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Some geometric properties of the Bakry—Emery—Ricci tensor

John Lott

Abstract. The Bakryf}émery tensor gives an analog of the Ricci tensor for a Riemannian man-
ifold with a smooth measure. We show that some of the topological consequences of having a
positive or nonnegative Ricci tensor are also valid for the Bakry—Emery tensor. We show that
the Bakrnymery tensor is nondecreasing under a Riemannian submersion whose fiber transport
preserves measures up to constants. We give some relations between the Bakryf}i]mery tensor
and measured Gromov—Hausdorff limits.
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1. Introduction

When considering the metric structure of manifolds with lower Ricci curvature
bounds, it is natural to carry along the extra structure of a measure and consider
metric-measure spaces. This is especially relevant for collapsing, and has been
discussed by Cheeger—Colding [8, 9, 10], Fukaya [15] and Gromov [17, Chapter 33].
In this paper we consider smooth metric-measure spaces. Let M be an n-
dimensional Riemannian manifold, with metric g. Let dvoly; denote the Rieman-
nian density on M. Let ¢ be a smooth positive function on M. Then (M, ¢ dvolys)
is a smooth metric-measure space. For reasons coming from the study of diffusion
processes, Bakry and Emery [4] defined a generalization of the Ricci tensor of M

by .
Ricso = Ric — Hess(In ¢). (1.1)

In terms of indices, (ﬁ?oo) 5= Ricag — (In @).qp-

It turns out that the Bakrny/)mery tensor (1.1) has interesting connections to
logarithmic Sobolev inequalities, isoperimetric inequalities and heat semigroups.
We refer to [2] and [19] for information on these connections. (In fact, Bakry and
Emery defined their tensor in a more abstract setting than what we consider.)
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We are interested in the geometric implications of bounds on the Bakrnymery
tensor. As in [20], let us define a related tensor Ricy. Given ¢ € (0, 00), put

fR\i/cq = Ric — Hess(In ¢) — édln¢ ®dln ¢ (1.2)
_ Ric _ Hess(®) (J)@ dé
= Ric 5 + (1 . ¢®¢
Hess (¢
:Ric—qy.

Clearly, if /liizq > rg then Rico > rg. In the terminology of [3], a condition of the
form R\igq > rg implies a curvature-dimension inequality CD(r,n + q).

Our first result extends some classical topological results about the Ricci tensor
(i.e. when ¢ is constant) to the setting of the Bakry-Emery tensor.

Theorem 1. Suppose that M is connected and closed.

1. If Rices > 0 then w1 (M) is finite.

2. IfRic, > 0 and q € (0,00) then m (M) has a finite-index free abelian
subgroup of rank at most n.

3. If Ricey > 0 then Hl(M; R) is isomorphic to the linear space of parallel
1-forms on M whose pairing with grad($) vanishes identically. In particular, if
Ricos > 0 then by(M) < n. If Ricso > 0 and by (M) = n then M is a flat torus
and ¢ is_constant.

4. If Ricoe < 0 then the isometry group of (M, g) is finite.

5. If Rice, < 0 then any Killing vector field on (M, g) is parallel and annihi-
lates ¢.

Remark. Theorem 1.2 is a strengthening of [20, Theorem 6], which says that if
Ricy > 0 and ¢ € (0, 00) then w1 (M) has polynomial growth of order at most n+gq.

The proofs of parts 3-5 of Theorem 1 use a Bochner-type identity. If the pair
(g,¢) is only C° N H'-regular then one can use this identity to still make sense of
the notion ﬁ\igoo > rg or ﬁ\igq > rg (see Definition 1 of Section 2).

An important result in the study of manifolds of nonnegative sectional cur-
vature is O’Neill’s theorem, which says that sectional curvature is nondecreasing
under a Riemannian submersion [7, Chapter 9]. We show that there is a Ricci
analog of O’Neill’s theorem, provided that one uses the Bakrnymery tensor and
assumes that the fiber transport of the Riemannian submersion preserves measures
up to multiplicative constants.

Suppose that a Riemannian submersion p : M — B has compact fiber F. Put
F, = p~*(b). Given a smooth curve v : [0,1] — B and a point m € F ), let p(m)
be the endpoint (1) of the horizontal lift 7 of -y that starts at 7(0). Then p is the
fiber transport diffeomorphism from F, gy to F(1).
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Given the positive function ¢™ on M, define ¢¥, a smooth positive function
on B, by

pi(¢M dvolyr) = ¢ dvol. (1.3)

M __ B ,
Let Ric., and Ric,, denote the corresponding Bakry-Emery tensors. Let dvolg
denote the fiberwise Riemannian density.

Theorem 2. Suppose that fiber transport preserves the fiberwise measure ¢y dvolp
up to a multiplicative constant, i.e. for any smooth curve v : [0,1] — B, there is a

dvol F,

constant ¢, > 0 such that p* ((;SM -~

dvolpw(1)> =cy oM

Fya O
—M —B

1. For any r € R, if Ric,, > rg™ then Ric,, > rg®.

2. Suppose in addition that ¢M = 1. Put ¢ = dim(F). For any r € R, if

—B
Ric™ > rgM then Ric, > rgB.
Using Theorem 2, we show a relationship between ﬁizq and collapsing.

Theorem 3. 1. Given r € R and an integer q¢ > 2, let (B, ¢) be a smooth closed

measured Riemannian manifold with /ffizf > rgB. Then (B,¢) is the measured
Gromov—-Hausdorff limit of a sequence of (n + q)-dimensional closed Riemannian
manifolds (M;, g;) with Ric(M;, g;) > rg;.

2. Let {(M;, g;)}32, be a sequence of N-dimensional connected closed Rieman-
nian manifolds with sectional curvatures bounded above in absolute value by A and
diameters bounded above by D, for some D, A € RY. Let (X, u) be a limit point
for {(M;, g:)}32, in the measured Gromov-Hausdorff topology. Suppose that for
somer € R and alli € ZT, Ric(M;, g;) > rg;. Suppose that X is an n-dimensional
closed manifold. Put g = N —n.

a. If ¢ =0 then X has Ric > rg in the generalized sense of Definition 1 below.

b. If ¢ > 0 then X has ﬁgq > rg in the generalized sense of Definition 1 below.

Finally, we give a condition in terms of distances and masses that is equivalent
to having Bakry-Emery tensor bounded below by r. If O is a measurable subset
of M, put

voly(0) = /O(bdvolM. (1.4)

Following [17, Section 5.45], we define the notion of a distance tube in M. Let Tj
be a closed subset of M. A subset T C M containing T} is a distance tube with
base Tj if for all ¢ € T, there is a segment s C T from some ty € Ty to ¢t with
length I(s) = d(t,Tp). For 0 < u; < ug, define the distance annulus

A(ul,u2) = {t eT :u < d(t,To) < UQ}. (15)
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Given ¢ € R, put
U2
v(u1,ug,c) = / e e gy (1.6)
u

1

Theorem 4. Suppose that f{\iEOO(M,g,@ > rg for some r € R. Given numbers
0 < up < us < uz, we assume that the tube T is a disjoint union of segments s,
starting at Ty, of length at least us. We also assume that vols(A(ug,us)) > 0.
Suppose that for some ¢ € R,

voly (A(ug, us)) < v(ug, us, ¢)

= . 1.7
volg (A(u1,uz2)) — v(u1, us,c) (1.7)
Then there is a subtube T' C T consisting of a union of segments s from Ty, such
that

1.

voly (T" N A(uq, u2)) - volg (A(uz,us)) ({;\(u%u?’,c))_l (1.8)

volg(A(ur,ug))  — volg(A(ur,ug)) \ 0(ur,us, c)

2. If a segment s C T, starting from Ty, intersects T' N A(ug,us3) then s C T”,
and
3. For all ug > us,

volg(T" N A(us, us))
voly(T7 N A(uz, us3))

(1.9)

Conwversely, suppose that there is a number r € R so that for each tube T
and ¢ € R satisfying (1.7), there is a subtube T' with the above properties. Then

Riceo (M, g,¢) > rg.

In Sections 2-5 we prove Theorems 1-4, respectively. In Section 6 we make
some remarks.
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2. Proof of Theorem 1

We first prove parts 1 and 2 of the theorem. If /P_{\izoo > 0 then ﬁch > 0 for some
q € (0,00). Increasing ¢ if necessary, we may assume without loss of generality
that ¢ is an integer greater than one. Thus for parts 1 and 2, it is enough to
consider the case when Ric, > 0 or Ric, > 0, for some integer ¢ greater than one.

Given i € Zt, consider S? x M with the warped product metric ¢5"*M =
g+ i’2¢%gsq. Let p: S x M — M be the projection. Let X be the horizontal
lift to S x M of a vector field X on M and let U be a vertical vector field on
















































