A O problem is a kind of generalization of a Riemann-Hilbert problem. We will describe how
some O problems arise in the context of the orthogonal polynomial approach to random matrix

theory.
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Spectral theorem: diagonalize U and integrate out the eigenvector variables (Haar
measure again). What remains is the joint law for the eigenvalues {z,, = ew”}ﬁ:l:

1 : : il
dp(@l, C. ., 9N) = Z_/ . H |619m - 619n|2 . H e—NV(Gn)den .
N

m<n n=1
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pn(ew)pm(ew)e_Nv(e) dl = 6, -

Christoffel-Darboux formula:

* 10 2 70 g
py(e”)py(e?) — pn(e”)pn(e?)
KN(97 ¢) — al = 1 — e’i(Q—gb) y

where if p(z) = co + c12 + - - - + 2", then p*(2) := Goz" + crz" L 4 - - -
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Normalization: The matrix M"(z) satisfies

lim M"(z) [ZO zon} — .
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where e(z) is an entire function.
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where e(z) is an entire function.
4. Because M{5(z)z" — 0 as z — oo, we must have e(z) = 0 and

1 ™

2 J .

M{’Ll(e’ie)e—’imee—NV(e) d9 — 0,
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where e(z) is an entire function.
4. Because M{5(z)z" — 0 as z — oo, we must have e(z) = 0 and

1 ™

o Mﬁ(ew)e_imee_Nv(e) df =0, m=20,1,2,...,n— 1.
T J

This result identifies M7’ (2z) with 7, (z), the monic orthogonal polynomial of degree n.
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+e

Then, note the factorization:

ein@ e—V(@) - 1
0 e—me — e—inGeV(G)
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otherwise .
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N"(z), otherwise .

Then the jump condition for P"(z) is exponentially negligible for large n except:

: : =V () :
n 70 n 70 0 e 70
P.(e’) =P (e") [—ev(e) i ] s z=e €X.

Depantonct of

MATHEMATICS

University of Michigan W




9 Problems in Random Matrix Theory April 21, 2007

Analytic Weights: Steepest Descent Asymptotics

Depantiment of

MATHEMATICS

University of Michigan




9 Problems in Random Matrix Theory April 21, 2007

Analytic Weights: Steepest Descent Asymptotics

Depantiment of

MATHEMATICS

University of Michigan




9 Problems in Random Matrix Theory April 21, 2007

Analytic Weights: Steepest Descent Asymptotics

: : =V (0)
= 10 = 70 0 (&
P (e”) =P_(e”) _eV®
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