
Math 651: Winter 2018
Integrable Systems and Riemann-Hilbert Problems

Homework 2

Dark soliton interactions. Let λ0 < λ1 lie in the interval (−1, 1) and let s0, s1 be given real numbers.
By using a Darboux transformation ansatz of the form

M̃(λ;x, t) = (I + (λ− λ0)−1C(0)(x, t) + (λ− λ1)−1C(1)(x, t))M(λ;x, t),

solve the Riemann-Hilbert problem of finding the 2× 2 matrix function M̃(λ;x, t) with the properties:

Analyticity: M̃(λ;x, t) is analytic for λ ∈ C \ [−1, 1] and takes continuous boundary values except at
the endpoints ±1 where negative one-fourth power singularities are admissible and except at λ = λ0, λ1
which are to be simple poles of both boundary values.

Jump condition: The boundary values M̃±(λ;x, t) taken at λ ∈ (−1, λ0)∪ (λ0, λ1)∪ (λ1, 1) from the
upper/lower half-planes are related by

M̃+(λ;x, t) = M̃−(λ;x, t)
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.

Residue conditions: The simple poles of the upper boundary value M̃+(λ;x, t) at λ = λ0, λ1 are
subject to the conditions
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, j = 0, 1.

Normalization: M̃(λ;x, t)→ I as λ→∞.

Here M(λ;x, t) is the solution of the Riemann-Hilbert problem corresponding to the plane-wave solution
ψ(x, t) = e−it of the defocusing nonlinear Schrödinger equation obtained from the above problem in the
special case s0 = s1 = 0. In other words, check that the given ansatz automatically satisfies all conditions
except the residue conditions, and then formulate the latter as a linear algebra problem whose solution
encodes the coefficient matrices C(j)(x, t), j = 0, 1. Solve the linear algebra problem, with the help of a
computer algebra system if you like. Then

1. Determine conditions on the signs of the constants sj ∈ R, j = 0, 1, so that the Riemann-Hilbert
problem is solvable for all (x, t) ∈ R2.

2. Pick several different concrete values of the parameters λ0, λ1, s0, s1 consistent with the signs as deter-
mined in the first part and make some computer plots or animations of the corresponding solution

ψ̃(x, t) := 2i lim
λ→∞

λM̃12(λ;x, t).

What are the qualitative properties of the solution and how do they depend on the choices of param-
eters?
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