the ruin probability and optimal strategies respond in an intuitive

and predictable way to changes in the model parameters. In particular, we found that
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investors with a longer horizon should invest more in the risky asset in order to minimize
their ruin probability. In addition, we found that the shape of the hazard rate function
has a significant qualitative impact on the optimal strategy. While it is possible to achieve
nearly the same ruin probability regardless of the shape of the hazard rate function, the
investment strategy required to “steer” the probability to the minimum differs significantly.
Therefore, it is important to consider the shape of the hazard rate function in determining
one’s investment strategy to minimize the probability of lifetime ruin.

On the other hand, the method of solving a variational inequality that allows for
a general hazard rate function, as in Section 6, is not available to most investors. To
provide individual investors with investment advice that they can implement more easily,
we examined the effectiveness of a modified strategy based on the continuous p-rebalancing
rule given in (3.2) with the hazard rate estimated from readily available mortality data.
We examined the impact of discrete versus continuous portfolio rebalancing. By using
simulation, we found that the modified, easy-to-implement rule yielded nearly optimal
ruin probability, even under discrete rebalancing. Therefore, one can modify the simple
investment rule obtained by Young (2004) under constant force of mortality to apply in a
more general setting to give nearly optimal results.

Because of the the long investment horizon in this problem, the assumptions of con-
stant risk-free rate and volatility and deterministic mortality are not realistic. We propose

to address these limitations in future work.

Appendix. Proof of Theorem 5.1

Proof Let ¢ € C?(Q) N C(Q) solve (5.1) and suppose there exists a point (,%) € Q such
that (1) — ) (10,t) > 0. Let (w,t) € Q be the global maximum of ¢ — . Note that

('Qb - E)w(wv t) = (77[] - E)t(wv t) =0,

and
(% = ¥)ww < 0.
Thus,
1 1
Define L to be the differential operator in (5.1), so
1 _ 2 2
Ly = >\x<t)'l) — U — (rw + A — C)er + _Mv_w

2 02 Vpw

22



Since 1) solves the ODE with constant A\ < min )\, (¢), we have that

(— (5.2)

L@>)@—(rw—|—A—C)El+§

But since 1 solves (5.1), Ly = 0 and at (w,t), we have

Ly =L — Ly
N (T T T
=X ()Y =, — (rw+ A — )y +§T?
L(p—r)? g

—_

— [ halty = Grw - A= e 5

Finally, we observe that @) < 0 since
—2 —12 —12 —/2
o T w0 T W
E,/ www E/, www www www

:f(%—ﬁﬁ+ﬁ@@ﬁww
= zl/z\(;,, - d}ﬁ) +¢ﬁ (%"= ) (¥ +vu).

~~ -~ =0

<0

Thus, the calculation above shows that Li) < 0. But this contradicts (5.2); therefore,
P <.
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Sheet1

Scenario 1 — High Ruin Probability (79%)

Initial Wealth 4.3787
Optimal Ruin Prob. 79.04%
Ruin Prob. 100% Riskless 99.22%
Standard Error 0.29%

| Frequency of Rebalancing

Approximation Method Continuous Weekly Monthly Annual
A_x(0) 80.25% 80.45% 80.11% 81.41%
A=1/e_x 81.56% 81.62% 81.93% 82.15% Worst
A=q_x 79.80% 80.34% 80.06% 80.80% Best
A=-In(p_x) 79.75% 80.65% 80.47% 81.38%
Scenario 2 - Intermediate Ruin Probability (40%)
Initial Wealth 14.1223
Optimal Ruin Prob. 40.03%
Ruin Prob. 100% Riskless 93.94%
Standard Error 0.35%
\ Frequency of Rebalancing
Approximation Method Continuous Weekly Monthly Annual
A_x(0) 45.62% 46.22% 46.00% 48.35% Worst
A=1/e_x 45.25% 44.86% 45.26% 45.97% Best
A=q_x 45.33% 45.66% 45.54% 47.17%
A=-In(p_x) 45.60% 44.68% 45.46% 47.77%
Scenario 3 — Low Ruin Probability (1%)
Initial Wealth 31.6596
Optimal Ruin Prob. 1.02%
Ruin Prob. 100% Riskless 4.62%
Standard Error 0.07%
\ Frequency of Rebalancing
Approximation Method Continuous Weekly Monthly Annual
A_x(0) 7.74% 7.69% 7.54% 8.47%
A=1/e_x 3.05% 3.09% 3.57% 3.88% Best
A=q_x 7.50% 7.75% 8.04% 8.83% Worst
A=-In(p_x) 7.54% 7.71% 7.60% 8.49%

Page 1




