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Abstract
We will discuss some generalized eigenvalue problems (in which the eigenvalue does not

necessarily enter linearly) in a semiclassical scaling (where derivatives are multiplied by small

coefficients). Such problems arise frequently in the asymptotic analysis of nonlinear problems

solvable by an inverse-scattering transform. We will show how the asymptotics of the discrete

spectrum leads to the idea of universality classes of potentials and describe how this idea can be

used to approximate the discrete spectrum with quantitiative error estimates.
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Motivation: Semiclassical Limits for Integrable PDE

Consider, for ε positive, the following Cauchy problem (FNLS):

iεψt +
ε2

2
ψxx + |ψ|2ψ = 0 , x ∈ R , t > 0 ,

ψ(x, 0) = A(x)e
iS(x)/ε

.

We suppose that A(·) > 0, A(±∞) = 0, S(·) ∈ R, and S′(±∞) = u±.
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iεψt +
ε2

2
ψxx + |ψ|2ψ = 0 , x ∈ R , t > 0 ,

ψ(x, 0) = A(x)e
iS(x)/ε

.

We suppose that A(·) > 0, A(±∞) = 0, S(·) ∈ R, and S′(±∞) = u±.

Here is another Cauchy problem (SG):

ε
2
utt − ε

2
uxx + sin(u) = 0 , x ∈ R , t > 0 ,

u(x, 0) = f(x) , εut(x, 0) = g(x) .

We suppose that f(·) ∈ R, g(·) ∈ R, f(±∞) = 2πN±, and g(±∞) = 0.
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Motivation: Semiclassical Limits for Integrable PDE

Both (FNLS) and (SG) may be analyzed for small ε because their (unique) solutions may

be expressed for all ε via an inverse-scattering transform. There are two key steps in such

a solution procedure:
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be expressed for all ε via an inverse-scattering transform. There are two key steps in such
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1. Associating the initial data with an ε-dependent generalized eigenvalue problem,

calculate spectral data: eigenvalues, proportionality constants, reflection coefficient.

For small ε we may settle for approximations thereof, with error estimates attached.
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2. The spectral data, along with parameters x and t, become input data for an ε-dependent

matrix-valued Riemann-Hilbert problem of complex analysis.
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Motivation: Semiclassical Limits for Integrable PDE

Both (FNLS) and (SG) may be analyzed for small ε because their (unique) solutions may

be expressed for all ε via an inverse-scattering transform. There are two key steps in such

a solution procedure:

1. Associating the initial data with an ε-dependent generalized eigenvalue problem,

calculate spectral data: eigenvalues, proportionality constants, reflection coefficient.

For small ε we may settle for approximations thereof, with error estimates attached.

2. The spectral data, along with parameters x and t, become input data for an ε-dependent

matrix-valued Riemann-Hilbert problem of complex analysis.

The subject of this talk is step 1. What can we say about the spectral data for general

initial conditions? What can be made quantitatively accurate for small ε? How accurate?
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Generalized Eigenvalue Problems

The eigenvalue problem for (FNLS) is

ε
da

dx
= −iλa+ A(x)e

iS(x)/ε
b

ε
db

dx
= −A(x)e

−iS(x)/ε
a+ iλb .

Here λ ∈ C is the eigenvalue parameter.
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Generalized Eigenvalue Problems

The eigenvalue problem for (FNLS) is

ε
da

dx
= −iλa+ A(x)e

iS(x)/ε
b

ε
db

dx
= −A(x)e

−iS(x)/ε
a+ iλb .

Here λ ∈ C is the eigenvalue parameter. The generalized eigenvalue problem for (SG) is

4iε
da

dx
= (z − z

−1
) cos(1

2f(x))a− (z + z
−1

) sin(1
2f(x))b− ig(x)b

4iε
db

dx
= −(z + z

−1
) sin(1

2f(x))a+ ig(x)a− (z − z
−1

) cos(1
2f(x))b .

Here z ∈ C is the eigenvalue parameter.
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Generalized Eigenvalue Problems

Neither of these problems is of the form Lu = λu for a selfadjoint operator L. While

the continuous spectrum is the real line in both cases, the discrete spectrum can be

anywhere.
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