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Abstract
A ∂ problem is a kind of generalization of a Riemann-Hilbert problem. We will describe how

some ∂ problems arise in the context of the orthogonal polynomial approach to random matrix

theory.
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Circular Ensembles and Universality

Consider the group U(N) of N ×N unitary matrices U equipped with a probability

measure of the form

dp(U) =
1

ZN

e
−NTrV (arg(U))

dHN(U) ,

where dHN denotes Haar measure and ZN is a normalization constant (partition

function). This is the circular ensemble with weight e−NV .

Spectral theorem: diagonalize U and integrate out the eigenvector variables (Haar

measure again). What remains is the joint law for the eigenvalues {zn = eiθn}N
n=1:

dp(θ1, . . . , θN) =
1

Z ′
N

·
Y
m<n

|eiθm − e
iθn|2 ·

NY
n=1

e
−NV (θn)

dθn .
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Circular Ensembles and Universality
Correlation functions are expressed in terms of orthogonal polynomials:

R
(n)
N (θ1, . . . , θn) = det(KN(θj, θk))j,k=1,...,n ,

where

KN(θ, φ) =

N−1X
n=0

pn(e
iθ
)pn(eiφ)e

−NV (θ)/2
e
−NV (φ)/2

,

and pn(z) = γn,nzn + · · · satisfies

1

2π

Z π

−π

pn(e
iθ
)pm(eiθ)e

−NV (θ)
dθ = δn,m .

Christoffel-Darboux formula:

KN(θ, φ) =
p∗N(eiθ)p∗N(eiφ)− pN(eiθ)pN(eiφ)

1− ei(θ−φ)
,

where if p(z) = c0 + c1z + · · ·+ cnzn, then p∗(z) := c0z
n + c1z

n−1 + · · ·+ cn.
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Circle Polynomials: Riemann-Hilbert Problem

Let e−V (θ) be a weight on the unit circle. Seek Mn(z), a

2× 2 matrix, with the following properties:

Analyticity: Mn(z) is analytic for z ∈ C \ Σ, taking

continuous boundary values Mn
±(z) for |z| = 1.

Jump Condition: The boundary values are related by

Mn
+(e

iθ
) = Mn

−(e
iθ
)

»
1 e−V (θ)e−inθ

0 1

–
.

Normalization: The matrix Mn(z) satisfies

lim
z→∞

Mn
(z)

»
z−n 0

0 zn

–
= I .

+ −
0

Σ: |z| = 1
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Circle Polynomials: Riemann-Hilbert Problem

Consider the first row of Mn(z).
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Circle Polynomials: Riemann-Hilbert Problem

Consider the first row of Mn(z).

1. Because Mn
11+(eiθ) = Mn

11−(eiθ), Mn
11(z) is entire.
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1. Because Mn
11+(eiθ) = Mn

11−(eiθ), Mn
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2. Because Mn
11(z)z−n → 1 as z →∞, Mn

11(z) is a monic polynomial of degree n.
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Circle Polynomials: Riemann-Hilbert Problem

Consider the first row of Mn(z).

1. Because Mn
11+(eiθ) = Mn

11−(eiθ), Mn
11(z) is entire.

2. Because Mn
11(z)z−n → 1 as z →∞, Mn

11(z) is a monic polynomial of degree n.

3. Because Mn
12+(eiθ) = Mn

11(e
iθ)e−NV (θ)e−inθ + Mn

12−(eiθ), by the Plemelj formula,

M
n
12(z) =

1

2πi

I
Mn

11(s)e
−NV (arg(s))s−n

s− z
ds + e(z)

where e(z) is an entire function.
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Circle Polynomials: Riemann-Hilbert Problem
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1. Because Mn
11+(eiθ) = Mn

11−(eiθ), Mn
11(z) is entire.

2. Because Mn
11(z)z−n → 1 as z →∞, Mn

11(z) is a monic polynomial of degree n.

3. Because Mn
12+(eiθ) = Mn

11(e
iθ)e−NV (θ)e−inθ + Mn

12−(eiθ), by the Plemelj formula,

M
n
12(z) =

1

2πi

I
Mn

11(s)e
−NV (arg(s))s−n

s− z
ds + e(z)

where e(z) is an entire function.

4. Because Mn
12(z)zn → 0 as z →∞, we must have e(z) ≡ 0 and

1

2π

Z π

−π

M
n
11(e

iθ
)e
−imθ

e
−NV (θ)

dθ = 0 , m = 0, 1, 2, . . . , n− 1 .
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Circle Polynomials: Riemann-Hilbert Problem

Consider the first row of Mn(z).

1. Because Mn
11+(eiθ) = Mn

11−(eiθ), Mn
11(z) is entire.

2. Because Mn
11(z)z−n → 1 as z →∞, Mn

11(z) is a monic polynomial of degree n.

3. Because Mn
12+(eiθ) = Mn

11(e
iθ)e−NV (θ)e−inθ + Mn

12−(eiθ), by the Plemelj formula,

M
n
12(z) =

1

2πi

I
Mn

11(s)e
−NV (arg(s))s−n

s− z
ds + e(z)

where e(z) is an entire function.

4. Because Mn
12(z)zn → 0 as z →∞, we must have e(z) ≡ 0 and

1

2π

Z π

−π

M
n
11(e

iθ
)e
−imθ

e
−NV (θ)

dθ = 0 , m = 0, 1, 2, . . . , n− 1 .

This result identifies Mn
11(z) with πn(z), the monic orthogonal polynomial of degree n.
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Analytic Weights: Steepest Descent Asymptotics

The simplest case is to take N = 1 and let n →∞. Make the substitution

Nn
(z) :=

(
Mn(z) , |z| < 1 ,

Mn(z)z−nσ3 , |z| > 1 .

This removes the non-identity asymptotics for large z and the jump condition for Nn(z)

becomes:

Nn
+(e

iθ
) = Nn

−(e
iθ
)

»
einθ e−V (θ)

0 e−inθ

–
, z ∈ Σ .

Then, note the factorization:»
einθ e−V (θ)

0 e−inθ

–
=

»
1 0

e−inθeV (θ) 1

– "
0 e−V (θ)

−eV (θ) 0

# »
1 0

einθeV (θ) 1

–
.
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Analytic Weights: Steepest Descent Asymptotics

When V is analytic, we may create a new piecewise-analytic unknown as follows:

Pn
(z) :=

8>>>>>>>>>>>><>>>>>>>>>>>>:

Nn(z)

"
1 0

−zneV (−i log(z)) 1

#
, z ∈ Ω+ ,

Nn(z)

"
1 0

z−neV (−i log(z)) 1

#
, z ∈ Ω− ,

Nn(z) , otherwise .

ΣΣ+ Σ
−

Ω
−

Ω+

0
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Then the jump condition for Pn(z) is exponentially negligible for large n except:

Pn
+(e

iθ
) = Pn

−(e
iθ
)

"
0 e−V (θ)

−eV (θ) 0

#
, z = e

iθ ∈ Σ .
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Analytic Weights: Steepest Descent Asymptotics

All important n-dependence has been explicitly extracted! This approach leads to a

model Riemann-Hilbert problem independent of n: find a 2× 2 matrix Ṗ(z) with the

following properties:
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continuous boundary values Ṗ±(z) on Σ.
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Analytic Weights: Steepest Descent Asymptotics

All important n-dependence has been explicitly extracted! This approach leads to a

model Riemann-Hilbert problem independent of n: find a 2× 2 matrix Ṗ(z) with the

following properties:

Analyticity: Ṗ(z) is analytic for z ∈ C \ Σ (that is, for |z| 6= 1), and takes

continuous boundary values Ṗ±(z) on Σ.

Jump Condition: The boundary values are related by

Ṗ+(e
iθ
) = Ṗ−(e

iθ
)

"
0 e−V (θ)

−eV (θ) 0

#
.

Normalization: The matrix Ṗ(z) satisfies limz→∞ Ṗ(z) = I.




