
Math 715 Berkovich Spaces, W20

Homework 0. Due Friday, January 10.

These exercises are standard and will not be graded. However, I do expect you to do them.

Berkovich spaces are analogues of complex manifolds and (singular) complex spaces when the
field of complex numbers is replaced by a field with an absolute value (usually non-Archimedean).
These exercises give examples and develop some basic properties of such fields.

An absolute value on a field k is a map | · | : k → R+ = [0,∞) satisfying the following axioms:
|a| = 0 iff a = 0, |a+ b| ≤ |a|+ |b|, and |ab| = |a||b| for any a, b ∈ k. We say that the pair (k, | · |) is
a valued field. Often we simplify notation and say that k is a valued field.

Absolute values are also known under many other names such as (real) valuations and multi-
plicative norms.

As a first example we have the usual absolute value on C, denoted by | · |∞, and defined by

|a + ib| =
√
a2 + b2 for a, b ∈ R. This restricts to an absolute value on any subfield of C, notably

R and Q.

Exercise 0.1. Verify that if ρ ∈ R×+ = (0,∞), then | · |ρ∞ is an absolute value on C iff ρ ≤ 1.

As a second example, any field k can be equipped with the trivial absolute value | · |0 defined by
|0|0 = 0 and |a|0 = 1 for a ∈ k× := k \ {0}.

Exercise 0.2. Verify that | · |0 is indeed an absolute value. Also show that | · |0 is the only absolute
value on a finite field.

As a third example, fix a prime p and a real number ε ∈ (0, 1). Define an absolute value | · |p,ε
on Q as follows: |0|p,ε = 0, and if we write a ∈ Q× as a = pn bc with b, c ∈ Z \ {0}, p - bc, then
|a|p,ε = εn. This is called a p-adic absolute value.

Exercise 0.3. Verify that | · |p,ε is indeed an absolute value on Q.

Exercise 0.4. Prove that any absolute value on Q is of the form | · |ρ∞, where 0 < ρ ≤ 1, | · |0, or
| · |p e where p is a prime and ε ∈ (0, 1).

This is a classical result due to Ostrowski. The proof is not completely trivial, but can be found
in the literature if you get stuck.

Here’s another important example. Given any field k, let k((t)) be the set of formal Laurent
series with coefficients in k, that is, series f =

∑
i∈Z ait

i, where ai ∈ k for all i, and ai = 0 for
i� 0. Addition and multiplication on k((t)) are defined in the obvious way. Given r ∈ (0, 1) define
an absolute value on k((t)) by |

∑
i ait

i| = rmin{i|ai 6=0} (and |0| = 0).

Exercise 0.5. Verify that this defines an absolute value on k((t)) whose restriction to k is the trivial
absolute value.

We can construct a similar example as follows. Let ` be any field, and let k be the set of formal
Puiseux series with coefficients in k, that is, series of the form f =

∑
γ∈Q×

+
aγt

γ , where aγ ∈ ` for

all γ, and the set {γ | aγ 6= 0} ⊂ Q×+ is discrete and bounded from below. The absolute value on k

is defined by |f | = rmin{γ|aγ 6=0} for some fixed r ∈ (0, 1).



Exercise 0.6. Verify that (k, | · |) is a well-defined valued field.

Exercise 0.7. Suppose | · | and | · |′ are absolute values on a field k such that |a| ≤ 1 iff |a|′ ≤ 1.
Prove that there exists t ∈ R>0 such that | · |′ = | · |t.

We say that an absolute value is Archimedean if there exists n ∈ Z+ with |n| > 1. Otherwise it
is non-Archimedean. A non-Archimedean valued field is a field equipped with a non-Archimedean
absolute value.

Exercise 0.8. Explain how this definition is related to Archimedes’ Axiom.

Exercise 0.9. Let k be a valued field. Prove that the following conditions are equivalent:

(a) the absolute value | · | is non-Archimedean;
(b) we have |a+ b| ≤ max{|a|, |b|} for all a, b ∈ k.

The inequality in (b) is known as the strong or ultrametric triangle inequality.

Exercise 0.10. Which of the absolute values considered above are non-Archimedean?

Exercise 0.11. Prove that if | · | is a non-Archimedean absolute value on a field k, so is | · |ρ for any
ρ > 0.

Exercise 0.12. Let k be a non-Archimedean valued field. Prove that if a, b ∈ k and |a| 6= |b|, then
|a+ b| = max{|a|, |b|}.

Exercise 0.13. Let k be a field of positive characteristic. Prove that any absolute value on k must
be non-Archimedean.

One can show that if k is an Archimedean valued field, then k is a subfield of C and the absolute
value is given by | · |ρ∞ for some ρ ∈ (0, 1). This result is also due to Ostrowski. (We might get back
to this later.)

An absolute value | · | on a field k defines a distance (or metric) on k, defined by d(a, b) := |a− b|,
and thus a topology on k.

Exercise 0.14. Let | · | and | · |′ be absolute values on a field k. Prove that | · | and | · |′ induce the
same topology on k iff there exists a constant t > 0 such that | · |′ = | · |t. In this case, prove that t
is unique unless | · | and | · |′ are equal to the trivial absolute value on k.

Exercise 0.15. Let k be a field equipped with the trivial absolute value. Give necessary and sufficient
conditions on k under which k is locally compact.

Exercise 0.16. Consider the field k((t)) of formal Laurent series over a field k, equipped with the
absolute value as above. Give necessary and sufficient conditions on k under which k((t)) is locally
compact.

A valued field k is complete if the distance d(a, b) = |a − b| is complete, that is, every Cauchy
sequence converges.

Exercise 0.17. Which of the valued fields above are complete?

Exercise 0.18. Prove that every valued field embeds canonically as a dense subfield of a complete
valued field.



If (k, | · |) is a valued field, then (k′, | · |′) is a valued field extension of (k, | · |) if k′ is a field
extension of k, and | · | is the restriction of | · |′ to k. Often we simply say that k′ is a valued field
extension of k, suppressing the absolute values.

Exercise 0.19. Let k′/k be a valued field extension.

(a) Suppose that the absolute value on | · | on k is trivial. Is it necessarily true that the norm
| · |′ on k′ is also trivial?

(b) Suppose that the absolute value | · | on k is non-Archimedean. Is it necessarily true that
the norm | · |′ on k′ is also non-Archimedean?

Exercise 0.20. Give an example of a non-Archimedean field (k, | · |) and a field extension k′/k such
that the absolute value on k has more than one extension to an absolute value on k′.

One can show that if (k, | · |) is a non-Archimedean valued field and k′ is a field extension of k,
then there exists an absolute value on k′ extending the one on k. (We may get back to this later.)

Exercise 0.21. Let (k, | · |) be a valued field. Prove that |k×| := {|a| | a ∈ k×} is a subgroup of R×+.
This subgroup is called the value group of (k, | · |).

Exercise 0.22. Compute the value group of all the non-Archimedean valued fields above.

Exercise 0.23. Prove that any infinite subgroup of R×+ is either discrete or dense.

Exercise 0.24. Prove that if k′/k is a valued field extension, then |k×| is a subgroup of |k′×|.

A (non-Archimedean) valued field is called discretely valued if its value group is a discrete sub-
group of R×+.

Exercise 0.25. Prove that if k is algebraically closed, then the value group |k×| ⊂ R×+ is divisible,

that is, if r ∈ R×+ and rn ∈ |k×| for some n ≥ 1, then r ∈ |k×|.

Exercise 0.26. Given an example of a non-Archimedean field k that is not algebraically closed but
whose value group is divisible.

Exercise 0.27. Let (k, | · |) be a non-Archimedean valued field. Prove that the subset k◦ ⊂ k defined
by k◦ := {a ∈ k | |a| ≤ 1} is a subring of k iff the absolute value is non-Archimedean. In this case,
k◦ is called the valuation ring of k.

Exercise 0.28. Prove that if (k, | · |) is a non-Archimedean field, then k◦ is a local ring with maximal

ideal k◦◦ := {a ∈ k | |a| < 1}. Conclude that k̃ := k◦/k◦◦ is a field. It is called the residue field of
(k, | · |).

Exercise 0.29. Compute the residue field of all the non-Archimedean valued fields above.

Exercise 0.30. Let Γ ⊂ R×+ be any subgroup and ` any field. Construct a non-Archimedean valued

field (k, | · |) with value group |k×| = Γ and residue field k̃ = `. Hint: use Puiseux-like series.

Exercise 0.31. Let k be a non-Archimedean valued field. Prove that the value group |k×| of k is
discrete iff the valuation ring k◦ of k is Noetherian.

Exercise 0.32. Prove that if k′/k is a valued field extension, then k̃ is a subfield of k̃′.

Let k be a field equipped with a non-Archimedean absolute value. The residue characteristic of
k is the characteristic of the residue field k̃.



Exercise 0.33. Prove that k has residue characteristic p iff |p| < 1. Conclude that if k has charac-
teristic p, then it also has residue characteristic p.

We say that k has equal characteristic 0 (resp. p) if char k = char k̃ = 0 (resp. char k = char k̃ = p.
Otherwise k has mixed characteristic.

Exercise 0.34. Give examples of fields equipped with a non-Archimedean absolute value having

(a) equal characteristic zero;
(b) equal characteristic p;
(c) mixed characteristic.

A non-Archimedean valued field (k, | · |) is maximally complete if it admits no extension (k′, | · |)
with the same value group |k′×| = |k×| and residue field k̃′ = k̃ as k.

Exercise 0.35. Prove that any maximally complete non-Archimedean valued field is complete.

Exercise 0.36. Give an example of a complete non-Archimedean valued field that is not maximally
complete. (This is not so trivial.)

Exercise 0.37. Let (k, | · |) be a field equipped with a non-Archimedean absolute value. Define a
closed disc in k to be a subset of the form

D(a, r) = {b ∈ k | |b− a| ≤ r},
where a ∈ k is the center of the disc and r > 0 is the radius.

(a) Prove that any point in the disc can serve as the center. In other words, prove that
D(b, r) = D(a, r) for every b ∈ D(a, r).

(b) Prove that a closed disc is both open and closed in the topology on k induced by the
valuation.

(c) Prove that given two closed discs in k, either one contains the other, or the discs are disjoint.
(d) Give necessary and sufficient conditions for the radius r(D) to be uniquely defined, that is,

if D(a, r) = D(b, s), then r = s.

A non-Archimedean valued field k is spherically complete if the intersection of any decreasing
sequence of discs in k is nonempty.

Exercise 0.38. Prove that any spherically complete valued field is complete.

Exercise 0.39. Prove that if k is complete and discretely valued, then k is spherically complete.

Exercise 0.40. Give an example of a complete valued field that is not spherically complete. Hint :
consider Puiseux series.

A theorem of Kaplansky says that maximally complete is in fact the same as spherically complete.


