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Focusing NLS and N-Solitons

The focusing Nonlinear Schrodinger equation is:
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Focusing NLS and N-Solitons

The focusing Nonlinear Schrodinger equation is:

s, 197
;0% 107

ot ' 2922 W'y = 0.

The IN-soliton is just the particular solution of this equation denoted ¢ = Yy (x, t)
satisfying the initial condition:

Yn(x,0) = N sech(z), N=1,2,3,....
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Focusing NLS and N-Solitons

The focusing Nonlinear Schrodinger equation is:

oY 19%Y
e
ot 2 0x?

+ |9)*p = 0.

The IN-soliton is just the particular solution of this equation denoted ¢ = Yy (x, t)
satisfying the initial condition:

Yn(x,0) = N sech(z), N=1,2,3,....

This solution is a model for the effect of variation of amplitude on pulse propagation in
nonlinear fiber optics. It will serve in this talk as a basic example of the theory of the
semiclassical limit for the focusing NLS equation.
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There is a general scheme for solving initial-value problems for the focusing NLS equation
(Zakharov & Shabat, 1972). For the N-soliton this method reduces to linear algebra
(Satsuma & Yajima, 1974), and ¥ n(x, t) can be obtained in closed-form.
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Linear Algebra Algorithm for the N-Soliton

There is a general scheme for solving initial-value problems for the focusing NLS equation
(Zakharov & Shabat, 1972). For the N-soliton this method reduces to linear algebra
(Satsuma & Yajima, 1974), and ¥ n(x, t) can be obtained in closed-form.

Begin with some “spectral data”:

Avg i=i(N —k—1/2),  ~Angp:= (D",  k=0,...,N—1.
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Linear Algebra Algorithm for the N-Soliton

There is a general scheme for solving initial-value problems for the focusing NLS equation
(Zakharov & Shabat, 1972). For the N-soliton this method reduces to linear algebra
(Satsuma & Yajima, 1974), and ¥ n(x, t) can be obtained in closed-form.

Begin with some “spectral data”:
: k+1
)\N,k::’l,(N—k—]./2), 'YN,k:5:<_]-> ; k:O,...,N—l.

Introduce an IN-vector f with elements

_ 1/2

N—1
[T Owr =A%)
21 =0

YN,k

. 2
(A T+ t
f .= AN ETTAN P)

N—1
H (ANE — ANn)
n=0

| n;k
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Linear Algebra Algorithm for the N-Soliton

Then build the Hermitian matrix B with elements

1 fifx

By = ——"- \
Ik 0 A —

jk=0,...,N—1,

and let K := B"B (* means conjugation, without transposition).
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Linear Algebra Algorithm for the N-Soliton

Then build the Hermitian matrix B with elements

1 fifx

. ,
2t AN = Ay

B = i k=0,..., N—1,

and let K := B"B (* means conjugation, without transposition).

Solve (independently for each x and t) the N X N linear (Fredholm-type) system

I+ K)c =f".
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Linear Algebra Algorithm for the N-Soliton

Then build the Hermitian matrix B with elements

1 fifx

. ,
2t AN = Ay

B = i k=0,..., N—1,

and let K := B"B (* means conjugation, without transposition).
Solve (independently for each x and t) the N X N linear (Fredholm-type) system
I+ K)c =f".

Then, the formula
Un(x,t) = fic,
(T means conjugate-transpose) gives the IN-soliton solution.
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Basic Properties of the /N-Soliton

The most famous examples of the N-soliton solution correspond to small N:

Return to outline,
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Basic Properties of the /N-Soliton

The most famous examples of the N-soliton solution correspond to small N:

N = 1: ¥n(z,t) = e/? sech(z). This is the soliton.
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Basic Properties of the /N-Soliton

The most famous examples of the N-soliton solution correspond to small N:

N = 1: ¥n(z,t) = e/? sech(z). This is the soliton.
N = 2: ¢Yn(x,t) is a “breather”.
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Basic Properties of the /N-Soliton

The most famous examples of the N-soliton solution correspond to small N:

N = 1: ¥n(z,t) = e/? sech(z). This is the soliton.
N = 2: ¢Yn(x,t) is a “breather”.

But for more general N we can read off some features of the solution from the form of
the matrix elements and the initial condition:
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Basic Properties of the /N-Soliton

The most famous examples of the N-soliton solution correspond to small N:
N = 1: ¢n(z, t) = e'/?sech(x). This is the soliton.
N = 2: ¢Yn(x,t) is a “breather”.
But for more general N we can read off some features of the solution from the form of

the matrix elements and the initial condition:

Wy (x,t) is periodic in ¢ with a period independent of N.
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Basic Properties of the /N-Soliton

The most famous examples of the N-soliton solution correspond to small N:
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N = 2: ¢Yn(x,t) is a “breather”.
But for more general N we can read off some features of the solution from the form of

the matrix elements and the initial condition:

Wy (x,t) is periodic in ¢ with a period independent of N.
The amplitude |y (x, t)| scales like N.
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Basic Properties of the /N-Soliton

The most famous examples of the N-soliton solution correspond to small N:

N = 1: ¥n(z,t) = e/? sech(z). This is the soliton.
N = 2: ¢Yn(x,t) is a “breather”.

But for more general N we can read off some features of the solution from the form of
the matrix elements and the initial condition:

Wy (x,t) is periodic in ¢ with a period independent of N.
The amplitude |y (x, t)| scales like N.

The smallest scale in = scales like Ax ~ N~
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Basic Properties of the /N-Soliton

The most famous examples of the N-soliton solution correspond to small N:

N = 1: ¥n(z,t) = e/? sech(z). This is the soliton.
N = 2: ¢Yn(x,t) is a “breather”.

But for more general N we can read off some features of the solution from the form of
the matrix elements and the initial condition:

Wy (x,t) is periodic in ¢ with a period independent of N.
The amplitude |y (x, t)| scales like N.

The smallest scale in = scales like Az ~ N1,

The smallest scale in t scales like At ~ N 2.

Return to outline,
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The N-Soliton for N Large

The behavior of the N-soliton for large IV is important because there is a natural
connection with the semiclassical limit of the focusing NLS equation:
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The N-Soliton for N Large

The behavior of the N-soliton for large IV is important because there is a natural
connection with the semiclassical limit of the focusing NLS equation: setting

+|9*p =0,  (z,0) = Asech(z).

This problem is connected with the theory of pulse propagation in optical fibers with weak
anomalous dispersion.
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Application: Supercontinuum Generation

Monochromatic Input

l Optical Fiber with Small Dispersion

White Light Output
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Application: Supercontinuum Generation

Monochromatic Input

l Optical Fiber with Small Dispersion

White Light Output

Photonic Crystal Fiber
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Computation in the Semiclassical Limit

Generally, we would like to be able to analyze solutions of initial-value problems like

18] 252
;oY L £

ot 2 Ox? + 9" =0, Y(x,0) = A(x)eisw)/e,

when € is a small number. Some remarks about computational approaches for small e:
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Computation in the Semiclassical Limit

Generally, we would like to be able to analyze solutions of initial-value problems like

18] 252
;oY L £

ot 2 Ox? + 9" =0, Y(x,0) = A(x)eisw)/e,

when € is a small number. Some remarks about computational approaches for small e:

Direct numerical simulation very difficult:
* The problem is “stiff” when € is small.
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Computation in the Semiclassical Limit

Generally, we would like to be able to analyze solutions of initial-value problems like

2 .S €
+ ¥ =0,  ¢(x,0) = Az)e” ",
when € is a small number. Some remarks about computational approaches for small e:

Direct numerical simulation very difficult:
* The problem is “stiff” when € is small.

x Worse yet, the limiting problem is ill-posed: setting p := |¢|? and u :=
eX(log(2)).), the initial-value problem becomes exactly,
dp O du dp Ou €0 (1% 1 9p1°
Pt ouy =0, TP TE_C — |22
ot Ox ot Ox ox 2 0x \ 2p O0x? 2p 0x

with initial data p(z,0) = A(x)* and u(x,0) = S'(x). Setting ¢ = 0 yields a
Cauchy problem for an elliptic system. Reason: enhanced modulational instability.
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Computation in the Semiclassical Limit

Use of N-soliton formula in reflectionless cases (e.g. A(x) = Asech(x) and S(z) =
0 with e = A/N):
* Explicit formulae (from determinants) involve ~ N! terms.
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Computation in the Semiclassical Limit

Use of N-soliton formula in reflectionless cases (e.g. A(x) = Asech(x) and S(z) =
0 with e = A/N):
* Explicit formulae (from determinants) involve ~ N! terms.

* Numerical calculations, while attractive because errors don't propagate, are hindered
by matrix condition numbers growing rapidly with V.
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Computation in the Semiclassical Limit

Use of N-soliton formula in reflectionless cases (e.g. A(x) = Asech(x) and S(z) =
0 with e = A/N):
* Explicit formulae (from determinants) involve ~ N! terms.

* Numerical calculations, while attractive because errors don't propagate, are hindered
by matrix condition numbers growing rapidly with V.

However difficult they are, numerical experiments for small € have suggested remarkable
structure:
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Computation in the Semiclassical Limit

Use of N-soliton formula in reflectionless cases (e.g. A(x) = Asech(x) and S(z) =
0 with e = A/N):

* Explicit formulae (from determinants) involve ~ N! terms.

* Numerical calculations, while attractive because errors don't propagate, are hindered
by matrix condition numbers growing rapidly with V.

However difficult they are, numerical experiments for small € have suggested remarkable
structure:

Quasiperiodic microstructure on scales Ax ~ At ~ e.
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Computation in the Semiclassical Limit

Use of N-soliton formula in reflectionless cases (e.g. A(x) = Asech(x) and S(z) =
0 with e = A/N):

* Explicit formulae (from determinants) involve ~ N! terms.

* Numerical calculations, while attractive because errors don't propagate, are hindered
by matrix condition numbers growing rapidly with V.

However difficult they are, numerical experiments for small € have suggested remarkable
structure:

Quasiperiodic microstructure on scales Ax ~ At ~ e.

Asymptotically sharp “caustic curves” separate different phases.
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Large- N Analysis by Numerical Linear Algebra

References: -
(M & Kamuvissis, 1998) 2.0
(Lyng & M, 2006)
(Bronski & Kutz, 1999) 15§
(Ceniceros & Tian, 2002)
(Clarke & M, 2002) e 1.0
(Latter three using direct numerical
simulation of the semiclassically 05 o
scaled PDE, also for more general ’
initial data.) Weak limits evidently
exist.in oscillatory regions (bounded 0-%_0 o n e -
amplitude). X

161 x 161 grid in [0, 2]°. Calculations done with 100 decimal digits.
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Large- N Analysis by Numerical Linear Algebra

References:
N=10

(M & Kamuvissis, 1998) 2.0 .

(Lyng & M, 2006) .

(Bronski & Kutz, 1999) 15 &

(Ceniceros & Tian, 2002)

(Clarke & M, 2002) ~ 1.0
(Latter three using direct numerical
simulation of the semiclassically 05 .
scaled PDE, also for more general -
initial data.) Weak limits evidently
exist in oscillatory regions (bounded 0.0

_ 0.0 0.5 1.0 15 2.0

amplitude). X

161 x 161 grid in [0, 2]°. Calculations done with 100 decimal digits.
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Large- N Analysis by Numerical Linear Algebra

References: Ne20
(M & Kamvissis, 1998) 20 '
(Lyng & M, 2006)

(Bronski & Kutz, 1999) 15
(Ceniceros & Tian, 2002) , -
(Clarke & M, 2002) e 1.0

(Latter three using direct numerical

simulation of the semiclassically P

scaled PDE, also for more general =

initial data.) Weak limits evidently

exist.in oscillatory regions (bounded 0-%_0 o n e -

amplitude). X

161 x 161 grid in [0, 2]°. Calculations done with 100 decimal digits.

Depantonct of

MATHEMATICS

University of Michigan




Integrable Nonlinear Waves and Singular Asymptotics

January 26, 2007

Large- N Analysis by Numerical Linear Algebra

References: Ned0
(M & Kamvissis, 1998) 200 ) .1, .
(Lyng & M, 2006) 218 75
(Bronski & Kutz, 1999) L
(Ceniceros & Tian, 2002)

(Clarke & M, 2002) - 10

(Latter three using direct numerical

simulation of the semiclassically |

scaled PDE, also for more general

initial data.) Weak limits evidently

exist.in oscillatory regions (bounded 0-%_0 o n e 5o

amplitude). X

161 x 161 grid in [0, 2]°. Calculations done with 100 decimal digits.
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Large N Asymptotics: Some Natural Questions
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Large N Asymptotics: Some Natural Questions

What is the mechanism that causes these caustic curves?
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Large N Asymptotics: Some Natural Questions

What is the mechanism that causes these caustic curves?

How many caustics are there?
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Large N Asymptotics: Some Natural Questions

What is the mechanism that causes these caustic curves?
How many caustics are there?

If there are an infinite number of caustics, do they all occur for finite t?
N~/

or
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Large N Asymptotics: Some Natural Questions

What is the mechanism that causes these caustic curves?
How many caustics are there?

If there are an infinite number of caustics, do they all occur for finite t?
N~/

or

Can the locations of the caustics be predicted?
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Large N Asymptotics: Some Natural Questions

What is the mechanism that causes these caustic curves?
How many caustics are there?

If there are an infinite number of caustics, do they all occur for finite t?
N~/

or

Can the locations of the caustics be predicted?

Can the rescaled IN-soliton be described asymptotically in between the caustics?
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Large N Asymptotics: Analysis

We need a way to organize a huge calculation to reveal the dominant contribution as
N — oo.
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Large N Asymptotics: Analysis

We need a way to organize a huge calculation to reveal the dominant contribution as
N — oo.

A method that works for analogous calculations in the Korteweg-de Vries (Lax &
Levermore, 1983) and defocusing NLS (Jin, Levermore, & D. McLaughlin, 1999)
contexts: maybe only certain terms in det(I + K) are important. Expand the Fredholm
determinant in principal minors:

det(I+K)=1+ >  det(Kg).

Sc{o,...,N—1}

Elements of Kg taken from rows and columns of K with indices in S. Minors det(Ky)
are explicitly computed. If they are all positive, the sum is dominated by the largest term.
This leads to a variational characterization of the limit.
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Large N Asymptotics: Analysis

We need a way to organize a huge calculation to reveal the dominant contribution as
N — oo.

A method that works for analogous calculations in the Korteweg-de Vries (Lax &
Levermore, 1983) and defocusing NLS (Jin, Levermore, & D. McLaughlin, 1999)
contexts: maybe only certain terms in det(I + K) are important. Expand the Fredholm
determinant in principal minors:

det(I+K)=1+ >  det(Kg).

Sc{o,...,N—1}

Elements of Kg taken from rows and columns of K with indices in S. Minors det(Ky)
are explicitly computed. If they are all positive, the sum is dominated by the largest term.
This leads to a variational characterization of the limit.

This method fails in the focusing case due to sign-indefinite minors. Cancellation. No
dominant term.
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Riemann-Hilbert Problem

Consider instead the origin of the linear algebra problem for the N-soliton: the
Riemann-Hilbert problem of inverse-scattering.
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Riemann-Hilbert Problem

Consider instead the origin of the linear algebra problem for the N-soliton: the
Riemann-Hilbert problem of inverse-scattering.

Begin with rescaled scattering data:

Avgi=ie(N—k—1/2), ~Ayp:=(CD""",  k=0,...,N—1.

Depantonct of

MATHEMATICS

University of Michigan




Integrable Nonlinear Waves and Singular Asymptotics January 26, 2007

Riemann-Hilbert Problem

Consider instead the origin of the linear algebra problem for the N-soliton: the
Riemann-Hilbert problem of inverse-scattering.

Begin with rescaled scattering data:

Avgi=ie(N—k—1/2), ~Ayp:=(CD""",  k=0,...,N—1.
Set
1 22’(>\:1:—|—)\2t)/6 e A — Aj\/'n
cr(x,t) := —ReSWA W(A) (=€ — .
(@, ?) YN.k AN,k (V) () UA—AN,n
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Riemann-Hilbert Problem

Consider instead the origin of the linear algebra problem for the N-soliton: the
Riemann-Hilbert problem of inverse-scattering.

Begin with rescaled scattering data:

Avgi=ie(N—k—1/2), ~Ayp:=(CD""",  k=0,...,N—1.
Set
1 22’(>\:1:—|—)\2t)/6 e A — Aj\/'n
cr(x,t) := —ReSWA W(A) (=€ — .
(1) YN,k AN,k %) (%) UA—ANTL

The Riemann-Hilbert problem is: seek a 2 X 2 matrix m(\), A € C, with the following
properties:
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Riemann-Hilbert Problem

1. Rationality: m(\) is a rational function of A with simple poles confined to
{AN.n, }k\,’n}fj:_@l such that for k =0,..., N — 1:

: 0 0
5\,6,2 m(A) = A—l}{?\[’k m(A) [ck(a:,t) O} ’

Resm(A) = lim m()\) [O _Ck(x’t)]
)\*N’k A—))\}kv’k 0 0
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Riemann-Hilbert Problem
1. Rationality: m(\) is a rational function of A with simple poles confined to

{AN.n, }k\,’n}fj:_@l such that for k =0,..., N — 1:

: 0 0
5\,6,2 m(A) = A—l}{?\[’k m(A) [ck(a:,t) O} ’

Resm(A) = lim m()\) [O _Ck(x’t)]
)\*N’k A—))\}kv’k 0 0

2. Normalization: m(A) — [ as A — oo.
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Riemann-Hilbert Problem

1. Rationality: m(\) is a rational function of A with simple poles confined to
{AN.n, }k\,’n}fj:_@l such that for k =0,..., N — 1:

: 0 0
5\,6,2 m(A) = A—l}{?\[’k m(A) [ck(a:,t) O} ’

Resm(A) = lim m()\) [O _Ck(x’t)]
)\*N’k A—))\}kv’k 0 0

2. Normalization: m(A) — [ as A — oo.

From the solution of this Riemann-Hilbert problem,

Y(xz,t) = 24 )\lim Amiz(A) .
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Principles of Riemann-Hilbert Analysis

One could solve for m(\) by using a partial-fractions ansatz:

N —

m(\) =1+ -

kzo)‘_)‘]\”IC k::0>\ N’f

}_l

N —

p_n

which leads directly to a linear algebra problem governing the matrix elements of the
coefficients a and bx. This is essentially the same problem already considered. So that
would probably be a bad idea.
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Principles of Riemann-Hilbert Analysis

One could solve for m(\) by using a partial-fractions ansatz:

N —

m(\) =1+ -

kzo)‘_)‘]\”IC k::0>\ N’f

}_l

N —

p_n

which leads directly to a linear algebra problem governing the matrix elements of the
coefficients a and bx. This is essentially the same problem already considered. So that
would probably be a bad idea.

Instead, follow a general procedure that can be viewed as a two-step process:
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Principles of Riemann-Hilbert Analysis: Step 1

Remove the poles. Interpolate residues inside a contour 3. We get a new unknown M ()
defined for () > 0 by:

1 0

W (A)er O/ 1| inside >,

MOV = m) |

and outside of 3, M(A) := m(X\). Then for (X)) < 0, set M(A) := o2M (") 0.

Imaginary part of A
C

Real part of A
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Principles of Riemann-Hilbert Analysis: Step 1

Then, M () has no poles at all. Instead it has a jump discontinuity across > U ™

1 0]

where F'(A) is a function with a branch cut in the interval [—i A, i A]:
F(A) =2i( Az + At) + m(A — iA) + 2iX log(—i\)
—i(A —1A)log(—i(A —1A)) —i(A 4+ iA) log(—i(A 4+ 1A)).

The branch cut may be thought of as a “continuum limit" of the poles that used to be
present.
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Principles of Riemann-Hilbert Analysis: Step 1

Then, M () has no poles at all. Instead it has a jump discontinuity across > U ™

1 0]

where F'(A) is a function with a branch cut in the interval [—i A, i A]:
F(A) =2i( Az + At) + m(A — iA) + 2iX log(—i\)
—i(A —1A)log(—i(A —1A)) —i(A 4+ iA) log(—i(A 4+ 1A)).

The branch cut may be thought of as a “continuum limit" of the poles that used to be
present. Some notes:

S(A) = 1 if € is small and 3 avoids the poles of m(\).
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Principles of Riemann-Hilbert Analysis: Step 1

Then, M () has no poles at all. Instead it has a jump discontinuity across > U ™

1 0]

where F'(A) is a function with a branch cut in the interval [—i A, i A]:
F(A) =2i( Az + At) + m(A — iA) + 2iX log(—i\)
—i(A —1A)log(—i(A —1A)) —i(A 4+ iA) log(—i(A 4+ 1A)).

The branch cut may be thought of as a “continuum limit" of the poles that used to be
present. Some notes:

S(A) = 1 if € is small and 3 avoids the poles of m(\).

The freedom of choice of X2 is like choice of contour in steepest descent for integrals.
But watch out if you want > to cross over the poles!
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Principles of Riemann-Hilbert Analysis: Step 2

Stabilize the problem. Consider g(A) analytic in C \ X U X" with g(A) — 0 as A\ — oo
and g(A) + g(A")" = 0. Then a new unknown N () is defined by

c—9IN/e
0 eI/

N(X) := M(X) [

The jump condition for N(\) on X is now of the form

0N/ 0
N4 (A) =N_(A) iS(}\)eqﬁ(A)/e e~ 0N)/e| A€,

where 0() := i(g+(A) — g—(N)) and $(A) i= F(A) — g+(A) — g-(\).

Fundamental principle: try to pick the scalar g(A) and the contour 3 to make the jump
matrix as simple as possible in the limit ¢ — 0. The identity matrix is the best possible
target. Piecewise constant is also good.
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Principles of Riemann-Hilbert Analysis: Target

A near-identity jump matrix is too much to hope for in this situation. So instead, we shall
try to choose g() and the contour 3 so that 3 splits into two kinds of intervals:

Bands: in which ¢(\) is an imaginary constant, and 0(\) is real decreasing in the
positive direction.
Gaps: in which () is a real constant, and R(¢p(A)) < 0.

Depantonct of

MATHEMATICS

University of Michigan

Ref: Kamvissis, K. McLaughlin, & M, Ann. Math. Stud., 2003



Integrable Nonlinear Waves and Singular Asymptotics January 26, 2007

Principles of Riemann-Hilbert Analysis: Target

A near-identity jump matrix is too much to hope for in this situation. So instead, we shall
try to choose g() and the contour 3 so that 3 splits into two kinds of intervals:

Bands: in which ¢(\) is an imaginary constant, and 0(\) is real decreasing in the
positive direction.

Gaps: in which () is a real constant, and R(¢p(A)) < 0.

Then (skipping many steps) N () can be approximately built (for small €) from Riemann
© functions of the hyperelliptic surface with branch points at the band endpoints.
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Principles of Riemann-Hilbert Analysis: Target

A near-identity jump matrix is too much to hope for in this situation. So instead, we shall
try to choose g() and the contour 3 so that 3 splits into two kinds of intervals:

Bands: in which ¢(\) is an imaginary constant, and 0(\) is real decreasing in the
positive direction.

Gaps: in which () is a real constant, and R(¢p(A)) < 0.

Then (skipping many steps) N () can be approximately built (for small €) from Riemann
© functions of the hyperelliptic surface with branch points at the band endpoints. There
are two important implications:

The semiclassical asymptotics of ¢ (x,t) in between the caustic curves are precisely
described by modulated multiphase waves written in terms of ©, where the number of
phases is related to the genus of the surface.

Caustic curves in the (x, t)-plane are genus transitions.
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Finding g()\) and the Contour X

Analysis of caustics boils down to finding g(\) and the contour 33, and determining the
way the number of bands and gaps varies with « and ¢.
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Finding g()\) and the Contour X

Analysis of caustics boils down to finding g(\) and the contour 33, and determining the
way the number of bands and gaps varies with « and ¢.

In some problems (e.g. zero-dispersion Korteweg-de Vries, orthogonal polynomials) the
conditions that determine g(\) are encoded in a convex variational principle. Analogy:
electrostatic equilibrium in an external field. Genus corresponds to number of components
of support of equilibrium charge distribution.
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Finding g()\) and the Contour X

Analysis of caustics boils down to finding g(\) and the contour 33, and determining the
way the number of bands and gaps varies with « and ¢.

In some problems (e.g. zero-dispersion Korteweg-de Vries, orthogonal polynomials) the
conditions that determine g(\) are encoded in a convex variational principle. Analogy:
electrostatic equilibrium in an external field. Genus corresponds to number of components
of support of equilibrium charge distribution.

For focusing NLS, there is a variational formulation for g(\), but the problem is
nonconvex. Instead, proceed by ansatz.
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Finding g()\) and the Contour X

The ansatz-based method consists of the following steps:

1. Guess an even (due to conjugation symmetry) genus G.
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Finding g()\) and the Contour X

The ansatz-based method consists of the following steps:

1. Guess an even (due to conjugation symmetry) genus G.

2. Then it turns out that for each configuration of 2G4+ 2 complex endpoints (in conjugate
pairs), g(A) is necessarily given by a well-defined Cauchy-type integral formula.
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Finding g()\) and the Contour X

The ansatz-based method consists of the following steps:

Guess an even (due to conjugation symmetry) genus G.

2. Then it turns out that for each configuration of 2G4+ 2 complex endpoints (in conjugate
pairs), g(A) is necessarily given by a well-defined Cauchy-type integral formula.

3. Enforce on this formula the band/gap conditions on 8 and ¢. This has two effects:

It implicitly determines the endpoints as functions of x and t.

It determines certain inequalities that must be satisfied if the correct genus (for
some fixed « and t) is indeed G.
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Finding g()\) and the Contour X

The problem of finding g(\) can be approached computationally. By contrast with direct
numerical simulation of NLS for small €, or use of the linear algebra algorithm for large
N, the conditions determining g are independent of any large or small parameter.

Return to outline,

Depantonct of

MATHEMATICS

University of Michigan

Ref: Kamvissis, K. McLaughlin, & M, Ann. Math. Stud., 2003



Integrable Nonlinear Waves and Singular Asymptotics January 26, 2007

Finding g()\) and the Contour X

The problem of finding g(\) can be approached computationally. By contrast with direct
numerical simulation of NLS for small €, or use of the linear algebra algorithm for large
N, the conditions determining g are independent of any large or small parameter.

This makes the problem of finding g(\) especially attractive for numerical computation:

Finding the endpoints from the nonlinear equations that implicitly define them as
functions of £ and ¢ amounts to root-finding.

Return to outline,
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Finding g()\) and the Contour X

The problem of finding g(\) can be approached computationally. By contrast with direct
numerical simulation of NLS for small €, or use of the linear algebra algorithm for large
N, the conditions determining g are independent of any large or small parameter.

This makes the problem of finding g(\) especially attractive for numerical computation:

Finding the endpoints from the nonlinear equations that implicitly define them as
functions of £ and ¢ amounts to root-finding.

Once the endpoints are known, the band intervals of 32 are determined by solving ODEs
to determine paths in the complex plane connecting pairs of endpoints.

Return to outline,
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Finding g()\) and the Contour X

The problem of finding g(\) can be approached computationally. By contrast with direct
numerical simulation of NLS for small €, or use of the linear algebra algorithm for large
N, the conditions determining g are independent of any large or small parameter.

This makes the problem of finding g(\) especially attractive for numerical computation:

Finding the endpoints from the nonlinear equations that implicitly define them as
functions of £ and ¢ amounts to root-finding.

Once the endpoints are known, the band intervals of 32 are determined by solving ODEs
to determine paths in the complex plane connecting pairs of endpoints.

The (x, t)-plane can then be explored to search for genus transitions (caustics). Pick
x and t and shade the region of the complex A-plane where the inequality (¢) < 0
allows the gaps to reside. Topological changes in this region can indicate caustics.

Return to outline,

Depantonct of

MATHEMATICS

University of Michigan

Ref: Kamvissis, K. McLaughlin, & M, Ann. Math. Stud., 2003



Integrable Nonlinear Waves and Singular Asymptotics January 26, 2007

The Genus Zero Region

The assumption of G = 0 can be proven to hold for |¢| sufficiently small but independent
of €. The analysis exactly at ¢ = 0 requires a modification of this technique based on two
simultaneous interpolants of residues in step 1 (M, 2002).

Depantonct of

MATHEMATICS

University of Michigan

Ref: Kamvissis, K. McLaughlin, & M, Ann. Math. Stud., 2003



Integrable Nonlinear Waves and Singular Asymptotics January 26, 2007

The Genus Zero Region

The assumption of G = 0 can be proven to hold for |¢| sufficiently small but independent
of €. The analysis exactly at ¢ = 0 requires a modification of this technique based on two
simultaneous interpolants of residues in step 1 (M, 2002).

The primary caustic curve first appears (in the limit e — 0) at = 0 for t = (24) "
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The Genus Zero Region

The assumption of G = 0 can be proven to hold for |¢| sufficiently small but independent
of €. The analysis exactly at ¢ = 0 requires a modification of this technique based on two
simultaneous interpolants of residues in step 1 (M, 2002).

The primary caustic curve first appears (in the limit e — 0) at = 0 for t = (24) "

A topological change (“pinch-off”) of the region where :(¢) < 0O leads to the birth of a
new band on X (and by symmetry a new band on ). The genus transition at the
primary caustic is from G = 0 to G = 2.
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