CONGRUENCE AXIOMS

(1) If A and B are distinct points and if A’ is any point, then for each ray r emanating from A’
there is a unique point B’ on r such that B’ # A’ and AB = A'B’.

(2) If AB=CD and AB = EF, then CD = EF. Moreover, every segment is congruent to itself.

(3) Segment addition: If Ax B*C, A’ + B« C', AB = W and BC = B’C’, then E AC.

(4) Given any £ ZBAC (where, by the definition of “angle”, AB is not oppos1te to AC’) and given

any ra A’B’ emanating from a point A’, then there is a unique ray A’ C’ on a given side of
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line A'B’ such that /B'A'C’ = / BAC.

(5) If LA /B and LA = ZC, then /B = /C. Moreover, every angle is congruent to itself.

(6) SAS test for congruence: If two sides and the included angle of one triangle are congruent,
respectively, to two sides and the included angle of another triangle, then the two triangles are
congruent.

The following versions of axioms C2 and C5 may be more convenient in practice.

(2") Congruence of segments satisfies the following properties. Let s, s’, and s” be any 3 segments.
(a) Reflexivity: s 2 s.
(b) Symmetry: If s 2 s’, then s’ 2 s.
(¢) Transitivity: If s 2 s’ and s’ = s”, then s = s".

(5") Congruence of segments satisfies the followmg properties. Let a, 8, and v be any 3 angles.
(a) Reflexivity: a 2 a.
(b) Symmetry: If a & 3, then 8 = a.
(¢) Transitivity: If « = and 8 =+, then a & .

DEFINITIONS

Interior (angles): Given an angle ZC'AB, define a point D to be in the interior of ZCAB if

D is on the same side of 1(4_C>’ as B and if D is also on the same side of AB as C.
— — e —

Betweenness (rays): Ray AD is between rays AC and AB if AB and AC' are not opposite rays
and D is interior to ZCAB.

Interior (triangles): The interior of a triangle is the intersection of the interiors of its three
angles. A point is exterior to the triangle if it is not in the interior and does not lie on any
side of the triangle.

Congruence (triangles): Triangles AABC and ADEF are congruent if there exists a one-to-
one correspondence between their vertices such that corresponding sides are congruent and
corresponding angles are congruent. We will use the notation AABC = ADEF to indicate
not only that these triangles are congruent but that a correspondence demonstrating that
congruence is such that A corresponds to D, B to E, and C to F (i.e., the order in which we
write the vertices matters).

Order (segments): AB < CD (or CD > AB) means that there exists a point E between C
and D such that AB = CFE.

— — —

Order (angles): ZABC < ZDEF means there is a ray EG between ED and EF such that
/ABC = /GEF.

Acute; obtuse: An angle is acute if it is less than a right angle, obtuse if it is greater than a
right angle.

SOME RESULTS

34. If CxAx B and £ is the line through A, B and C, then for every point P lying on ¢, P lies
either on ray AB or on the opposite ray AC
e Pasch’s theorem: If A, B, C are distinct noncollinear points and / is any line intersecting AB
in a point between A and B, then ¢ also intersects either AC' or BC. If C' does not lie on ¢,
then ¢ does not intersect both AC and BC.
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Given A* B*C. Then AC = ABUBC and B is the only point common to segments AB and

BC.

—_— — —_— —
Given A x B x C. Then B is the only point common to rays BA and BC, and AB = AC.
<
Given an angle ZC'AB and point D lying on line BC'. Then D is in the interior of ZC'AB if
and only if B D % C.
—
If D is in the interior of ZCAB, then (a) so is every other point on ray AD except A; (b) no
—

point on the opposite ray to AD is in the interior of ZCAB; and (c) if C x Ax F, then B is in
the interior of ZDAE.

— — — — -
Crossbar theorem: If AD is between AC' and AB, then AD intersects segment BC.

. (a) If a ray 7 emanating from an exterior point of AABC intersects side AB in a point between

A and B, then r also intersects side AC or side BC. (b) If a ray emanates from an interior
point of AABC, then it intersects one of the sides, and if it does not pass through a vertex, it
intersects only one side.

Corollary to SAS: Given AABC and segment DE = AB, there is a unique point F on a given
side of line DE such that AABC = ADEF.

If in AABC we have AB = AC, then /B = /C.

Segment subtraction: If Ax BxC, D« Ex F, AB= DE, and AC = DF, then BC = EF.
Given AC = DF, then for any point B between A and C, there is a unique point E between
D and F such that AB =~ DE.

Segment ordering: (a) Exactly one of the following three conditions holds (trichotomy): AB <
CD, AB = CD, or AB > CD. (b) If AB < CD and CD = EF, then AB < EF. (c) If
AB > CD and CD 2 EF, then AB > EF. (d) If AB < CD and CD < EF, then AB < EF
(transitivity).

Supplements of congruent angles are congruent.

(a) Vertical angles are congruent to each other. (b) An angle congruent to a right angle is a
right angle.

For every line ¢ and every point P there exists a line through P perpendicular to /.

ASA test for congruence: Given AABC and ADEF with /A= /D, /C = /F, and AC =

DF. Then AABC = ADEF *.

If in AABC we have /B = /C, then AB = AC and AABC is isosceles.

Angle addition: Given BG between BA and B—C>Y EH between ED and E—F>‘, /CBG = /FFEH,
and ZGBA= ZHED. Then ZABC = ZDEF.

Angle subtraction: Given BG between BA and BC EH between EH and EF /CBG =
/FEH, and ZABC 2 /DFEF. Then /GBA = /HED.

Ordering of angles: (a) Exactly one of the following three conditions holds (t¢richotomy):
LP < /Q, LP = /Q,or LQ < LP. (b) If LP < ZQ and £Q = ZR, then /P < ZR. (¢) If
4P > /Q and £Q = LR, then ZP > /R. (d) If ZP < ZQ and ZQ < ZR, then ZP < ZR.
SSS test for congruence: If AB =~ DE, BC = EF, and AC = DF, then AABC = ADEF.
Euclid’s fourth postulate: All right angles are congruent to each other.

ADDITIONAL DEFINITION

Perpendicular: Lines ¢ and m are perpendicular if there is a point P that is incident with both,

and points A and B that are incident with ¢ such that A « P % B, and points C' and D that

are incident with m such that C' « P % D, such that ZAPD, /DPB, /BPC, and ZCPA are
all right angles.

1 Another way to phrase this is that if 2 pairs of angles, and the pair of enclosed sides, in 2 triangles are congruent,
then the triangles are congruent.



