
Math 651: Winter 2018
Integrable Systems and Riemann-Hilbert Problems

Homework 1

1. Boussinesq equation. Find solitary wave solutions of the Boussinesq equation

utt − uxx + 3(u2)xx − uxxxx = 0

in the form u(x, t) = a sech2(b(x−ct)), i.e., determine the relationships among the amplitude a, inverse
wavelength b, and velocity c so that this form satisfies the given equation. Show that unlike for the
KdV equation, a solitary wave solution of the Boussinesq equation may propagate in either direction.

2. Conservation laws for KdV. Consider the KdV equation written in the form ut + uux + uxxx = 0.
By direct calculation we showed in class that

I1[u] :=

∫ ∞
−∞

u(x) dx and I2[u] :=

∫ ∞
−∞

u(x)2 dx

are conserved quantities or constants of motion for the KdV equation under the assumption that u
and sufficiently many of its x-derivatives vanish at x = ±∞. Then, by writing the KdV equation in
Hamiltonian form we also argued that the Hamiltonian

I3[u] = H[u] :=

∫ ∞
−∞

[
−1

6
u(x)3 − 1

2
u(x)uxx(x)

]
dx

is also a conserved quantity. Use the Gardner transform to verify these facts and obtain one further
conserved quantity having a density including a term proportional to u(x)4, by finding the first four
nontrivial local conservation laws for the KdV equation.

3. Another equation in the AKNS hierarchy. Consider the AKNS spectral problem

w1,x = −iλw1 + qw2, w2,x = rw1 + iλw2.

Seek corresponding time evolution of w1 and w2 of the form

∂

∂t

[
w1

w2

]
= V(λ)

[
w1

w2

]
in the case that V(λ) is a cubic polynomial in λ:

V(λ) = −iλ3σ3 + λ2V2 + λV1 + V0,

and determine the nonlinear differential equations that q and r have to satisfy in order that the zero
curvature condition holds (making the space and time dynamics compatible). Show how the system of
differential equations you derive contains the KdV equation and the modified KdV equation (mKdV,
ut ± u2ux + uxxx = 0) as special cases.

4. Another equation in the Toda hierarchy. Further integrable equations similar to the Toda lattice
can be obtained by replacing the skew-symmetric matrix B = L+ − L− in the Lax equation by
B = (Lp)+ − (Lp)− for p = 2, 3, 4, . . . . This problem explores the case of p = 2.

(a) For p = 2, show that the symmetric tridiagonal structure of L is preserved under the flow of the
Lax equation. Write down explicitly the system of nonlinear differential equations satisfied by the
Jacobi matrix elements a0, . . . , aN−1 and b0, . . . , bN−2, and show further that if all of the bk are
positive at t = 0 then they remain so for all t > 0.

(b) Prove that in the p = 2 case the eigenvalues of L are constants of motion.
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(c) For the p = 2 case, obtain the explicit formula for the squares wk(t) of the first components of
the normalized eigenvectors of L(t), in terms of initial data {wk(0)}.

(d) Combine your results to give a procedure for solving the initial-value problem for the p = 2 Toda
lattice equations derived in part (a), assuming that bk(0) > 0 for all k = 0, . . . , N − 2.

5. Numerical methods for the Toda lattice. Write a numerical code to implement the QR-factorization
method for solving the Toda lattice equations. Also, write a code (or use a standard numerical package)
to solve the Toda lattice equations by a finite-difference numerical scheme. Compare the two numerical
approaches to studying the same problem. From the strictly computational standpoint, what is the
advantage of the integrability of the Toda lattice?

6. The Toda lattice as a sorting algorithm. In class we observed that the Toda lattice has (non-
physical) equilibria corresponding to arbitrary constant values of ak(t) = αk, k = 0, . . . , N − 1, and
bk(t) = 0, k = 0, . . . , N − 2, and we checked that only equilibria for which α0 > α1 > · · · > αN−1 have
stable linearizations. Prove that given any Jacobi matrix L(0) with positive off-diagonal entries and
eigenvalues λ1 < λ2 < · · · < λN ,

lim
t→+∞

L(t) = diag(λN , λN−1, . . . , λ2, λ1).

Thus, the Toda lattice solution converges to the only linearly stable equilibrium point consistent with
the spectrum of L(0). This fact is related to algorithms for sorting data, because L(0) can be taken
to be a small perturbation of a diagonal matrix with entries having any order, while for large t, L(t)
will be nearly diagonal with approximations of the original diagonal entries now sorted in decreasing
order.

7. Haiku.1 In the February 2006 issue of the Notices of the American Mathematical Society there is
reproduced the following poem written in the Japanese “haiku” style by one of the great living masters
of applied mathematics, Peter Lax:

Speed depends on size
Balanced by dispersion
Oh, solitary splendor.

What do you think this poem is about? Compose your own haiku on this subject (or another one
related to this course).

1This problem is highly encouraged, but optional. If our course were in the English department, it might be different. . .
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