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Abstract
| will discuss several situations in which an asymptotic limit of interest leads one to consider
the construction of a matrix-valued meromorphic function with principal part data specified at
asymptotically many poles. Applications include semiclassical asymptotics of integrable nonlinear
wave problems (KdV, NLS, sine-Gordon) as well as statistical combinatorics (discrete orthogonal

polynomial ensembles, i.e. discrete analogues of random matrix theory).
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Introduction

— 0.

L&L used inverse-scattering to solve the Cauchy problem, assuming that ug(x) > 0,
rapidly decreasing as |z| — oo, and having a single critical point (local max). The first

step: analyze the stationary Schrodinger equation
~6 oo + V() = By

where E' is the spectral parameter and V' () := —ug(x) is a potential well.
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1

CID(E,,(,)L)ZTF (n—|—§>, n=0,...,N()—1, @(E)::%/{I;x—F(E)\/E—V(s)dS.

—(E)

Here z_(E) < x4 (E) are the turning points (branches of V™ 1). The asymptotic number of

eigenvalues is
N() = E+ - 1\/6/_4:0\/—‘/(:0) de
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procedure collapses to a problem of linear algebra in dimension N( ). Cramer’s rule leads
to the Kay-Moses determinantal formula

2

0
w(z,t; ) =12 *——1log(r) where 7 := det (5jk +

F;Fy, )
Ox?2

Kj+ Kk

3 :
Here k, = /—E,, and F,, = e(®"n®=45nt+6n)/ jnq {B.} amount to the norming
constants.

Depantonct of

MATHEMATICS

HnlEtElCEN I IgEn P. D. Lax and C. D. Levermore, Comm. Pure Appl. Math., 36, 253-290,

571-593, and 809-830, 1983.




Riemann-Hilbert Problems with Lots of Discrete Spectrum: Asymptotics and Applications June 28, 2007

Introduction

Depantiment of

MATHEMATICS

University of Michigan

P. D. Lax and C. D. Levermore, Comm. Pure Appl. Math., 36, 253-290,
571-593, and 809830, 1983.
S. Venakides, Comm. Pure Appl. Math., 43, 335-361, 1990.




Riemann-Hilbert Problems with Lots of Discrete Spectrum: Asymptotics and Applications June 28, 2007

Introduction

may be further approximated by a variational problem for an absolutely continuous
equilibrium measure. In this way, L&L proved that u(x, t; ) has a weak limit w(x, t).
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sum is dominated by its largest term. This leads to a discrete variational problem that
may be further approximated by a variational problem for an absolutely continuous
equilibrium measure. In this way, L&L proved that u(x, t; ) has a weak limit w(x, t).

Venakides (1990) obtained strong asymptotics for w(x, t; ) by “going to higher order”,
in particular by quantizing the mass of the equilibrium measure. He found strongly
nonlinear oscillations of unit amplitude about the mean w(x, t) modeled by
algebro-geometric multiphase wave solutions of KdV.
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by M4 (z) = M_(2)V(2) (4+ means left, — means right).
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by M4 (z) = M_(2)V(2) (4+ means left, — means right).
3. M(zg) = My.
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V . M takes continuous boundary values M4 (z), z € 2., that are relatec
by M4 (z) = M_(2)V(2) (4+ means left, — means right).
3. M(zg) = My.

Steepest descent in a nutshell: a systematic construction of a “global parametrix” M(z) such that the
linear substitution M(z) = E(z)M(z) results in a “small-norm” Riemann-Hilbert problem for the error
E(z). By definition, a small-norm problem is one for which simple estimates can establish that E(z) ~ I in

a suitable sense.
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If the singularity at z;, remains separated from the rest of the spectrum in the asymptotic limit of interest,
the pole may be removed at the expense of augmenting 3 and V as follows: make the substitution

=1l
N(z) := M(z) [é ==z _1 #p) ] for |z — zp| < 9, and N(z) := M(z) for |z — zp| > 9.

N(z) is analytic for z € C \ £ U X, where X, is a small, positively oriented circle about zj, of radius 6.
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If the singularity at z;, remains separated from the rest of the spectrum in the asymptotic limit of interest,
the pole may be removed at the expense of augmenting 3 and V as follows: make the substitution

=1l
N(z) := M(z) [é ==z _1 #p) ] for |z — zp| < 9, and N(z) := M(z) for |z — zp| > 9.

N(z) is analytic for z € C \ £ U X, where X, is a small, positively oriented circle about zj, of radius 6.

—c(z — =z )_1
p for z € Xyp.

Then, N4 (2) = N_(2)V(z) for z € ¥ and N4 (z) = N_(2) [(1) 1
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reflection coefficient, Deift, Venakides, and Zhou (1997) showed how the method can
reproduce strong asymptotics in a single step (rather than by going to higher order as
required in the L&L approach).
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no discrete spectrum but for which WKB analysis predicts an asymptotic formula for the
reflection coefficient, Deift, Venakides, and Zhou (1997) showed how the method can
reproduce strong asymptotics in a single step (rather than by going to higher order as
required in the L&L approach).

Moreover, there are a number of problems involving “lots of discrete spectrum” to which
the L&L method does not apply at all, but for which the Riemann-Hilbert problem offers
an alternative approach. . .
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KdV. For focusing NLS we need to introduce Madelung's fluid dynamical variables to repeat the analogous

calculation: with
pi= 9> and w:= [I{log(¥)}a

the focusing NLS Cauchy problem becomes exactly

pt + upz + puzy =0 and up — pp + uuy = 2F[p],

subject to p(z,0; ) = A(z)? and u(z,0; ) = S'(x).
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The Semiclassical Focusing Nonlinear Schrodinger Equation

KdV. For focusing NLS we need to introduce Madelung's fluid dynamical variables to repeat the analogous
calculation: with

2
pi=|v[" and w:= [S{log(¥)}]x
the focusing NLS Cauchy problem becomes exactly

pt + upgy + pug =0 and wup — pg + uug = 2F[p],
subject to p(z,0; ) = A(z)? and u(z,0; ) = S’(z). The formal limit (neglecting 2F[p]) is a

Cauchy problem for an elliptic system. This is an ill-posed (formal) limit problem!
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1. For A € R, X # 0, the reflection coefficient is as small in as A(-) is smooth.
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1. For A € R, X # 0, the reflection coefficient is as small in as A(-) is smooth.
2. Bohr-Sommerfeld quantization rule for eigenvalues Ay, € [0, i max A(x)]: A\, = A,(,)L where

\I/(>\9L>=7T (n—|—%>, n=0,...,N()—1, \P(A)::/:cmti;\)\/A(s)—l—A2ds.

Here :v_(A) < :1:+(>\) are turning points. The asymptotic number of positive imaginary eigenvalues is
1 1 [t
N() = ——I——/ A(zx) dx
A ISE
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- 2
Here {A;} are the eigenvalues in the upper half-plane and Ej, := e!e¥+ %t +65k)/

where {3} are like the norming constants.

Depantonct of

MATHEMATICS

University of Michigan




June 28, 2007

Riemann-Hilbert Problems with Lots of Discrete Spectrum: Asymptotics and Applications
The Semiclassical Focusing Nonlinear Schrodinger Equation

- 2
Here {A;} are the eigenvalues in the upper half-plane and Ej, := e!e¥+ %t +65k)/

where {3} are like the norming constants.

The Lax-Levermore method fails because the principal minors expansion of 7 consists of
both positive and negative terms!
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This makes the reflection coefficient uniformly small. Note N( ) = N.
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= Ni= — A(x)dxe, N =1,2,3,....

This makes the reflection coefficient uniformly small. Note N( ) = N.

2. A(—xz) = A(x). This allows a simple derivation via WKB of the proportionality
constants (related to norming constants): 5 := (—1)"*!,

Depantonct of

MATHEMATICS

University of Michigan S. Kamvissis, K. T.-R. McLaughlin, and P. D. Miller, Semiclassical Soliton

Ensembles for the Focusing Nonlinear Schrodinger Equation, Vol. 154, Annals
of Mathematics Studies Series, Princeton University Press, Princeton, 2003.




Riemann-Hilbert Problems with Lots of Discrete Spectrum: Asymptotics and Applications June 28, 2007

The Semiclassical Focusing Nonlinear Schrodinger Equation

= Ni= — A(x)dxe, N =1,2,3,....

This makes the reflection coefficient uniformly small. Note N( ) = N.

2. A(—xz) = A(x). This allows a simple derivation via WKB of the proportionality
constants (related to norming constants): 5 := (—1)"*!,

3. A(-) is analytic. This comes in by making W(\) analytic, not by allowing solution of
the limiting (ill-posed) Cauchy problem.
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Res m(\) = lim

m(\) [

k
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Res m(\) = lim

m(\) [

k

2. lim m()\) =1
A—00
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1. m()) is a rational function of A with simple poles confined to { A\, A}, } such thatfork = 0,..., N—1:
k
Res m(\) = hm m(\) [ 0 O] : Res m()\) = lim m(}\) [ —cp(z, 1) ]
AL A cp(z,t) O A=A AN 0

2. lim m()\) =1
A—00

The semiclassical soliton ensemble itself is given by 1 (x,t; ) = 24 )\lim Ami2(A).
— 00
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This is not a traditional RHP: no jumps, just poles. Indeed it seems to be simple, solvable by partial
fractions:

m(A)_HZA Ak+2>\ X

where a;. and by, are matrix coefficients determlned by the re5|due conditions, leading to a linear algebra

problem for the coefficients. Note: the determinant of this system is 7, which resists evaluation by the L&L
method!

However, for N reasonably large, it can be solved numerically on a grid of independent (x, t)-values. The
resulting plots reveal marvelous structures (here A(z) = 2sech(x) and = 2/N with N = 40):

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0
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