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Abstract

In this short note we present a result of Perelman with detailed
proof. The result statesthat if g(t) is a Kahler Ricci o w on a compact,
Keahler manifold M with ¢,(M) > 0, the scalar curvature and diameter
of (M;g(t)) stay uniformly boundedalongthe ow, fort 2 [0;1 ). We
learned about this result and its proof from G.Perelmanwhen he was
visiting MIT in the spring of 2003. This may be helpful to people
studying the Keahler Ricci ow.

1 Intro duction

We will considera Kahler Ricci ow,

d
g% =4 Ri=oQu 1)

on a compact, Kehler manifold M, with ¢c;(M ) > 0, of an arbitrary complex
dimensionn. Cao provedin ([1]) that (1) hasa solution for all time t. One
of the most important questionsregarding the Keahler Ricci ow is whether
it dewelops singularities at in nit y, that is whether the curvature of g(t)
blowsup ast! 1 . This questionwas only answeredin the casecurvature
operator or bisectional curvature is nonnegative (cf. [8], [7], [2]). In 2003,
Perelman made a surprising claim that the scalar curvature of g(t) does
not blow up ast! 1 . He also showved us a sketched proof.This result of
Perelman strengthens the belief that the Kahler Ricci ow convergesto a
Keahler Ricci soliton ast tends to in nit y, at least outside a subvariety of
complex codimension 2. Partial progresswas already made ([?]).

The goal of this paper is to give a detailed proof of Perelman'sbound on
a scalar curvature and a diameter.



Theorem 1 (Perelman). Let g(t) be a Kahler Ricci ow (1) on a compact,
Keahler manifold M of complex dimension n, with ¢c;(M) > 0. There exists
a uniform constant C so that

iR(g()j  C,
diam(M:g(t)) C,
jchl C.

The outline of the main stepsof the proof of Theorem 1 is asfollows:

1.
2.

Getting a uniform lower bound on Ricci potential u(t).

Bounding jr u(t)j and a scalar curvature R(t) by C° norm of Ricci po-
tential u(t). This can be adciieved by consideringthe ewlution equa-

. i 2 . :
tions for {3~ and &, where B is a uniform constart suc that

u+ B > 0, whoseexistenceis guaranteed by step 1.

Step 2 tells usthat P u+ 2B isalipshitz function andthat it is enough
to bound diam(M ;g(t)) in order to have uniform bounds on ju(t)jc:
and scalar curvature R(t).

To show that the diamters are uniformly bounded along the ow, we
will argue by contradiction. We will assumethat the diameters are
unbounded aswe approad in nit y. Using that, we will shawv that the
integral of the scalar curvature over somelarge annulus is bounded by
C V, where C is a uniform constart and V is a volume of a slightly
larger annulus than the one we started with. We can nd sud an
annulus at every time t in the sequenceof times for which diamters
goto innit y. By choosing similar cut o functions asin the proof of
Perelman's noncollapsing theorem in [12] we will show that we get a
contradiction if the diameters are unbounded as we approac in nit .

The organization of the paper is as follows. In section 2 we will give
the proof of Theorem 1. In section 3 we will discussthe corvergenceof the
normalized Kahler Ricci o w, using Perelman’sresults.

Ac knowledgemen ts: We would like to thank Perelman for his gener-
ousity for telling us about his results on the Kahler Ricci ow. The rst
author would like to thank H.D.Cao for numerous useful discussionsand
helpful suggestions.



2 Ricci potential u(t)

In this sectionwe will shaw that there is a uniform lower bound on u(x; t).
We will alsoshow that it is enoughto bound diametersof (M ; g(t)) in order
to have Theorem 1.

By taking the trace of (1) weget u=n R. Let (t) bea metric
potertial, that is,

gj(t) = g;0) + @Q:
Then we can take u(t) = % (t). Normalize so that
z
e'=(@2)™
M

De ne
Z
(g )= r inf 4 )" eff2R+jrfj)+f 2ngdv:
ffj ye'@ )nr=lg M

to be Perelman's functional for g(t) asin [12]. Perelman has proved that
(g; ) is achieved. Takef = u and = 1=2. Then by monotonicity of
(g(t)) along the Keahler Ricci ow,

Z(91(0); 1=2)  (g(t);1=2)

2) "e Y(R+jr u?+u n)
M
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z

2) "e Y u+ijrui® n+u
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M

z

We have just proved the following lemma.

R
Lemma 2. There is a uniform constant C; = C1(A) sothat e “u Cj.

R
Denea= (2 ) " ,, ue “dV. In the following claim we will prove a

lower bound on a.

Claim 3. Moreover, there is a uniform constant C, > 0 so that a Co.



Proof. Let u = minfu;0g and u, = maxf0;ug. Then we have
z z z

a= @2)" wuwve'dv= 2)" wuevdv 2)" useYdv
ZM M M

2)"  use Ydv Cy;
M

for someconstart C, 0, sincef (x) = xe * is a bounded function for
x 0. O

Remark 4. It is pretty well known that the salar curvature is uniformly
bounded from below along the ow. We may assumeR > 0.

Proof. Function u(t) satis es,

d
@Qu = g R;+ ;@QIndet(g; + @Q )"

= @@(u+ u);
which implies
d
—u= + U+ a;
dtu u+u+ a; 3)
where we can choosea = ue Y(2 )" C, unifomly boundedfrom above

by the previous lemma.
Lemma 5. Function u(t) is uniformly bounded from below.

If the Ricci potential u is very negative for sometime tg, say u(tp)
2(n + Cy), from (3), by Lemma 2 and Remark 4 we have

%u:n R+u+a n+Ci+u<g (4)

at t = tg, which implies that u(t) stays very negative fort tg. In other
words, if for someyg we have u(yp) << 0 at sometime tg, u(y) << 0 for all
y in someneighbourhood U of yg, at time tg. By (4), u(y) << 0 cortinues
holding in U, for all t tg. Then %u C + u implies

ut)(z) € '°(C+u(to)) - Ce'; 5)
fort tp, forall z2 U. Then —_= u yields

(1(2)  (to)(2) Ce ' Cief; (6)



for big enought and all z 2 U. On the other hand, RM e U® = (2 )",
which tells us u(t) can not be very negative everywhere on M, that is,
there is a uniform constart C, sud that u(x¢;t) = maxy u(t) C, and
Volg) (U) < Volye (M). Since (t) = u(t), from (3) we get

u(x¢t)  (xgt) max(u(;0) - (:0)+ Ct
which implies,
%(u(t) t)=n R+a C;
by Lemma (2) and Remark 4. This implies
max (t) Cs Ct (7)

for a uniform constart Cs.
By taking a trace of g(t) = g(0) + @@ (t) at time t = 0, we get

o (t)= trggo(t)+n n

Considera xed metric g(0). By Green'sformula applied to (t) we have

Z Z
() = o . O™ oy L 0 (ADGe0i)V,
Volg(M nU) Volg(U) _
Volp(M) Gy Volo(M) y itidvo+ C
Volp(M nU) _ _
“VoloM) p (;t) Cu4e' +C;

for t to, where (X¢;t) = maxy (y;@ and Gg is Green's function as-

sociated with metric g(0) (recall that ,, Go(xt;y)dW, = const). Since

Volp(M nU)
W < 1, we get

max (:1) Cse' + Cg;

for someuniform constarts Cs; Cg. This together with (7) yields a cortra-
diction for big valuesof t. Therefore, there exists a uniform lower bound
on u(t), that is, there is some constart B sud that u(x;t) B for all
xt)2M  [0;1). O

Standard computation givesthe following ewolution equationsfor u and
. .2
jr uj<.

(u=— u u= jr rup®+ u (8)
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(r uj?) = %jr uj? jrui=jrr u® jroroui?+jr v’ (9)

Prop osition 6. There is a uniform constant C so that
jr u? C(u+ C); (10)
R C(u+ C): (1)

Proof. Wewill rst prove an estimate (10) which we will needin the proof of
Lemmall. By Lemma5 we may assumeu(x;t) > B. The proof resenbles

the argumerts in [19] and [?]. If H = %% by (8) and (9) we get,

u+2B

it rup® g uj2+jr uj’(2B  a)

H = u+ 2B (U+ 2B)2
. .2 . .4
2ru rr uj 2jr uj : (12)
(u+ 2B)2 (u+ 2B)3
We can write
2ruorroujiz o 2r ui*t @ )r urH rurr up? jir uj*
(u+ 2B)2  (u+ 2B)3 u+ 2B (u+ 2B)2  (u+ 2B)3
(13)
for somesmall > 0. Since
rqur i(rjurju) = T urrjuru+rourgurru
jr uji?Grr  uj + jr rouj);
by Caudy Sdwartz inequality,
jiru rrouj? it uj2(rr  uj+ jrorouj)j
(u+ 2B)? (u+ 2B)3=2(u+ 2B)1=2
v 2C2 (jrr uj?+jr r uj?) (14)
2(u+ 2B)3 u+ 2B '
Choose small sothat ZpE < 1=2. Combining (12), (13) and (14) yields
jir uj?(2B  a) rurH jir uj?
H —W————-—+(2 = : 1
(u+ 2B)2 ( ) u+ 2B 2(u+ 2B)3 (15)

At a point at which H achievesits maximum we have that r H vanishesand
therefore by maximum principle, an estimate (15) reducesto

d jr uj?

.r u.2
0 —Hmax _Jry

2u+ 2B

(28 ): (16)

(u+ 2B
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If we assumethat
jr uj?>> u+ 2B; (17)

then a term on the right hand side of (16) becomesnegative for large t
and we have that Hpax is decreasingfor big values of t, which gives that
jr uj?> C(u+ 2B) for someconstart C. This cortradicts (17) and therefore
we have (10).

Our next goalis to prove that u is boundedby C(u+ C) which yields
(11), since u=n R. LetK = 4 where B is a uniform constart as

u+2B’
above. Similar computation as before givesthat

u )_jrruj2+( u)(2B a)+2rurK_
u+t 2B’ u+ 2B (u+ 2B)2 u+ 2B -

(

Take b> 1. Then

( u+ br uj2) b ouiz (b L)jr r uj? L u+br uj>)(2B  a)
u+ 2B - u+ 2B (u+ 2B)?2
20 ur (—t).
u+ 2B
Let G = %é“jz and by maximum principle,
d jrrui®> ( u+bru?®@2B a)
- + :
i Omax (b 1)u + 2B (u+ 2B)2

In local coordinates,

X X
(w?=( up? n  ud=njrru’
i i

and therefore,

d (uy? (_ u+bru?@eB a
— +
i Omax (b 1)n(u + 2B) (u+ 2B)2
. 2
( u)fZB a 1( u +b_|r ujc(2B  a) . (18)
u+2B u+2B nu+2B (u+ 2B)2
By Lemmas2 and 5 we may assumethat 22-2 is bounded from above by a
uniform constart. We have also proved the estimate (10) on jr uj. If
u>> u+ 2B; (29)



by (18) we would have that %Gmax < 0 for big valuesof t. This would imply

u(t) C(u+ 2B), for someuniform constart C and all big valuesof t,
which cortradicts (19). Therefore, there exists a uniform constart C such
that (11) holds. O

Prop osition 7. Thereis a C = C(A), suchthat Vol(B(x; 1)) C, for any
metric g satisfyingjRj 1 on B(x; 1), where @ (x;1) 6 ;.

Proof. Let g(t) be as before, a solution to a normalized Kehler Ricci ow
equation, and let g(s) be a solution to the equation %g(s) = 2Ric(g(9)).
Reparametrization betweenthesetwo owsis givenby g(s) = (1 2s)g(t(s)),
wheret(s) = In(1 2s). The rst ow hasa solution fort 2 [0;1 ) and
the secondone has a maximal solution for s 2 [0;1=2). The scalar curva-
ture rescalesas R(g(s)) = R(f(t(zss))) 5. The following improvemert of
Perelman'snoncollapsingresult (noticed by Perelman himself) that requires
only a scalarcurvature bound can be found in [9]. The result was communi-
cated to Kleiner and Lott by Tian. It saysthat there is a universal constart

= (g(0)), sothat for an unnormalized Ricci ow %g(s) = 2Ric(g(9)),
if R(e(s) r—lz in a ball Bgs)(p;r), then VolgsBgs)(p;r) r 2. The
detailed argumerts of the proof can be found in [9] and [14], but for the
convenienceof a readerwe will include it here aswell. We argue by cortra-
diction, that is, assumethere are sequence®x 2 M andty ! 1 sothat
iRj FC[{ but Vol(B)r, ™ ! Oask! 1, whereBg = By (pc;rk). Let

= r2. Dene

ug = € (r, tdist(x; px)) (20)

at tx, where is a smooth function on R, equal 1 on [0; 1=2], decreasing
on [1=2;1] and equal 0 on [1;1 ). C is a constart to make u satisfy the
constraint
Z
@) = &g ™ (r, tdist(x; pe))?dV
B (Pk:rk)
eCkr, 2"Vol(By):



Sincer, "WVolBk ! 0, this shavsthat Cy ! +1 . We compute

VA
W(u) = (4 ) "r e’ @4 %r, Mdist(x pe))i? 2 2In )dv
B (Pk:rk)
+ 12 Ru?4 ) "r,"dv n 2Cy
B (px:rk) 7
(4) "r et (4j 92 2 2%In )dv
B (Px:rk)
+ rZmaxR n 2Cy:
Bk
Let V(r) = Vol(B(pk;r)). The necessaryingrediens of the argumert are
that

@ r >"Vol(B(px;rx)) ! O.
(b) rZR is uniformly bounded above.

©) veypplre)s is uniformly bounded above.

Suppose that r, *"Vol(B(px;rk)) ! O and rZR  n(n 1) on By. If

Vol(B (pk;rk)) i
WM < 3" for all k, we are done. If not, for a given k we have

that % 3". Let rd = ry=2. We have (r2) 2"Vol(B (px;r?))
r 2"Vol(B(pk;ry)) and (rQ)?R  n(n 1) on B(pk;r?). Replacery by r. If

Vol(B (pi;fk))
WM < 3" we stop. If not, then we repeat the processand replace

r« by re=2. At somepoint we will achieve that % < 3". We
then take this new subsequencd pk;rk)gﬁ:1 into further discussion. Hence
V(rk) V(rg=2) CW(ry=2). Therefore

Z

@ % 22%In)dv C (V(rk) V(r«=2)
B (Pkirk)
CY(rc=2)

C 2dv:
Bk

Plugging Igﬂs into the previous estimate for W and using the constraint
4 ) " e UkdV = 1, weget

W(u) C% 2C: (21)



SinceCy ! +1 and (g(tk); rf) W (g(tk); uk; rlf), we conclude that
(g(tk);rd) ! 1 . By the condition (a) we have A (g(tk);rd) ! 1
which is impossible. D
The previousargumert, sinceR(g(s)) ﬁ implies Volg5)Bgs)(X; 1 25)
(1 2s)", which by rescalingimplies VoIB (x; 1) at metric g(t), where
is a constart depending only on an initial metric g(0). O

Claim 8. There is a uniform constant C suchthat
u(y;t)  Cdist?(x;y) + C;
R(y;t) Cdistd(x;y) + C;
jr uj  Cdisti(x;y) + C;
whee u(x; t) = minyay u(y;t).

Proof. By Lemma 5 we can assumeu > 0, since otgerwise we can
consideru+ 2B + _ instead of u. From (10) it follows that = u is a Lipshitz
function sincejr (" u)j C = C( ) and therefore,

Payn Pamon TPy
Cdisti(y; 2);

and therefore,

u(y; t) (Cdisty(y; z) + P u(x; )2
Cadist?(x; y) + Cyu(x; t):
Assumeu(x;t) K(t). Then u(y;t) K(t) for ally 2 M and we would
have, 7

)= elYd e KOvo(M)! o
M

if K(t) ! 1, which is not possible. Therefore, u(x;t) K, for a constart
that doesnot dependont and nally

u(y;t) Cdisti(y;x) + C; (22)

for some uniform constarts C and C. Other two estimates in the claim
follow from (22) and Proposition 6. O

By Claim 8 it follows that if we manageto estimate the diameter, we
will get uniform bounds on the scalar curvature and the C! norm of u.

10



3 A uniform upper bound on diameters

In this section we want to prove the following proposition which will nish
the proof of Theorem 1.

Prop osition 9. There is a uniform constant C suchthat diam(M ; g(t))
C.

The proof goes by corntradiction argumert. Assume that the diame-
ters are unbounded in time. Denote by d;(z) = dist{(x; z) where u(x;t) =
minyzm u(y; t).

Let B(ki ko) = fz: 2 di(z) 2*2g. Consideranannulus B (k;k+ 1).
By Claim 8 we have that R C2% on B(k;k + 1). Interval [2¢;2¢*1] ts
2% palls of radii 5. By Claim 8 and Proposition 7 we have that at time t

Vol(B (k; k + 1)) X Vol(B(xi;2 ¥)) 2%2 2nc: (23)
|
Claim 10. For every > Owecan nd B(kj;kz), suchthat if diam(M; g(t))
is large enough, then
(@) Vol(B(ky;kz)) < and
(b) VoI(B (k1: ko)) 219"VoI(B (ki + 2;ka  2)).

Proof. Since Vol;{(M) is constart along the ow and therefore uniformly
bounded, if diameter is su cien tly big, there is kg sud that for all k;
ki ko, we have that Vol(B(ki;k2)) < . If our estimate (b) did not hold,
that is, if

Vol(B (ki;k2))  210"Vol(B (ki + 2 ky  2));

we would considerB (k; + 2;ky  2) instead and ask whether (b) holds for
that ball. Assumethat for every p, at the p-th step we are still not able to
nd our radii sothat (a) and (b) are satis ed. In that case,at the p-th step
we would have

Vol(B (ki; k2))  219"Vol(B (ks + 2p;ky  2p)):

In particular, assumewe have the above estimate at the p-th step sothat
ki+2p+1 kp 2p whichisfor2p Xk 1 Takek; = k=2and
ko = 3k=2 for k >> 1. In that case(*) becomesp k=4, k;+ 2p k and
ko 2p k+ 1. Combining this with (23) yields

> Vol(B (ki; ko))  219K=4vol(B (k;k + 1))  210nk=4cp2kp 2nk.

This leadsto contradiction if welet k! 1 . This nishes the proof of our
claim. ]

11



For every t for which diameter of (M ; g(t)) becomesvery big, nd k; and
ks asin Claim 10. Then we have the following lemma.

Lemma 11. There exist ri;ro, and a uniform constant C such that 2
rg 2kitl ke 1, k2 gng
Z

R CV;
B(ri;ra)

wher > 0Oisthesameasin Claim 10,B(r1;r2) = fz2 M :rq; disti(2)
rog and V = Vol(B (k1; k2)).

Proof. We will rst prove the existenceof rq, such that 2kt ry  2ki*l
and

Y,
VolS(ry) 2%; (24)
where S(r) is a metric sphereof radius r. We have that,
%Vol(B(r)) = VolS(r): (25)

Assumethat for all r 2 [2¢1;2“1*1] we have VoI(S(r)) 255 Integrate (25)
in r. Then,
Z 2k2

) Vol(S(r))dr

1

VoI(B (ki: ky + 1))

s 2%2'“ = 2V = 2Vol(B (k1; k2));

which is not possible,since k, >> ki by the proof of Claim 10. If for all
r 2 [2€ 1;2] we have that Vol(S(r)) 24, similarly asabove we would
get Vol(B(ko 1;kp)) > V = B(ky;ks), which is not possible. Therefore,

there existsr, 2 [2¢2 1; 2k2] such that
VvV

Estimates (24), (26), together with boundsonr u obtained in Claim 8 imply
Z Z

R = (R n)+ nVol(B(ri;r2))
B(riirz) Bfl;rz)
= u+ nVol(B(ri;r2))
7 B(ri;rz2) 7 v v
jrouj+ jruj  soc2att+ ——c2kert
S(r1) S(r2) 24 2%
= Cv<C:

12



We can now nish the proof of Proposition 9.

Proof of Proposition 9. The proof of the proposition is similar to the proof
of Perelman’snoncollapsingtheoremfrom [12]. Assumediam(M ; g(t)) is not
uniformly boundedin t, that is, there exists a sequencet; ! 1 sud that
diam(M;g(tj)) ' 1. Let ;! O be a sequenceof positive numbers. By
Claim 10 we can nd sequencek) and k}, sud that

Voly, By, (ki; kb) < i (27)
Vol(By, (ki; kb))  21%Vol(B (k) + 2k, 2)): (28)

For ead i, nd r} andr}, asin Lemma 11. Let ; be a sequenceof cut o
functions such that (z) = 1 for z 2 [244*2;2% 2] and equal zergfor z 2
(1 ;ri][ [rh1). Letui(x) = €% i(disty (x; pi)) suhthat (2 ) ", uZ=
1. This implies

Z
@)y = & 7
M . .
eCi Vol By, (Ki; Kb + 1)
e2Ci i
Since j ! 0, this is possibleonly if limj;; C; = 1 . By Perelman's
monotonicity formula,
A W (g(t;); u; ;ZI=2)
= (2) "e© (4 Pdisty (y)i® 2 FIn j)dv,
7 By (riirb)
+ @2)" Ru2dV, 2n 2C;: (29)
B, (risrb)

First of all by Lemma 11 and (28) we have
VA VA
- Ru? eCi R
Bt; (r1ir3) Bi; (r1ir3)
Ce?CiVol, By, (Ki; kb)
ce’c %10”Vo|ti By, (ki + 2k, 2)

c2i  uZdv, = c2i 2 ).
M

13



By (28) we also have
z
o (@ Ydist, ()2 2 ZIn v,
Bi; (ri:ry)
CeI\pl, By, (kyky) €9 C2'MVol By, (Ky + 2Ky 2)
c2i 2= c2n2 )™
M
By (29) we get
A C 2! 1 ;

asi! 1 andwegetacontradiction. Therefore,there is a uniform bound on
(M; g(t)), which givesusuniform boundson scalarcurvaturesand ju(y;t)jc:.
O

4 Convergence of the Kahler Ricci ow

In this section we will apply Perelman's boundnessresults on the scalar
curvature and the diameter of the Keahler Ricci ow to show its sequetial
convergencetowards singular metrics that are smooth and satisfy the Kahler
Ricci soliton equation outside a singular set. We would like to understand
more closely a singular metric that we get as a limit in Theorem 12. Our
nal goalasa longterm project is to prove that a singular setS is a variety,
that is, that it has somestructure than only being a closedset.

Theorem 12. Letg(t) be a Kahler Ricci ow on a compact, Kehler manifold
M, given by

d

% =9 Rj=oQu
Assumethe Ricci curvature is uniformly bounded along the ow. For every

sguen@ tj ! 1 thereis a subsguene so that (M;g(t; + t)) convergesto
(M1 ;01 (1)) in the following sense:

(i) M1 is smamth outside a singular setS which is of codimension at least
4 and the convergene is smmth o S.

(i) A singular metric g; (t) satis es a Keahler Ricci soliton equation g;
Ric(gr ) = @1 , with (f1 )j = (f1);; = O outside S.

(i) A potential function f1 issmath o S and thereis a uniform constant
C sothat jf1 (t)jcim, ns) C.

14



In [15) we have provedthat if the Ricci curvatures are uniformly bounded,
i.e. jRicj C for all times t, then for every sequence; ! 1 there existsa
subsequencesuch that (M;g(tj + t)) ! (M1 ;g1 (t)) and the convergenceis
smooth outside a singular set S, which is at least of codimension four and
M, is a smooth manifold o S. We also shaved that a singular set S does
not depend on time t. Moreover, g; (t) solvesthe Kahler-Ricci o w equation
on M1 nS. We want to shaw that g; (t) is actually a Kehler Ricci soliton
o0 the singular set.

Due to Perelmanwe have the following uniform estimatesfor the Kahler
Ricci ow: there are uniform constarts C and sud that for all t,

1. ju(t)jc: C,
2. diam(M;g(t)) C,

3. jR(g(t)j C,
4. (M;g(t)) is -noncollapsed.

This together with the uniform lower bound on the Ricci curvatures along
the ow givesauniform Sobolev constart, that is, there is a uniform constan
Cs sothat for any v 2 C}(M) we have that
z z
( vazdVgy)® 7?7 Cs  jr viZdVyy: (30)
M M

for all timest 0. This enablesus to work with integral estimates. The
proof of Theorem 12 will be completed after we prove Proposition 13 and
Proposition 14.

Prop osition 13. A singular metric g; that arisesin Theorem 12 satis es
the Kehler Ricci soliton equation on M1 nS.

Proof. Notice that (g(t);1=2) W (g(t);u(t);1=2) C, for a uniform con-
stant C, due to Perelman's estimates merntioned above (recall that u(t) is
the Ricci potential of metric g(t)). This yields a nite limy;  (g(t); 1=2).
Let f{ be a minimizer of W with respect to metric g(t) and let f{(s) be a
solution of the equation

A= L@+ O RO+ (31)

15



for s 2 [0;t]. Fix A > 0. By monotonicity of Perelman's functional W we
also have
Z,Z
0 )" IRjk+ 1 jr kfyea(ti+9) gjkae firali*s)gy; , sds+
0, M
Z,Z
+ (2)" Grir kfysati+ 9)i2+r 1 i fyea(ti + s)j?)e Muali*ody, , ods
0 M

= W(g(ti + A)ify+a122)  W(O(ti): fr+a(ti); 122)
(o(ti + A);1=2)  (g(ti); 1=2);

where the right hand side of the previous estimate tendsto zeroasi! 1,
sincethere is a nite limyy  (g(t); 1=2). Moreover, for any compact set
K M1 nS we have
Z,Z
lim o Rt + 9)+ 1 i1 (fyealti+8) gyt + s)j%e Misali*Say, | «ds+
Z,Z

+ (r v kfuealti+ 92+ r i1 kfyea(ti + s)i%)e irali*Ddvg 4 sds = 0;

0 K

which implies for almost all s 2 [0; A] and almost all x 2 K,
limji1 jRjk(ti +s)+r ir kfr+a(ti+s) gjk(ti + s)j2e fr+alti+s) = g
|imi!1 jr jr kfti+A(ti + s)j2e fti+A(ti+S) = 0.

Let D, M, be a sequenceof open setswhereS D, andD;! S as
[T 1. Weknow that g(t; + t) ! g1 (t) smoothly on M3 nD;. Function
fr,+a(ti + S) satis es an ewlution equation (31) and we have the geome-
tries g(tj + s) are uniformly boundedon M1 nD, for all i and all s 2 [0; A]
(those bounds depend on |, that is, on the closenesgo the singular set S).
Standard parabolic estimatesasin [15] and [16] give there are uniform con-
stants C(p;q;!) sothat j%r i +a(ti + )] C(p;qg;l). Using the uniform
derivative bounds from above, by Arzela Ascoli theorem and diagonalizing
the sequence(by letting | bigger and bigger) we can nd a subsequenceso

k
that froa(ti+s) < 1" £, (s). Moreover, this limit f; (s) satis es
Rik( (s) +rjrfi(s) (g1)k(s)=0: (32)
rirjfo =rirjfy =0 (33)
0
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Relations (32) and (33) give,

sup jD%f,j C<1: (34)
M1 nS

The previous estimate helps us prove the following proposition.
Prop osition 14. There is a constant C sothat jf; jcim, nsy C-.

Proof. We will rst mention few results and somenotation from [3] and [4],
which our proof will rely upon.

A point y 2 M, is called regular, if for somek, every tangern cone at
y is siometric to R?". Let Ry denote the set of k-regular points and put
R = [ xRk, the regular set A point y 2 M1 is acalled singular, if it is not
regular. Denote by S the set of singular points. In [3] it has beenshown
that under the assumption jRic(g(t))j] C, we have R = R,. Moreover,
one of the results in [5] is that dim S n 4. The -regular set, R ,
consistsof those points y, sudh that ewery tangernt cone, (Yy;y; ), satis es
den (B1(y1 ;B1(0)) < . In [3] it wasshown that for the uniform bound on
the Ricci curvatures, there is an o, sothat for elery < 3, R = R and
R \ S= ;. That meanswe can write

My =R [ S;

for < . Fix Xg 2 R. By Theorem 3:9 in [4], there exists C(xg) R, with

(M1 nQxp)) = 0( isthe unique limit measure,which in our noncollapsed
caseis exactly Hausdor measure),sudc that for all y 2 C(xp) and > 0,
there exists a minimal geadesicfrom xg to y, which is contained in R-. If
we choose small enough,R = R and R is an open set. This meansfor
almost all y 2 R there is a minimal geaesic,call it , connectingxg andy,
all contained in R. For sudh y, we have

jDf1 (xo) Df1(y)] C sup jD?jlength( ) C;
M1 nS

since we have an estimate (34) and since length( ) D, where D is a
uniform bound on the diameters of (M ;g(t)). SincejDf1 (Xg)j is a nite
number, we get jDf; j(x) Cj for almost all x 2 R. On the other hand,
sincefq is a smooth function on R = M1 nS, we get

sup jDfq | Cy:
M1 nS

By similar argumerts, we also have

sup jf1j Cu:
M1 nS
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