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Abstract. We consider a forced nonlinear wave equation on a bounded domain which, under
certain physical assumptions, models the torsional oscillation of the main span of a suspension
bridge. We use Leray–Schauder degree theory to prove that, under small periodic external forcing,
the undamped equation has multiple periodic solutions. To establish this multiplicity theorem, we
prove an abstract degree theoretic result that can be used to prove multiplicity of solutions for more
general operators and nonlinearities.

Using physical constants from the engineers’ reports of the collapse of the Tacoma Narrows
Bridge, we solve the damped equation numerically and observe that multiple periodic solutions
exist and that whether the span oscillates with small or large amplitude depends only on its initial
displacement and velocity. Moreover, we observe that the qualitative properties of our computed
solutions are consistent with the behavior observed at Tacoma Narrows on the day of its collapse.
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1. Introduction. For over sixty years, scientists in many disciplines have strug-
gled to explain the dramatic and finally destructive torsional oscillations of the Tacoma
Narrows Bridge that preceded its collapse in 1940. The recent article in [16], which
describes the forty year effort to control the behavior of the Deer Isle Bridge in Maine,
and the closing in June, 2000, of the Millennium Bridge in London [18] testify to the
fact that the problem of controlling suspension bridge oscillations remains unsolved.

We argue that the nonlinearity inherent in the equations of motion drives the un-
predictable behavior observed on the Tacoma Narrows and other suspension bridges.
Theoretical and numerical evidence to support this claim for the vertical, torsional,
and traveling wave motion of suspension bridges can be found in [3], [4], [5], [6], [7]
and [9], [10], [11], [12], [13], [14], [15].

In [9] and [10], the authors proposed an ODE model for the torsional motion
of a horizontal cross section of the main span of a suspension bridge and proved
the existence of multiple periodic solutions. Using physical constants from the engi-
neers’ reports of the Tacoma Narrows collapse, the authors investigated this model
numerically and demonstrated that under small external forcing, the cross section
may ultimately settle down to small or large amplitude periodic torsional oscillation,
depending only on the initial torsional displacement and velocity of the cross section.

In this paper, we extend this analysis to the entire length of the main span of
the bridge. More specifically, in section 2 we propose a PDE model (the forced sine-
Gordon equation on a bounded domain) for the torsional motion along the length of
the center span. In section 3, we prove that, under certain physical assumptions, the
equation has multiple periodic weak solutions. Similar results exist for the vertical
motion of the center span [6], [13].
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We then investigate these solutions numerically. In section 4, we examine the
bifurcation properties of periodic solutions to the equation via numerical continuation
algorithms. We find that, under small external forcing, the damped equation has three
periodic solutions, one of small amplitude and two of large amplitude. Moreover, we
see that bifurcation from single to multiple solutions occurs for small forcing.

In section 5, we use finite difference methods to approximate periodic solutions.
As in [9], we demonstrate that under small external forcing, the center span may
oscillate periodically with small or large amplitude, depending only on its initial
displacement and velocity. Moreover, we observe that the qualitative properties such
as amplitude, frequency, and nodal structure of our computed solutions are consistent
with the behavior observed at Tacoma Narrows on the day of its collapse.

2. The model. We treat the center span of the bridge as a beam of length L and
width 2l suspended by cables (see Figure 2.1). Consider the horizontal cross section
of mass m located at position x along the length of the span. We treat this cross
section as a rod of length 2l and mass m suspended by cables. Let y(x, t) denote the
downward distance of the center of gravity of the rod from the unloaded state and let
θ(x, t) denote the angle of the rod from horizontal at time t (see Figure 2.1).

We assume that the cables do not resist compression, but resist elongation ac-
cording to Hooke’s Law with spring constant K; i.e., the force exerted by the cable
is proportional to the elongation in the cable with proportionality constant K. In

Fig. 2.1. A simple model of the center span and its horizontal cross section.
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Figure 2.1 we see that the extension in the right-hand cable is (y− l sin θ), and hence
the force exerted by the right-hand cable is{ −K(y − l sin θ), y − l sin θ ≥ 0

0, y − l sin θ < 0
= −K(y − l sin θ)+,

where u+ = max{u, 0}. Similarly, the extension in the left-hand cable is (y + l sin θ),
and the force exerted by the left-hand cable is −K(y + l sin θ)+. Then the torsional
and vertical motion of the span satisfy


θtt − ε1θxx = 3K

ml cos θ[(y − l sin θ)+ − (y + l sin θ)+]− δθt + h1(x, t)
ytt + ε2yxxxx = −K

m [(y − l sin θ)+ + (y + l sin θ)+]− δyt + g + h2(x, t)
θ(0, t) = θ(L, t) = y(0, t) = y(L, t) = yxx(0, t) = yxx(L, t) = 0


 ,(2.1)

where ε1, ε2 are physical constants related to the flexibility of the beam, δ is the
damping constant, h1 and h2 are external forcing terms, and g is the acceleration due
to gravity. The spatial derivatives describe the restoring force that the beam exerts,
and the time derivatives θt and yt represent the force due to friction. The boundary
conditions reflect the fact that the ends of the span are hinged.

We study coupled systems of this form in [11], [12], and [15]. However, throughout
this paper we assume that the cables never lose tension; i.e., we assume that (y ±
l sin θ) ≥ 0 and hence (y ± l sin θ)+ = (y ± l sin θ). In this case, we see that the
equations (2.1) become uncoupled, and the torsional and vertical motions satisfy

{
θtt − ε1θxx = − 6K

m cos θ sin θ − δθt + h1(x, t)
θ(0, t) = θ(L, t) = 0

}
(2.2)

and {
ytt + ε2yxxxx = − 2K

m y − δyt + g + h2(x, t)
y(0, t) = y(L, t) = yxx(0, t) = yxx(L, t) = 0

}
,(2.3)

respectively.

We observe that (2.2) is the damped, forced, sine-Gordon equation, which arises
in many applications. We study equations of this form throughout the paper.

3. A multiplicity theorem. In this section, we consider the questions of exis-
tence and multiplicity of continuous, periodic, weak solutions u in a subspace of L2

to equations of the form (2.2).

Let Ω = (0, π)× (0, π) and define

H = {u ∈ L2(Ω)|u(x, t) = u(π − x, t), u(x, t) = u(x, π − t),

u is π periodic in t}.

For u ∈ H, let ‖u‖ = ‖u‖L2 = (
∫
Ω
|u|2dA) 1

2 . Define LTu = utt − uxx. Using

cosu sinu = 1
2 sin 2u, changing variables, removing the damping term, and imposing

boundary and periodicity conditions, we rewrite (2.2) as


LTu+ b sinu = εh(x, t)
u(0, t) = u(π, t) = 0

u(x, 0) = u(x, π), ut(x, 0) = ut(x, π)


 .(3.1)
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Observe that the eigenvalues and corresponding eigenfunctions of LT with the appro-
priate boundary conditions are{

λmn = (2n+ 1)2 − 4m2

φmn = cos(2mt) sin((2n+ 1)x)

}
,(3.2)

where m,n = 0, 1, 2, . . . . Because we are restricted to the subspace H of L2, L−1
T

exists, is compact, and ‖L−1
T ‖ = 1.

Definition 3.1. We say that u ∈ H is a solution to (3.1) if

u = L−1
T (εh− b sinu).(3.3)

Theorem 3.2. Let h ∈ H with ‖h‖ ≤ 1, and let b ∈ (3, 7). Then there exists
ε0 > 0 such that if |ε| < ε0, (3.1) has at least two solutions in H.

We use Leray–Schauder degree theory to prove Theorem 3.2 in section 3.2; how-
ever, to establish this result, we first establish a general degree theoretic result in
section 3.1. Finally, in section 3.3, we prove that the solutions to (3.1) are continu-
ous.

3.1. Preservation of Leray–Schauder degree under Gâteaux differen-
tiation. To establish the existence of multiple periodic solutions to (3.1), we use
Leray–Schauder degree theory to prove the existence of multiple zeros of a related op-
erator T1. To compute the degree of T1, we continuously deform it to a linear operator
T0, the Gâteaux derivative of T1, and compute its degree via a direct calculation.

It is not difficult to show that, under the appropriate hypotheses, the homotopy
property of Leray–Schauder degree ensures that the degree of an operator T1 is pre-
served as T1 is continuously deformed to its Fréchet derivative. However, the nonlinear
term in (3.1), f(u) = sinu, is not Fréchet differentiable in L2 at u = 0.

Motivated by the result and arguments in [13], in Theorem 3.3 we show that,
under certain conditions on the nonlinear term f and the differential operator L,
Leray–Schauder degree is indeed preserved under homotopy from the operator T1 to
its Gâteaux derivative T0. This result can be used to establish multiplicity of solutions
to equations of the form (3.1) for more general nonlinearities f(u) and differential
operators L.

Theorem 3.3. Let I1, I2 be open, bounded intervals in R, and define Q := I1×I2.
Let B be a subspace of Lp(Q), p ≥ 1, and define ‖u‖ := ‖u‖Lp . Consider the problem

Lu+ f(u) = εh(x, t),(3.4)

where L, f, and h satisfy the following:
(H1) L−1 is compact;
(H2) ‖L−1‖ ≤ 1;
(H3) f(0) = 0;
(H4) f is Lipschitz with Lipschitz constant M ;
(H5) h ∈ B and ‖h‖ ≤ 1;
(H6) the Gâteaux derivative df(0, u) exists and satisfies df(0, u) = ρu, where ρ > 0

and −ρ is not an eigenvalue of L.
Define T0 : B → B by T0(u) = u + ρL−1(u) and T1 : B → B by T1(u) =

u − L−1(εh − f(u)). Then for ε sufficiently small, there exists γ > 0 such that
deg(T1, Bγ(0), 0) = deg(T0, Bγ(0), 0).

Proof. For λ ∈ [0, 1], define Tλ : B → B by

Tλ(u) = u+ (1− λ)ρL−1(u) + λL−1(f(u)− εh(x, t)).(3.5)
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The homotopy property of degree ensures that deg(Tλ, Br(0), 0) is constant provided
that 0 /∈ Tλ(∂Br(0)) for λ ∈ [0, 1]. We will show then that for all λ ∈ [0, 1] there
exists γ > 0 such that the solution u to Tλ(u) = 0 satisfies ‖u‖ �= γ.

Observe that u = 0 is the only zero of T0 since, by (H6), −ρ is not an eigenvalue
of L. Fix λ ∈ (0, 1] and suppose that u �= 0 solves Tλ(u) = 0. Set ‖u‖ = γ̃λ > 0. We
will show that γ̃λ is bounded below by some γλ > 0.

Note that u solves

Lu+ ρu = λ(ρu− f(u) + εh(x, t))(3.6)

and hence

Lu = (λ− 1)ρu+ λ(εh(x, t)− f(u)),(3.7)

and invoking (H4) and (H5) we have

‖Lu‖ ≤ ρ‖u‖+ ε+ ‖f(u)‖
≤ ρ‖u‖+ ε+M‖u‖
= (ρ+M)γ̃λ + ε.

Therefore, u ∈ L−1B(ρ+M)γ̃λ+ε(0), which is compact by (H1). Set ψ = u
γ̃λ

. Then

‖ψ‖ = 1 and there exists a compact set K with ψ ∈ K.
Since u solves (3.6), we have

‖u+ ρL−1u‖ = λ‖L−1(ρu− f(u) + εh)‖.(3.8)

Denote the left- and right-hand sides of (3.8) by LHS and RHS, respectively. Since
−ρ is not an eigenvalue of L, we have Lψ + ρψ �= 0 and hence

inf
ψ∈K

‖ψ + L−1ρψ‖ = α > 0,(3.9)

and therefore for our u we have

LHS = ‖u+ L−1ρu‖ ≥ αγ̃λ.(3.10)

Now considering RHS, by (H2) and (H5), we have

RHS ≤ λ‖ρu− f(u) + εh‖
≤ λ[ε+ ‖ρu− f(u)‖].

We claim that if ε and γ̃λ are sufficiently small, RHS < αγ̃λ, which contradicts (3.10).
To establish this, we must first prove the following lemma.

Lemma 3.4. Let f,B, ρ be as in the statement of Theorem 3.3, and let K ⊂ B be
compact. Then there exists a function δ : (0,∞) → (0,∞) such that

(L1) ‖ρηψ − f(ηψ)‖ ≤ ηδ(η),
(L2) δ(η) → 0 as η → 0

hold for all ψ ∈ K and η > 0.
Proof. Define δ : (0,∞) → (0,∞) by

δ(η) = max
ψ∈K

∥∥∥∥ρψ − 1

η
f(ηψ)

∥∥∥∥ ,(3.11)
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and note that (L1) above is satisfied.
To show that (L2) holds, we must show that ‖ρψ − 1

ηf(ηψ)‖ → 0 uniformly on
K as η → 0. Define fη : K → R by

fη(ψ) =

∥∥∥∥ρψ − 1

η
f(ηψ)

∥∥∥∥ .(3.12)

To show that fη → 0 uniformly on K, we will show that fη(ψ) → 0 for each ψ ∈ K
and that the family F := {fη} is equicontinuous on K. Choose ψ ∈ K. If ψ = 0, then
fη(ψ) = 0, so assume ψ �= 0. By (H6), we have d

dtf(tψ) |t=0= ρψ and hence, given
ε̃ > 0, for η sufficiently small, using (H3) and (H6), we have∥∥∥∥1η f(ηψ)− ρψ

∥∥∥∥ < ε̃.(3.13)

To see that the family F = {fη} is equicontinuous on K, choose ε̃ > 0 and

ψ, ψ̃ ∈ K. Using (H4), we have

|fη(ψ)− fη(ψ̃)| =
∣∣∣∣
∥∥∥∥ρψ − 1

η
f(ηψ)

∥∥∥∥−
∥∥∥∥ρψ̃ − 1

η
f(ηψ̃)

∥∥∥∥
∣∣∣∣

≤
∥∥∥∥ρ(ψ − ψ̃)− 1

η
(f(ηψ)− f(ηψ̃))

∥∥∥∥
≤ ρ‖ψ − ψ̃‖+ 1

η
M‖ηψ − ηψ̃‖

= (ρ+M)‖ψ − ψ̃‖ < ε̃,

provided ‖ψ − ψ̃‖ < δ := ε̃
ρ+M .

Since {fη} are equicontinuous on K and converge pointwise on K, we have that
fη converge uniformly on K, and hence (L2) holds.

Returning now to the proof of the theorem and invoking the above lemma, we
have that

RHS ≤ λ[ε+ ‖ρu− f(u)‖]
≤ λ[ε+ ‖ργ̃λψ − f(γ̃λψ)‖]
≤ λ[ε+ γ̃λδ(γ̃λ)].

Assume now that ε < 1
2αγ̃λ. Take λ = 1. Since δ → 0, there exists γ such that

x < γ implies that δ(x) < 1
2α. Moreover, for any λ ∈ (0, 1), if x < γ, λδ(x) < 1

2α. If
γ̃λ = ‖u‖ < γ, we have RHS < αγ̃λ. But this contradicts (3.10). Thus we conclude
that 0 /∈ Tλ(∂Bγ(0)) and therefore deg(T1, Bγ(0), 0) = deg(T0, Bγ(0), 0).

3.2. The proof of Theorem 3.2. Note that by (3.2) and by our choice of
b ∈ (3, 7), −b is not an eigenvalue of LT ; moreover, there are no negative eigenvalues
of LT between λ10 = −3 and λ21 = −7.

Define T1 : H → H by

T1(u) = u− L−1
T (εh− b sin(u))

and note that zeros of T1 correspond to solutions of (3.1). To prove the theorem, we
will show

(D1) there exists R0 > 0 such that for R > R0, deg(T1, BR(0), 0) = 1 and
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(D2) there exists γ ∈ (0, R0) such that deg(T1, Bγ(0), 0) = −1.
Then, since deg(T1, Bγ(0), 0) �= 0, there exists a zero of T1 (i.e., a solution of (3.1))

in Bγ(0). Moreover, by the additivity property of degree, deg(T1, BR(0)\Bγ(0), 0) �= 0

and hence (3.1) has a second solution in the annulus BR(0)\Bγ(0).
To establish (D1), define

Tβu = u− βL−1
T (εh− b sin(u))

for β ∈ [0, 1], and note that this definition of T1 is consistent with our previous
definition. Note also that T0 is simply the identity map; hence, for any R > 0
we have deg(T0, BR(0), 0) = 1. The homotopy property of degree ensures that
deg(Tβ , BR(0), 0) is constant provided that 0 /∈ Tβ(∂BR(0)) for all β ∈ [0, 1].

Fix β ∈ [0, 1] and suppose u ∈ H solves Tβu = 0. We will show that u is bounded
above by some R0 > 0 and that this bound is independent of β.

Since Tβu = 0, we have

‖u‖ = β‖L−1
T (εh− b sinu)‖ ≤ β[ε0 + b‖ sinu‖]

≤ [ε0 + bm(Ω)
1
2 ] = [ε0 + b

√
2π] < R0

if we choose R0 > ε0 + b
√
2π.

Thus, for R > R0 we have

deg(T1, BR(0), 0) = deg(T0, BR(0), 0) = 1,(3.14)

and (D1) above holds.
To establish (D2), let ε < ε0; we will determine the value of ε0 later. For µ ∈ [0, 1]

define

Tµu = u+ (1− µ)L−1
T (bu)− µL−1

T (εh− b sinu),

and note again that this definition of T1 is consistent with our previous definitions. We
will again apply the homotopy property of degree (via Theorem 3.3) and a standard
degree calculation to show that for some γ > 0

deg(T1, Bγ(0), 0) = deg(T0, Bγ(0), 0) = −1.

Observe that for L = LT and f(u) := b sinu, hypotheses (H1)–(H5) of Theo-
rem 3.3 are satisfied. To verify hypothesis (H6), we need to show that

df(0, u) = bu.(3.15)

By definition of the Gâteaux derivative,

df(0, u) =
d

dt
f(0 + tu) |t=0

= lim
h→0

f((t+ h)u)− f(tu)

h

∣∣∣
t=0

= lim
h→0

b sin(hu)

h
.

We will show that the limit above (in H) is bu.
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Note first that in R we have

lim
h→0

sin(hu)

h
= lim

h→0

sin(hu)

h

u

u
= u

and hence ∣∣∣∣ sin(hu)h
− u

∣∣∣∣
2

→ 0

as h → 0. Invoking the convexity of w2, we have∣∣∣∣ sin(hu)h
− u

∣∣∣∣
2

≤ 4

[
1

2

∣∣∣∣ sin(hu)h

∣∣∣∣
2

+
1

2
|u|2

]
≤ 4u2.

Since u ∈ L2, | sin(hu)
h −u|2 is dominated in L1; thus by the dominated convergence

theorem, ∥∥∥∥b sin(hu)h
− bu

∥∥∥∥ → 0

as h → 0; therefore (3.15) holds. Moreover, by (3.2) and our choice of b, −b is not an
eigenvalue of LT ; therefore hypothesis (H6) of Theorem 3.3 holds. Thus, by Theorem
3.3, for sufficiently small γ, ε > 0, we have

deg(T1, Bγ(0), 0) = deg(T0, Bγ(0), 0).(3.16)

Finally, we will show that

deg(T0, Bγ(0), 0) = deg(I + bL−1
T , Bγ(0), 0) = −1.

Consider the finite dimensional subspace MN :=span{φmn}N1 of H and recall that,
by compactness, bL−1

T can be approximated in operator norm by the operators BN :
MN → MN given by

BN (u) = b

N∑
m,n=1

cmn

λmn
φmn.

By definition of Leray–Schauder degree, for N sufficiently large,

deg(T0, Bγ(0), 0) = deg(I +BN , Bγ(0) ∩MN , 0)
=

∑
u∈(I+BN )−1(0) signJI+BN

(u),
(3.17)

where Jφ(u) is the Jacobian determinant of φ at u.
Since I + BN can be identified with an N2 × N2 diagonal matrix whose entries

are 1 + b
λmn

, we have

deg(I +BN , Bγ(0) ∩MN , 0) = sign

N∏
m,n=1

(
1 +

b

λmn

)
.(3.18)

Since b ∈ (3, 7) and there are no negative eigenvalues of LT between λ10 = −3 and
λ21 = −7, the only negative value of 1 + b

λmn
occurs at λ01 = −3, which is simple

because of our restriction to the subspace H. Therefore,

deg(I +BN , Bγ(0) ∩MN , 0) = −1

and (D2) holds. The proof of the theorem is complete.
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Remark 3.5. We note that the theorem holds for other ranges of b. The proof
follows exactly; we need only check that, in verifying (D2), we have

deg(T0, Bγ(0), 0) = deg(I + bL−1
T , Bγ(0), 0) = −1.

From (3.17) and (3.18), we see that this amounts to ensuring that 1+ b
λmn

< 0 an odd

number of times. For example, if b ∈ (11, 15), 1 + b
λmn

< 0 for λ10 = −3, λ21 = −7,

and λ32 = −11, and the theorem holds. Similarly, if b ∈ (15, 19), 1 + b
λmn

< 0 for
λ10, λ21, λ32, and λ43 = λ20 = −15. (One can verify that there are no other m,n such
that λmn = −15.)

Remark 3.6. We note that the theorem holds if we change the operator from
LTu = utt − uxx to Lu = utt − auxx, the domain Ω from (0, π)× (0, π) to (0,

√
aπ)×

(0, π), and adjust the spatial symmetry requirement in the definition of the subspace
H appropriately.

3.3. Continuity of solutions. In this section we prove that, under an addi-
tional assumption on the forcing term h(x, t), solutions u ∈ H to (3.1) are continuous.

We denote by Hm(Ω) or Hm the Sobolev space Wm,2(Ω) = {u|Dαu ∈ L2(Ω),
|α| ≤ m}, where Dα is a weak derivative. We equip this space with the standard
inner product

(f, g) =
∑

|α|≤m

∫
Ω

DαfDαgdA

and the norm induced by this inner product.
Lemma 3.7. Let the region Ω and the operator L−1

T be as defined above.
1. If w ∈ L2(Ω), then L−1

T w ∈ H1(Ω).
2. If w ∈ H1(Ω), then L−1

T w ∈ H2(Ω).
3. If w ∈ H2(Ω), then w ∈ C(Ω).
3. If w ∈ H1(Ω), then sinw ∈ H1(Ω).

Proof. Let w =
∑∞

m,n=0 cmnφmn ∈ L2. It is straightforward to verify that the

L2,H1, and H2 norms of w are given by

‖w‖2
L2 =

∑
c2mn < ∞,

‖w‖2
H1 =

∑
[(2n+ 1)2 + (2m)2]c2mn,

‖w‖2
H2 =

∑
[(2n+ 1)2 + (2m)2]2c2mn,

respectively.
1. Let w =

∑
cmnφmn ∈ L2. Then L−1

T w =
∑ cmn

λmn
φmn and

‖L−1
T w‖2

H1 =
∑

[(2n+ 1)2 + (2m)2]

∣∣∣∣ cmn

λmn

∣∣∣∣
2

=
∑ (2n+ 1)2 + (2m)2

[(2n+ 1)2 − (2m)2]2
c2mn < ∞

since

(2n+ 1)2 + (2m)2

[(2n+ 1)2 − (2m)2]2
≤ 1

and
∑

c2mn < ∞.
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2. This proof is analogous to the proof of (1).
3. See, for example, [1].
4. Let w ∈ H1. Then w,wt, wx ∈ L2; we must show that sinw, (sinw)t, (sinw)x

∈ L2.

‖ sinw‖2
L2 =

∫
Ω

| sinw|2 < ∞

since Ω is bounded.

‖(sinw)t‖2
L2 =

∫
Ω

|wt cosw|2 ≤
∫

Ω

|wt|2 < ∞

since wt ∈ L2. Similarly, (sinw)x ∈ L2, and the result follows.
Theorem 3.8. Let h ∈ H1, and let u ∈ H solve (3.1). Then u ∈ C(Ω).
Proof. The result follows from repeated application of Lemma 3.7. Since εh −

b sinu ∈ L2, we have u = L−1
T (εh− b sinu) ∈ H1. Since u ∈ H1, we have sinu ∈ H1,

and therefore h ∈ H1 implies εh − b sinu ∈ H1. It follows then that u = L−1
T (εh −

b sinu) ∈ H2 and therefore u ∈ C(Ω).
4. The bifurcation curve of periodic solutions. In section 3 we considered

the forced sine-Gordon equation on a bounded domain, which models the torsional
motion of the center span of a suspension bridge, and proved that, under certain as-
sumptions on the physical constants, multiple periodic solutions exist. In this section,
we compute periodic solutions to the damped equation and examine their bifurcation
properties as the amplitude of the forcing term varies. More specifically, we employ
numerical continuation algorithms by which we plot the amplitude of a periodic so-
lution versus the amplitude λ of the external forcing term. We demonstrate that for
small λ, multiple periodic solutions to the equation exist. Moreover, we demonstrate
that bifurcation from single to multiple periodic solutions occurs for small λ.

Recall from section 2 that the equation that governs the torsional motion along
the length of the center span is given by{

θtt − ε1θxx = − 6K
m cos θ sin θ − δθt + h1(x, t)

θ(0, t) = θ(L, t) = 0

}
.(4.1)

For our numerical study of this equation, we must choose the values of the constants
L,m,K, δ, ε1 and the external forcing term h1(x, t).

4.1. The choice of physical constants and external forcing. The length
of the span was L = 1000 meters [2]; let us normalize the equation so that we can
work on the domain x ∈ [0, 1]. The rescaled equation is{

θtt − ε1
L2 θxx = − 6K

m cos θ sin θ − δθt + h1(Lx, t)
θ(0, t) = θ(1, t) = 0

}
.(4.2)

To determine the physical constants m,K, δ, ε1 and the external forcing term
h1(x, t), we rely on [2], [9], and [17]. We choose m = 2500 and δ = .01. To determine
K, we know from [2] that the main span would deflect about half a meter when loaded
with 100 kgs per unit length, so we have 100(9.8)−2K(.5) = 0 and we take K = 1000.
The roadbed of the Tacoma Narrows was extremely flexible, so we choose ε1

L2 =
.01 and observe that this value produces the appropriate flexibility in our numerical
solutions.
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For a cross section similar to the Tacoma Narrows bridge, wind tunnel experiments
indicate that aerodynamic forces should induce approximately sinusoidal oscillations
of amplitude three degrees [17], so in (4.2) we choose h1 to be sinusoidal in time. We
take h1(x, t) = λ sin(µt)ρ(x), where λ ∈ [0, 0.06] is chosen to produce the appropriate
behavior near equilibrium and the frequency µ is chosen to match the frequency of the
oscillations observed at Tacoma Narrows on the day of the collapse. The frequency
of the torsional motion was approximately one cycle every 4 or 5 seconds, so we take
µ ∈ [1.2, 1.6]. Thus, (4.2) becomes{

θtt − .01θxx = −2.4 cos θ sin θ − .01θt + λ sin(µt)ρ(x)
θ(0, t) = θ(1, t) = 0

}
.(4.3)

Remark 4.1. Using cos θ sin θ = 1
2 sin 2θ and rescaling (4.3), we see that the

magnitude of the nonlinear term is b = 2.4. Note, however, that Theorem 3.2 does
not apply to this problem because of the damping term in (4.3) and the fact that
the theorem requires a relationship between the wave speed and the spatial domain
that is not satisfied by the physical problem (4.3) (see Remark 3.6). However, as the
following experiments demonstrate, the physical problem (4.3) exhibits the multiple
solution behavior guaranteed by Theorem 3.2 for the theoretical problem (3.1).

The torsional motion observed on the day of the collapse was, for the most part,
one-noded (i.e., no torsional displacement in the middle of the span). Occasionally,
the motion changed to no-noded twisting and back again to one-noded. Thus, we
take ρ(x) = 1, ρ(x) = sin(2πx), or ρ(x) = sin(πx).

4.2. The numerical results for the forced, damped sine-Gordon equa-
tion. In this section, we apply a numerical continuation algorithm to the boundary
value problem (4.3) for several different forcing terms:

h1(x, t) = λ sin(µt)ρ(x).

Numerical continuation algorithms are described in [3], [8], and [15]; we refer the
reader to these sources for details.

In each case, we find that if µ ∈ [1.2, 1.5], the path of periodic solutions is S-
shaped and that bifurcation from single to multiple periodic solutions occurs at a
small value of λ = λ. Moreover, we observe that λ decreases as the forcing frequency
µ increases.

If µ is greater than the resonant frequency µ̂ of the linearized PDE

θtt − εθxx + δθt + 2.4θ = λ sin(µt)ρ(x),

the amplitude of the periodic solution increases with λ, but bifurcation from single to
multiple solutions does not occur. This is consistent with our earlier results for the
simpler ODE model [10], [15]. We note that for the space independent, one-noded,
and no-noded forcing terms given in section 4.1 above, the resonant frequencies of the
linearized PDE are µ̂ ≈ 1.55, µ̂ ≈ 1.67, and µ̂ ≈ 1.58, respectively.

Forcing independent of x. h1(x, t) = λ sin(µt).
1. Experiment 4.1. µ = 1.3, µ = 1.4, µ = 1.5; see Figure 4.1(a). The bifurcation

curves are S-shaped, and bifurcation from single to multiple solutions occurs
for small λ = λ. For example, in Figure 4.1 we see that for µ = 1.3 (the solid
curve), a unique small amplitude periodic solution exists for λ < λ ≈ .022
and λ > λ ≈ .247 but that three periodic solutions, one of small amplitude
and two of large amplitude, exist for λ ∈ (λ, λ). Whether the small or large
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Fig. 4.1. Experiments 4.1 and 4.2. At the lower frequencies, there are three periodic solu-
tions under small fixed forcing, one of small amplitude and two of large amplitude. At the higher
frequencies, bifurcation from single to multiple periodic solutions does not occur.

amplitude solution results depends on the initial displacement and velocity of
the span. For example, for µ = 1.3, λ ≈ 0.047, under a small initial displace-
ment (approximately 0.003 radians in amplitude), a small amplitude periodic
solution results (approximately 0.065 radians). However, under a large initial
displacement (approximately 0.720 radians), a large periodic solution results
(approximately 1.221 radians). Moreover, we observe that λ, the frequency at
which bifurcation from single to multiple periodic solutions occurs, decreases
as µ increases.

2. Experiment 4.2. µ = 1.8, µ = 2.2; see Figure 4.1(b). The amplitude of the
periodic solution increases with λ, but bifurcation from single to multiple
solutions does not occur. Moreover, we observe that the growth in the am-
plitude of the periodic solution is slower at the higher frequency. This is
consistent with our earlier results for the simpler ODE model [10], [15].

One-noded forcing. h1(x, t) = λ sin(µt) sin(2πx).
1. Experiment 4.3. µ = 1.3, µ = 1.4, µ = 1.5; see Figure 4.2(a). Again, the bifur-

cation curves at these frequencies are S-shaped and our results are consistent
with those in Experiment 4.1.

2. Experiment 4.4. µ = 1.6, µ = 1.8, µ = 2.2; see Figure 4.2(b). As in Experi-
ment 4.2, we see that the amplitude of the periodic solution grows with λ and
that the growth is slower for the higher frequencies. Moreover, for µ = 1.6,
we see that multiple periodic solutions exist for a small range of λ. (Recall
though that 1.6 < µ̂ ≈ 1.67, the resonant frequency for the linearized PDE.)
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Fig. 4.2. Experiments 4.3 and 4.4. As in Experiments 4.1 and 4.2, at the lower frequencies,
bifurcation from single to multiple periodic solutions occurs for small periodic forcing.

No-noded forcing. h1(x, t) = λ sin(µt) sin(πx).

1. Experiment 4.5. µ = 1.3, µ = 1.4, µ = 1.5. Again, the bifurcation curves
at these frequencies are S-shaped. As this is consistent with our results in
Experiments 4.1 and 4.3, we do not show the bifurcation curves here.

2. Experiment 4.6. µ = 1.6, µ = 1.8, µ = 2.2. As in Experiments 4.2 and
4.4, the amplitude of the periodic solution increases with λ, but bifurcation
from single to multiple solutions does not occur. Again, the growth in the
amplitude of the periodic solution is slower at the higher frequencies. As these
results are similar to the earlier experiments, we do not show the figures here.

5. Dynamic response to initial conditions. In section 4, we demonstrated
that if µ ∈ [1.2, 1.5], under fixed periodic forcing h1(x, t) = λ sin(µt)ρ(x), (4.3) has
three periodic solutions: one of small amplitude and two of large amplitude. In this
section, we will examine the structural properties of these solutions numerically. More
specifically, we will compute solutions to the boundary value problem (4.3) under the
initial conditions

θ(x, 0) = ξ(x),
θt(x, 0) = η(x)

(5.1)

via finite difference methods. The periodic solution results as the long term solution
to the initial value problem; i.e., the span “settles down” to periodic oscillation. As
in section 4, we choose ρ(x) = 1, ρ(x) = sin(2πx), or ρ(x) = sin(πx).
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Our finite difference scheme is implicit in the linear terms and explicit in the
nonlinear terms. We solve the initial value problem (4.3), (5.1) over 400 periods of
the forcing term; i.e., for (x, t) ∈ [0, 1]×[0, 400τ ], where τ = 2π

µ . In each experiment we

use 520 time steps per period of the forcing term (∆t = 1
520τ) and we take ∆x = .025.

We define

a = amplitude of the initial displacement ξ(x),

ap = amplitude of the resulting periodic solution.

In the experiments that follow we observe that, if µ ∈ [1.2, 1.5], under fixed
periodic forcing h1(x, t) = λ sin(µt)ρ(x), small or large amplitude behavior may result
depending only on the initial displacement and velocity of the span. Thus, the effect
of a large initial displacement may not damp away as in the linear case. Moreover,
we find that the amplitude ap of the periodic response is extremely sensitive to slight
changes in the amplitude a of the initial displacement and that ap does not depend
on a in an intuitive way; for example, it does not increase with a. Finally, we observe
that the qualitative properties such as amplitude, frequency, and nodal structure of
our large amplitude solutions are consistent with the behavior observed at Tacoma
Narrows on the day of its collapse.

5.1. The experiments. One-noded forcing and initial conditions. The
most prevalent motion observed at Tacoma Narrows was one-noded (no displacement
at the center of the span) [2], so let us consider external forcing of the form

h1(x, t) = λ sin(µt) sin(2πx)

and initial conditions of the form

θ(x, 0) = θ(x,∆t) = a sin(2πx).

Experiment 5.1. λ = .06, µ = 1.4.
• 5.1a. θ(x, 0) = θ(x,∆t) = .9 sin(2πx); see Figure 5.1. Despite the large
initial displacement, we see in Figure 5.1 that by periods 390 through 400 of
the forcing term, the span has settled down to one-noded, periodic oscillation
of small amplitude (approximately .072 radians).

• 5.1b. θ(x, 0) = θ(x,∆t) = 1.0 sin(2πx); see Figure 5.2. We have increased
the amplitude a of the initial displacement only slightly from 5.1a, but we
see in Figure 5.2 that this small change has a dramatic impact on the motion
of the span. As in 5.1a, by periods 390 through 400 of the forcing term,
the span has settled down to periodic oscillation. But instead of settling
to near equilibrium behavior, as in 5.1a, the amplitude of the oscillation
is approximately 1.117 radians. Again, we note that this is close to the
amplitude observed at Tacoma Narrows on the day of the collapse [2].

• 5.1c. See Figure 5.3. Based on our results in Experiments 5.1a and 5.1b,
it is tempting to conjecture that the amplitude ap of the periodic solution
increases with the amplitude a of the initial displacement, but this is not the
case. Figure 5.3 shows the amplitude ap of the periodic solution versus the
amplitude a of the initial displacement of the span for a ∈ [0, 1.7]. We see
in Figure 5.3 that the amplitude of the long term periodic response depends
on the amplitude of the initial displacement in an unpredictable way. This
is consistent with results for a simple nonlinear ODE model for the vertical
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Fig. 5.3. Experiment 5.1c.

motion of a suspension bridge [7]. We note that in Figure 5.3, the small so-
lutions correspond to the “bottom branch” of the bifurcation curve in Figure
4.2(a) and the large solutions correspond to the “top branch.”

Forcing that depends only on time. We also considered the response of the
main span to small, time dependent forcing which is constant along the length of the
span, specifically,

h1(x, t) = λ sin(µt)

and initial conditions of the form

θ(x, 0) = θ(x,∆t) = a sin(2πx).

Experiment 5.2. λ = .04, µ = 1.4. As these results are consistent with those in
Experiment 5.1, we do not show the figures; we simply describe the results.

• 5.2a. θ(x, 0) = θ(x,∆t) = .5 sin(2πx). Despite the large initial displacement,
by periods 390 through 400 of the forcing term, the span has settled down
to no-noded, periodic oscillation of small amplitude (approximately .086 ra-
dians).

• 5.2b. θ(x, 0) = θ(x,∆t) = .6 sin(2πx). We have increased the amplitude
a of the initial displacement only slightly from 5.2a, but this small change
has a dramatic impact on the motion of the span. As in 5.2a, by periods
390 through 400 of the forcing term, the span has settled down to periodic
oscillation. But instead of settling to near equilibrium behavior, as in 5.2a,
the amplitude of the oscillation is approximately .969 radians. Again, this
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is close to the amplitude observed at Tacoma Narrows on the day of the
collapse [2].

No-noded forcing and initial conditions. Although the most prevalent mode
of torsional oscillation observed at Tacoma Narrows was the one-noded motion de-
scribed above, occasionally the motion would change to no-noded oscillation [2], so
we also studied external forcing of the form

h1(x, t) = λ sin(µt) sin(πx)

and initial conditions of the form

θ(x, 0) = θ(x,∆t) = a sin(πx).

As in the previous experiments, small changes in the amplitude of the initial displace-
ment led to dramatic differences in the resulting periodic solution. Indeed, when we
decreased the amplitude of the initial displacement from 1.2 to 1.1, the amplitude of
the resulting periodic solution increased from .0248 to 1.171 radians [15].

Solutions that change nodal structure. According to eyewitnesses, the tor-
sional oscillations that preceded the collapse of the Tacoma Narrows were, for the
most part, one-noded. Occasionally, the motion would change to no-noded and then
back to one-noded [2]. In this experiment, we replicate this phenomenon by a slight
perturbation in the forcing term.

Experiment 5.4. λ = .06, µ = 1.4; see Figure 5.4. We begin with a large initial
displacement

θ(x, t) = θ(x,∆t) = 1.4 sin(2πx)
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and apply forcing of the form

h1(x, t) = λ sin(µt)[sin(2πx) + .01 sin(πx)].

In this case, a complicated motion results. Figure 5.4 shows the angular displacement
along the length of the span at two different points in time; the solid curve describes
one-noded oscillation while the dashed curve has no nodes.

6. Conclusion and open questions. We have demonstrated theoretically and
numerically that the equation that governs the torsional motion of a suspension bridge
has multiple periodic solutions; whether small or large amplitude motion results de-
pends on the initial displacement and velocity of the span. Thus, once a large torsional
motion starts, it may persist over a long time.

It is natural to ask what might induce such a large initial torsional displacement
in a suspension bridge. In studying coupled systems of the form (2.1) numerically, we
find that a large vertical motion, in the presence of tiny torsional forcing and initial
conditions, may induce a rapid transition from vertical to torsional motion [9], [11],
[12], [15]. Such a phenomenon was observed at Tacoma Narrows on the day of its
collapse [2].

Beyond the results presented here, several interesting questions remain. For exam-
ple, we proved the existence of multiple periodic solutions to the undamped equation;
under appropriate hypotheses on the forcing term, does a similar result hold for the
damped equation? Moreover, we proved the existence of at least two periodic so-
lutions, but our numerical results in section 4 suggest that three periodic solutions
exist. Can the existence of the third solution be proven?
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