LECTURE 5. WEIL COHOMOLOGY THEORIES AND THE WEIL
CONJECTURES

WEeil realized that the rationality and the functional equation part of the Weil con-
jectures would follow from the existence of a cohomology theory with suitable properties.
Such a cohomology theory is nowadays called a Weil cohomology theory. In the first sec-
tion we describe the axioms of such a cohomology theory, and derive some consequences.
These will be used in the second section to deduce the rationality and the functional
equation for the Hasse-Weil zeta function. In the last section, we give a brief introduction
to the first Weil cohomology over fields of positive characteristic, the ¢-adic cohomology.

1. WEIL COHOMOLOGY THEORIES

In this section we work over a fixed algebraically closed field k. All varieties are
defined over k. Recall that given a variety X and r € Z>, the group of r-cycles on X is
the free abelian group on the set of closed irreducible r-dimensional subvarieties of X . If V'
is such a variety, then we write [V] for the corresponding element of the cycle group. For
a closed subscheme Z of X of pure dimension r, the cycle of Z is [Z] = >""_, (O 2,)[Zi],
where the Z; are the irreducible components of Z, and Oy z, is the zero-dimensional local
ring of Z at the generic point of Z;.

Our presentation of the formalism of Weil cohomology theories follows with small
modifications and a few extra details de Jong’s note | ]. A Weil cohomology theory
with coefficients in the characteristic zero field K is given by the following data:

(D1) A contravariant functor X — H*(X) = @&;H*(X) from nonsingular, connected,
projective varieties (over k) to graded commutative' K-algebras. The product of
a, € H*(X) is denoted by a U 3.

(D2) For every nonsingular, connected, projective algebraic variety X, a linear trace
map Tr = Try: 249 (X) - K.

(D3) For every nonsingular, connected, projective algebraic variety X, and for every

closed irreducible subvariety Z C X of codimension ¢, a cohomology class cl(Z) €
H*(X).

The above data is supposed to satisfy the following set of axioms.

(A1) For every nonsingular, connected, projective variety X, all H*(X) have finite di-
mension over K. Furthermore, H/(X) = 0 unless 0 <7 < 2dim(X).

(A2) (Kiinneth property) If X and Y are nonsingular, connected, projective varieties,
and if px: X xY — X and py: X x Y — Y are the canonical projections, then

IRecall that graded commutative means that o3 = (—1)des(@) deg(8) 3o for every homogeneous elements
« and (.
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the K-algebra homomorphism
H*(X) @k H(Y) = H'(X xY), a®f — px(a) Upy(F)

is an isomorphsim.

(A3) (Poincaré duality) For every nonsingular, connected, projective variety X, the
trace map Tr: H24m(X)(X) — K is an isomorphism, and for every ¢ with 0 <4 <
2dim(X), the bilinear map

H(X)@g H*IX-(X) 5 K, a® 8 — Trx(aUB)

is a perfect pairing.
(A4) (Trace maps and products) For every nonsingular, connected, projective varieties
X and Y, we have

Trxxy (Px (@) Upy (B)) = Trx () Try (5)

for every a € H24mX)(X) and g € H24m)(Y).

(A5) (Exterior product of cohomology classes) For every nonsingular, connected, pro-
jective varieties X and Y, and every closed irreducible subvarieties Z C X and
W CY, we have

cl(Z x W) = px(cl(2)) U py (cl(W)).

(A6) (Push-forward of cohomology classes) For every morphism f: X — Y of nonsin-
gular, connected, projective varieties, and for every irreducible closed subvariety
Z C X, we have for every a € H24m(Z)(Y)

Trx (cl(Z) U () = deg(Z/[(2)) - Try (cl(f(Z)) U a).

(A7) (Pull-back of cohomology classes) Let f: X — Y be a morphism of nonsingular,
connected, projective varieties, and Z C Y an irreducible closed subvariety that
satisfies the following conditions:

a) Allirreducible components Wy, ..., W, of f~1(Z) have pure dimension dim(Z)+
dim(X) — dim(Y").
b) Either f is flat in a neighborhood of Z, or Z is generically transverse to f, in
the sense that f~1(Z7) is generically smooth.
Under these assumptions, if [f~1(Z)] = >_7_, m;W;, then f*(cl(2)) = D1, mcl(W;)
(note that if Z is generically transverse to f, then m; = 1 for all 7).
(A8) (Case of a point) If z = Spec(k), then cl(x) =1 and Tr,(1) = 1.

A basic example of a Weil cohomology theory is given by singular cohomology in the
case k = C, when we may take K = Q. In the last section we will discuss an example of a
Weil cohomology theory when char(k) = p > 0, the f-adic cohomology (with K = Q, for
some ¢ # p). Another example, still when char(k) > 0, is given by crystalline cohomology
(with K = W(k), the ring of Witt vectors of k).

In the rest of this section we assume that we have a Weil cohomology theory for
varieties over k, and deduce several consequences. In particular, we relate the Chow ring of
X to H*(X). We will review below some of the basic definitions related to Chow rings. For
our applications in the next section, the main result is the trace formula in Theorem 1.7
below.
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Proposition 1.1. Let X be a smooth, connected, n-dimensional projective variety.

i) The structural morphism K — H°(X) is an isomorphism.

)

ii) We have cl(X) =1 € H*(X).

ili) If x € X is a closed point, then Trx(cl(z)) = 1.

iv) If f: X — Y is a generically finite, surjective morphism of degree d between
smooth, connected, projective varieties, Trx(f*(a)) = d - Try(«) for every a €
H?3Y) (Y)Y In particular, if Y = X, then f* acts as multiplication by d on
H? dim(X) (X)

Proof. Applying condition (A3) with i = 0 implies that dimyx H°(X) = 1, hence the
structural morphism of the K-algebra H*(X) induces an isomorphism K ~ H°(X). Ap-

plying condition (A7) to the morphism X — Speck, as well as condition (A8), we get
(X) =1 € H(X).

Given x € X let us apply condition (A6) to the morphism X — Spec k, by taking
Z ={x} and o = 1 € H°(Spec k). We deduce using also (A8) that Trx(cl(x)) = 1.

If f: X — Y is as in iv), let us choose a general point @ in Y. If the cycle of the

fiber f~1(Q) is [f"HQ)] = Y_i_, m;P;, then by hypothesis Y, m; = d. Since f is flat
around @) by generic flatness, condition (A7) implies

Trx(f*(cl(Q))) = TrX(Z m; - cl(FP)) = d - Try (cl(@Q)).
Since cl(Q) generates H24™()(Y), this proves the assertion in iv). O

We now use Poincaré duality to define push-forwards in cohomology. Let f: X — Y
be a morphism between nonsingular, connected, projective varieties, with dim(X) = m
and dim(Y") = n. Given a € H(X), there is a unique f.(a) € H?** 7™+ (Y") such that

Try (f«(a) U B) = Trx(a U f7(5))
for every 3 € H*™~'(Y)). It is clear that f, is K-linear. The following proposition collects

the basic properties of the push-forward map.

Proposition 1.2. Let f: X — Y be a morphism as above.

i) (Projection formula) f.(aU f*(7)) = fi(a)U~.
i) If g: Y — Z is another morphism, with Z smooth, connected, and projective, then

(9o f)s=gso fu on H(X).
iii) If Z is an irreducible, closed subvariety of X, then

f(cl(Z)) = deg(Z/ f(2))cl(f(Z))-

Proof. Properties i) and ii) follow easily from definition, using Poincaré duality. Property
iii) is a consequence of (A6). O

Proposition 1.3. Let X and Y be nonsingular, connected, projective varieties, and
p: X XY — X and q¢: X xY — Y the canonical projections. If a € H (Y, then
p«(¢* () = Try () if i = 2dim(Y), and p.(¢*(a)) = 0, otherwise.
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Proof. Note that p.(¢*(a)) € H™29™)(X), hence it is clear that p*(q*(a)) = (0 when
i # 2dim(Y’). On the other hand, if « € H24™Y)(Y) and 8 € H24™() (X)), then

Trx (p.(q"(@)) U B) = Trxuy (¢"(a) Up™(B)) = Try (@) Trx (6),
where the last equality follows from condition (A4). Therefore p,(¢*(a)) = Try (o). O

Our next goal is to show that taking the cohomology class induces a ring homo-
morphism from the Chow ring A*(X) to H?*(X), the even part of the cohomology ring.
Before doing this, let us review a few facts about Chow rings. For details and proofs, we
refer to [Ful, Chapters [-VIII].

Let X be an arbitrary variety over k. The Chow group A,(X) is the quotient of
Z.(X) by the rational equivalence relation. Recall that this equivalence relation is gen-
erated by putting divyy (@) ~ 0, where W is an (r + 1)-dimensional closed irreducible
subvariety of X, and ¢ is a nonzero rational function of X. We do not give the general
definition of divy (¢), but only mention that for W normal, this is the usual definition
of the principal divisor corresponding to a rational function. In particular, if ¢ defines a
morphism @: W — P!, then divyy(¢) = [¢1(0)] — [p(o0)].

For a proper morphism f: X — Y one defines f.: Z,(X) — Z.(Y) such that for an
irreducible variety V' of X, f.([V]) = deg(V/f(V))[f(V)]. One shows that if ¢ is a nonzero
rational function on an (7’ + 1)-dimensional irreducible closed subvariety W of X, one has
fo(div (¢)) = 0 if dim(f(W) < dim(V), and f.(diviy(¢)) = divmw)(N(e)), otherw1se,
where N: K(f(W)) — K(W) is the norm map. Therefore we get an induced morphism
fo: A(X) — A.(Y). Note that when X is complete, the induced map deg: Ay(X) —
Ao(Spec k) = Z is given by taking the degree of a cycle. We extend this map by defining
it to be zero on A;(X) with ¢ # 0.

If X is nonsingular, connected, and dim(X) = n, then one puts A*(X) = A4, _;(X),
and A*(X) = @7 ,A"(X) has a structure of commutative graded ring. One denotes by
a U (3 the product of a, f € A*(X). If X is complete, and «y,...,a, € A*(X), then the
intersection number (o - ... - ;) is given by deg(ay U ... U ).

Taking X to A*(X) gives, in fact, a contravariant functor from the category of
nonsingular quasiprojective” varieties to that of graded rings. One defines the pull-back
f*: AY(Y) — A*(X) of a morphism f: X — Y of nonsingular varieties in terms of a
suitable (refined) intersection product. For us, it is enough to use the following property:
if Z is an irreducible subvariety of Y such that f~'(Z) has pure dimension dim(Z) +
dim(X)—dim(Y), and either f is flat in a neighborhood of Z, or Z is generically transverse
to f, then f*([Z]) = [f~1(Z)]. In fact, one can always reduce to one of these two situations:
every f admits the decomposition

XL xxy Xy,
where j = (Idyx, f) is the graph of f. Therefore
(12 = 5 (pry™([2]) = 5 ([X x Z]).

2This assumption is only made for convenience, since we want to use the Moving Lemma, and since
we are concerned with projective varieties.
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Furthermore, by the Moving Lemma, [X x Z] is rationally equivalent with a sum >, n,[IV],
with each W, generically transverse to j. Therefore f*([Z]) = >, ne[i~ (Wo)].

The product of A*(X) can be described in terms of pull-back, as follows. If Z; and
Zy are irreducible closed subvarieties of X, then

(21| U [Zo] = A™([Z1 x Z,]) € A*(X),

where A: X — X x X is the diagonal embedding. In particular, suppose that Z; and
Zy are generically transverse, in the sense that all irreducible components Wy ..., W, of
Zy N Zy have dimension dim(Z;) + dim(Z;) — dim(X), and Z; N Z, is generically smooth.
In this case Z; X Zj is generically transverse to A, hence [Z1] U [Zo] = >, [W].

Suppose now that we have a Weil cohomology theory for varieties over k. If X is a
smooth, connected, projective n-dimensional variety over k, taking the cohomology class
induces a group homomorphism cl: Z,(X) — H?" " (X). Note that if f: X — Y is a
morphism of such varieties, then it follows from Proposition 1.2 iii) that

(1) fulel(@)) = cl(f.(@)).

Lemma 1.4. If a = Y ., n,[V;] is an r-cycle that is rationally equivalent to zero, then
S niel(V;) = 0 in A2 (X)),

Proof. We may assume that there is an irreducible (r+ 1)-dimensional subvariety W of X,
and a nonzero rational function ¢ on W such that o = divy (¢). We have a rational map
@: W --» P! defined by ¢. Let 7: W’ — W be a projective, generically finite morphism,
with W’ an integral scheme, such that ¢ o is a morphism . After possibly replacing W’
by a nonsingular alteration (see | ]), we may assume that W’ is nonsingular, connected,
and projective. If d = deg(W'/W) and ¢ = f*(¢) € K(W'), then we have the equality
of cycles f.(div(v)) = d - div(p). Since char(K) = 0, it follows from (1) that it is enough
to show that cl(div(¢)) = 0 in H*(W’). On the other hand, by construction we have
div(¢) = [ 71(0)] — [~(o0)], and condition (A7) implies that it is enough to show that
cl(0) = cl(c0) € HY(P'). This follows from assertion iii) in Proposition 1.1. O

The above lemma implies that for every nonsingular, connected, projective n-dimensional
variety X, we have a morphism of graded groups cl: A*(X) — H*(X).

Proposition 1.5. The morphism cl: A*(X) — H?*(X) is a ring homomorphism. Fur-
thermore, it is compatible with both f* and f..

Proof. Compatibility with f, follows from (1). We next show compatibility with f*, where
f: X — Y is a morphism between nonsingular, connected, projective varieties. Writing f

as the composition X L Xxy ™ Y, we note that f* = j* o pj both at the level of H*
and at the level of A*. The fact that taking the cohomology class commutes with both pj-
and j* is a consequence of condition (A7) (and, in the case of j*, of the Moving Lemma).

We now show that cl is a ring homomorphism. If V and W are irreducible subvarieties
of X, and A: X — X x X is the diagonal embedding, then using the compatibility with
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pull-back and condition (A5) we get
c([VIU W]) = l(AX([V x W) = A(cl(V x W) = A (px (cl(V)) U py (cl(W)))
= A (P (el(V))) U A% (5 (L)) = el(V) U el(I1).
U

Corollary 1.6. If X is a smooth, connected, projective variety, and a; € A™ (X)) for 1 <
i <r are such that mi+...+m, = dim(X), then (a1-...-a;) = Trx(cl(aq)U...Ucl(,)).

Proof. Since the map cl: A*(X) — H**(X) is a ring homomorphism, it is enough to show
that for o € Zy(X), we have deg(a) = Trx(cl(«)). By additivity, we may assume o = P,
in which case it is enough to apply assertion iii) in Proposition 1.1. 0

Theorem 1.7. (The trace formula) If : X — X is an endomorphism of the nonsingular,
connected, projective variety X, and if 'y, A C X x X are the graph of ¢, and respectively,

the diagonal, then
2 dim(X)

(C,-8) = Y (~1)trace(*|H'(X)).
i=0
In particular, if I'y, and A intersect transversely, then the above expression computes
{z'e X | p(x) = o}

We will apply this result in the next section by taking ¢ to be the Frobenius mor-
phism. On the other hand, by taking ¢ to be the identity, we obtain the following

Proposition 1.8. If X is a smooth, connected, n-dimensional projective variety, and
A C X x X is the diagonal, then

2n
(A%) = (—1)' dimy H'(X).
i=0
We give the proof of Theorem 1.7 following [Mil, Chapter VI, §12]. We need two

lemmas. With the notation in Theorem 1.7, let dim(X) = n, and let p,q: X x X — X
denote the projections onto the first, respectively second, component.

Lemma 1.9. If o € H*(X), then p.(cl(I'y) U ¢*(a)) = ¢* ().

Proof. Let 7: X — X x X be the embedding onto the graph of ¢, so that po j = Idx
and ¢ o j = ¢. Since j,(cl(X)) = cl(I',), we deduce using the projection formula

p+(cl(Tp)Ug" () = p. (G (cl(X))Ug" (@) = pu (G (l(X)U5" (¢ (@) = P2 (G (9" (@) = ¢" ().

O
Lemma 1.10. Let (e}) be a basis of H"(X) and (f7"~") the dual basis of H*"(X) with
respect to Poincaré duality, such that Trx(f7"""Uel) = ;4. With this notation, we have

c(T,) = Zp*(w*(eg)) Ug(ff"") € H(X x X).
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Proof. We know by the Kiinneth property that we can write

Zp (lgs Uq 271 8)7

for unique elements ays € H*(X). It follows from Lemma 1.9 and the projection formula
that that

Zp* afs UQ( o S)Uq*(ef)) Zaés Up*(Q( o SUG:))

l,s
Lemma 1.3 implies that p.(q¢*(f7""° Uel) is zero, unless r = s, in which case it is equal
to Trx (f; 2"~" Uel). By assumption, thls is zero, unless ¢ = ¢, in which case it is equal to
1. We conclude that ¢*(e]) = a;,- O

Proof of Theorem 1.7. It follows from Lemma 1.10 that

Zp ) UG ().

Applying the same lemma to the 1dent1ty morphism, and to the dual bases (fJ) and
((=1)%e"*), we get
c(A) =D (=1 (fH)Ug ().
l,s
Therefore we obtain
(Fy - A) = Tryxx(cl(I'y) Ucl(A))

— Troox (Z(—1)5+8‘2"‘”p*(90 (€))U F) Uq (22 U™ S))

RN

= ZTrX YU ) - Trex (f " Uel) = Z(—l)Ttrace(goﬂHT(X)).

T

2. RATIONALITY AND THE FUNCTIONAL EQUATION VIA WEIL COHOMOLOGY
THEORIES

In this section we assume that we have a Weil cohomology theory for varieties over
k= F_p, and show how to get the statements of Conjectures 1.1 and 1.2 from Lecture 3
for varieties over F,.. We start with the rationality of the zeta function. As we have seen
in Lecture 2, given a variety X defined over F,, with ¢ = p®, we have the g-Frobenius
morphism Froby ,: X — X (a morphism over F,). Furthermore, if X=X X Spec F, OPEC K,
then we have an endomorphism F':= Froby , = Frobx , x Id of X. Note that Froby ,m =
.

Theorem 2.1. If X is a nonsingular, geometrically connected, n-dimensional projective
variety over F,, then

Pu(t) - Py(t) - - P (8)
Po(t) - Pa(t) - Pon(t)

Z(X,t) =
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where for every i with 0 < i < 2n we have Pi(t) = det(Id — tF*|H (X)). In particular,
Z(X,t) € Q(1).

We will make use of the following general formula for the characteristic polynomial
of a linear endomorphism.

Lemma 2.2. For every endomorphism o of a finite dimensional vector space V' over a
field K, we have

tm
det(Id — ty) = exp <— g trace(gme)—) .
m
m>1

Proof. After replacing K by its algebraic closure K, V by V. = V @k K, and ¢ by
Rk K:V — V, we may assume that K is algebraically closed. After choosing a suitable
basis for V', we may assume that ¢ is represented by an upper diagonal matrix. If the
entries on the diagonal are ay, ..., aq, then det(Id — tp) = (1 — ayt) - -+ (1 — aqt). On the
other hand,

exp < Z trace(¢™|V) > = exp (— Z Z a;:m) = exp (Z log(1 — aﬂf))

m>1 m>1 i=1 i=1

Proof of Theorem 2.1. Let N,, = | X (F,m)|. As we have seen in Lecture 2, we have NV, =
{x € X | F™(x) = z}|. Furthermore, the graph I',, C X x X of F™ is transverse to
the diagonal, hence by Theorem 1.7 we have N,, = 3" (=1)itrace((F™)*|H (X)). Using
Lemma 2.2, we get

Z(X,t) = exp (ZZ )'trace((F*)™ | H'(X ))tm> :ﬁdet(ld—tF*|Hi(Y))(—1)”1.

m
m>1 =0

This clearly shows that Z(X,t) lies in K (¢). On the other hand, since Z(X,t) € Q[t], the
proposition below shows that Z (X, t) lies in Q(t). O

Proposition 2.3. Let L be an arbitrary field, and f = > - amt™ € L[t]. We have

f € L(t) if and only if there are nonnegative integers M and N such that the linear span
of the vectors

(2) {(CLI‘,CLH_l, e ,CLH_N> € LEB(N+1) | ) Z M}

is a proper subspace of L®W+Y  In particular, if L' /L is a field extension, then f lies in
L'(t) if and only if it lies in L(t).
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Proof. We have f € L(t) if and only if there are nonnegative integers M and N, and
Co, .- .,cN € L, not all zero, such that f(¢)- Zﬁio c;tt is a polynomial of degree < M + N.
In other words, we need

(3) NG + CN_1Qi41 + ...+ coa;en = 0 for all i > M.

This condition holds precisely when the linear function ¢(zo,...,zy) = Z;.V:O CN_jTj
vanishes on the linear span of the vectors in (2), hence the first assertion in the proposition.
The second assertion follows from the fact that if vy, ..., v, are elements of a vector space
V over L, then vy,...,v, are linearly independent if and only if v; ® 1,...,v, ® 1 are
linearly independent over L' in V ®p, L'. 0J

We now turn to the functional equation. We keep the same assumption and notation
as in Theorem 2.1.

Theorem 2.4. If X is a nonsingular, geometrically connected, n-dimensional projective
algebraic variety over ¥y, and E = (A?), where A C X x X is the diagonal, we have

Z(X,1/q"t) = £¢"P2tP 7 (X ).

The key ingredient is the following linear algebra lemma (see [[Har, Lemma 4.3, App.

CJ).

Lemma 2.5. Let ¢: V x W — K be a perfect pairing of vector spaces of dimension r
over the field K. If A € K ~ {0} and f € Endg (V) and g € Endg (W) are such that
o(f(v),g(w)) = Ap(v,w) for everyv e V, w e W, then

(@) det(Id — tg| 1) = %det(ld ALY
and

)\T‘
(5) det(g|W) = det (V)

Proof. After replacing K by its algebraic closure K, and extending the scalars to K, we
may assume that K is algebraically closed. In this case we can find a basis eq,..., e, of
V' such that if we write f(e;) = >_7_, a;je;, we have a;; = 0 for i > j. Let ej,..., e, be
the basis of W such that ¢(e;, €}) = d;; for every i and j.

I every

Note that g is invertible: if g(w) = 0, then 0 = ¢(f(v), g(w)) = Ap(v, w) fo
e})) = 0. If

v €V, hence w = 0. Since ¢(f(e;),€}) = 0 for j < i, we deduce that ¢ (e;, g~*(
we write g~ (€}) = Yy, bjee}, we have b;; = 0 for i > j. Furthermore,

aj; = (f(e;). €)= Ap(ej, g7 (€])) = Abj;

Since det(f|V) = [Ti—, ai,; and det(g|W) = TT;_, b;; = A"/ T7_; @i, we get (5). We also
have

r

det(Id — tg|W) = det(g|W) - det(g~" — tId|W) = dtf|V J e -
7=1
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_ (_1>7’)\7"t7“ T | B ( ))\rtr o
_W'jnl(l_a“)\ = der(vy e et(Id = AL IV).

O

Proof of Theorem 2.4. We apply the lemma to the perfect pairing given by Poincaré du-
ality:

i H(X) @ H" (X)) - H*"(X) — K, pi(a® ) = Tr(a U B).
Note that F: X — X is a finite morphism of degree ¢™: indeed, it is enough to show
that Frobx,: X — X has this property. Arguing as in the proof of Proposition 2.4 in

Lecture 2, we reduce the assertion to the case X = A", when it follows from the fact that
klxy,...,x,)] is free of rank ¢" over k[z{,..., z%].

Proposition 1.1 implies that F* is given by multiplication by ¢" on H?"(X). There-
fore

pi(F (@), F*(B)) = Trx(F*(aU B)) = Trx(¢'a U B) = ¢"pi(a, B),

for every a € H'(X) and 3 € H?>(X). Lemma 2.5 implies that if we put B; =
dimg H(X) and Pi(t) = det(Id — tF*|H* (X)), then

(6) det(F*|H*" (X)) = ¢"P /det(F*|H* (X)) and

©) Poncil®) = S P 1 0

Pi(1/q"t).

Using (6), (7) and Theorem 2.1, as well as the fact that £ = 2" (—~1)‘B; by
Proposition 1.8, we deduce

Co (D)

Z(1/q") P(1/q )V =TT Panilt - .
(/e H (1/a H : [T det(F | H (X))

nE4E
q

—4z(x 1)L
( ) an/Z

= +¢"PtPZ(X,1).
0

Remark 2.6. It follows from the above proof that the sign in the functional equation
is (—=1)P*e where a = 0 if det(F* | H(X)) = ¢"B/?, and a = 1 if det(F* | H(X)) =
—q"P/2 1f we write P,(t) = Hi"l(l — a4t), an easy computation using the identity (7)
for i = n implies that the multiset {ay,...,ap, } is invariant under o — ¢/, and
Hf"l a; = (—1)%"B»/2. Therefore a has the same parity as the number of a; equal to

—q"2.
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3. A BRIEF INTRODUCTION TO /-ADIC COHOMOLOGY

In this section we give a brief overview of étale cohomology, in general, and of /-adic
cohomology, in particular. Needless to say, we will only describe the basic notions and
results. For details and for proofs, the reader is referred to [Dell] or [Mil].

The basic idea behind étale topology is to replace the Zariski topology on an alge-
braic variety by a different topology. In fact, this is not a topology in the usual sense,
but a Grothendieck topology. Sheaf theory, and in particular sheaf cohomology still make
sense in this setting, and this allows the definition of /-adic cohomology.

As a motivation, note that in the case of a smooth, projective, complex algebraic
variety we would like to recover the singular cohomology, with suitable coefficients There
are two ways of doing this algebraically. The first one consists in taking the hypercohomol-
ogy of the de Rham complex. This approach, however, is known to produce pathologies in
positive characteristic. The second approach consists in “refining” the Zariski topology,
which as it stands, does not reflect the classical topology. The key is the notion of étale
morphism. It is worth recalling that a morphism of complex algebraic varieties is étale if
and only if it is a local analytic isomorphism in the classical topology.

Let X be a fixed Noetherian scheme. The role of the open subsets of X will be
played by the category Et(X ) of étale schemes Y — X over X. Instead of considering
inclusions between open subsets, we consider morphisms in Et(X ) (note that if ¥; and
Y, are étale schemes over X, any morphism Y; — Y5 of schemes over X is étale). The

category Et(X ) has fiber products. The role of open covers is played by étale covers: these

are families (U; Lo )i of étale schemes over X such that U = |, fi(U;). The set of étale
covers of U is denoted by Cov(U).

What makes this data into a Grothendieck topology is the fact that it satisfies the
following conditions:

(C1) If ¢: U — V is an isomorphism in Et(X), then (¢) € Cov(V).

(C2) If (U; — U); € Cov(U) and for every i we have (U;; — U;); € Cov(U;), then
(Ui,j — U)i,j S COV(U)

(C3) If (U; — U); € Cov(U), and V — U is a morphism in Et(X), then we have
<Uz Xy V — V)i € COV(V)

This Grothendieck topology is the étale topology on X.

It follows from definition that if U € Et(X), and if (U;); is an open cover of U, then
(U; — U); is in Cov(U). Another important type of cover is the following. A finite étale
morphism V' — U is a Galois cover with group G if G acts (on the right) on V over U,
and if the natural morphism

| | Ve = Vxu Vi y eV, — (y,y9)
geG

is an isomorphism, where V, = V for every g € G. Note that this is a G-equivariant
isomorphism if we let G act on the left-hand side so that h € G takes V, to Vj;, via
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the identity map. It is a general fact that every finite étale morphism V' — U can be
dominated by a Galois cover W — U.

Once we have a Grothendieck topology on X, we can extend the notions of presheaves
and sheaves. An étale presheaf on X (say, of abelian groups) is a contravariant functor
from Et(X ) to the category of abelian groups. An étale presheaf F is a sheaf if for every
U € Et(X) and every étale cover (U; — U);, the following complex

0— FU) = [[FW) - [[F Wi xv Uy)
i i\j
is exact. In particular, F defines a sheaf F;; on U, in the usual sense, for every U in
Et(X). On the other hand, if V' — U is a Galois cover in Et(X) with group G, then the
corresponding condition on JF is that F(U) ~ F (V)% (note that G has a natural action
on F since F is a presheaf). Let us consider some examples of étale sheaves.

Example 3.1. If M is a quasi-coherent sheaf of Ox-modules on X (in the usual sense),
then we put for U L X in Et(X)

WM)(U) = T(U, f*(M)).

It is a consequence of faithfully flat descent that W (M) is an étale sheaf on X. Abusing
notation, we usually denote W (M) simply by M.

Example 3.2. If A is any abelian group, then we get an étale constant sheaf on X that
takes every U — X in Et(X) to A™) where mo(U) is the set of connected components
of U. This is denoted by Ax, but whenever the scheme X is understood, we drop the
subscript.

Example 3.3. Suppose that G is an abelian group scheme over X. We may consider G
as an étale presheaf on X by defining for U — X in Et(X), G(U) = Homx (U, G). It is
another consequence of faithfully flat descent that G is an étale sheaf on X. For example,
if G =G, = X Xspecz Spec Z[t, t71], then G,,(U) is the set O(U)* of invertible elements
in O(U). Another example is given by the closed subscheme

fn, = X Xspecz Spec Z[t] /(1" — 1) — Gp,.
In this case we have p,(U) = {u € Ox(U) | u™ = 1}.

Example 3.4. As a last example, consider the case when X = Spec k, where k is a field.
Note that in this case an object in Et(X ) is just a disjoint union of finitely many Spec K;,
where the K; are finite, separable extensions of k. It is clear that every étale sheaf F over
X is determined by its values My := F(Spec K), for K/k as above. Furthermore, G(K/k)
has an induced action on Mk, and for every Galois extension L/K of finite, separable
extensions of k, we have a functorial isomorphism My ~ (M )5/ 5) Let M := lim M.
K/k
This carries a continuous action of G = G(k*P/k), where k*P is a separable closure of k
(the action being continuous means that the stabilizer of every element in M is an open
subgroup of ). One can show that this defines an equivalence of categories between the
category of étale sheaves on Spec k and the category of abelian groups with a continuous
G-action.
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Suppose now that X is an arbitrary Noetherian scheme. It is easy to see that the
category Pshg(X) of étale presheaves on X is an abelian category. If Shg(X) is the
category of étale sheaves on X, then one can show that the natural inclusion Pshg(X) —
Shy (X) has a left adjoint, that takes an étale presheaf F to the associated étale sheaf.
Using this, one can show that also Shg(X) is an abelian category. We note that a complex
of étale sheaves on X

F S FSF"
is exact if and only if for every U — X in Et(X), every a € F(U) such that v(a) = 0,

and every z € U, there is f: V — U in Et(X) with z € f(V), such that the image of a
in F(V) lies in Im(F' (V) — F(V)).

Example 3.5. Suppose that X is a scheme over F,,, and let us assume, for simplicity,
that X is integral. There is an important exact sequence of étale sheaves on X, the
Artin-Schreier sequence, given by

Frob,—Id
(8) 0 — (F))x — Ox —> O0x —0,

where for every U — X in Et(X), we recall that Frob,: Ox(U) — Ox(U) is given by
u — uP. It is clear that (F,)x is the kernel of Frob, — Id: this follows from the fact that
for every domain A over F,,, we have F, = {a € A | @’ = a}. Note that Frob, — Id is
surjective on Oy (for the étale topology). Indeed, given any Noetherian ring A and a € A,
the morphism ¢: A — B = A[t]/(t* —t — a) is étale and surjective, and thereis b =1t € B
such that ¢(a) = b” —b.

Example 3.6. Suppose now that X is a scheme over a field k, and n is a positive integer,
not divisible by char(k). In this case we have an exact sequence of étale sheaves, the
Kummer sequence

0—>,u€—>Gmi>GmHO.

In order to see that the morphism G,, — G,, that takes u — u" is surjective, it is
enough to note that for every k-algebra A, and every a € A, the natural morphism
p: A — B = A[t]/(t" — a) is étale and surjective, and there is b = ¢t € B, such that
pla) = 1"

Note that if k is separably closed, then it is clear that for every k-algebra that is
an integral domain, we have {u € A | v = 1} C k. Suppose, for simplicity, that X is an
integral scheme. In this case, the choice of a primitive n'® root of 1 gives an isomorphism

fn >~ (Z/nZ)x.

If f: X — Y is a morphism of Noetherian schemes, for every U — Y in Et(Y),
we have X xy U — X in Et(X). Furthermore, if (U; — U); is an étale cover of U, then
(X Xy U; — X Xy U); is an étale cover of X xy U. Using this, it is easy to see that we
have a functor f.: She(X) — Shg(Y), such that f.(F)(U) = F(X xy U). This is a left
exact functor, and one can show that it has a left adjoint, denoted by f*. For example,
we have f*(Ay) ~ Ax.
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One can show that the category She(X) has enough injectives. In particular, for

every U — X in Et(X) we can consider the right derived functors of the left exact functor
F — F(U). These are written as H, (U, F), for i > 0.

Example 3.7. If M is a quasi-coherent sheaf on X, and W(M) is the corresponding
étale sheaf associated to M as in Example 3.1, then one can show that there are canonical
isomorphisms H*(X, M) ~ H. (X, W(M)).

Example 3.8. Let X = Speck, where £ is a field. If we identify an étale sheaf on X with
an abelian group M with a continuous G-action, where G = G(k*?/k), then the functor
of taking global sections for the sheaf gets identified to the functor M — M%. Therefore
its derived functors are given precisely by the Galois cohomology functors.

Example 3.9. One can show that as in the case of the Zariski topology, there is an
isomorphism Hj (X, G,,) ~ Pic(X). Suppose now that X is an integral scheme over a
separably closed field k, and n is a positive integer that is not divisible by char(k). Tt
follows from Example 3.6 that we have an exact sequence

T'(X,0x)" % T(X,0x)" — HL(X,Z/nZ) — Pic(X) 2 Pic(X),
where both a and 3 are given by taking the n*-power.

Example 3.10. Suppose that X is an integral scheme over F,,. The Artin-Schreier exact
sequence from Example 3.5, together with the assertion in Example 3.7 implies that we
have a long exact sequence of cohomology

: : Id—Frob,,__. ;
(9) -+ HL(X,Fy) —= H(X, Ox) 2 HI(X, Ox) —= H (X, Fy) —= -+

Suppose now that X is complete over a field k, so each H'(X, Ox) is finite-dimensional over
k. Since Frob,: H'(X,Ox) — H'(X,Ox) has the property that Frob,(au) = a’Frob,(u),
it is a general fact that if k is algebraically closed, the morphism Id — Frob, is always
surjective. It follows that under this assumption, the above long exact sequence breaks
into short exact sequences

B . Id—Frob,_ .
(10) 0 — H,(X,F,) — H'(X,0x) — H'(X,0x) —0.

It turns out that it is particularly interesting to compute the étale cohomology of
schemes with coefficients in finite abelian groups. The basic computation is that of the
étale cohomology groups of a curve. In fact, the proofs of the fundamental results about
étale cohomology are reduced to the case of curves via involved dévissage arguments.

Theorem 3.11. Let X be a smooth, connected, projective curve, over an algebraically
closed field k. If n is a positive integer that is not divisible by char(k), then there are
canonical isomorphisms

HE(X, pin) = pn(Spec k),
HY(X, 1) ~ {L € Pie(X) | L" ~ Oy},
H§t<X7 pin) = Z/NZ,
while HL,(X, j1,) = 0 fori > 2.
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The key point is to show that H (X, G,,) = 0 for ¢ > 2. This is deduced from a the-
orem of Tsen, saying that every nonconstant homogeneous polynomial f € k[zy, ..., x,] of
degree < n has a nontrivial zero. The assertions in the above theorem then follow from the
long exact sequence in cohomology corresponding to the Kummer exact sequence. Note
that u,(Speck) is non-canonically isomorphic to Z/nZ. Furthermore, every L € Pic(X)
such that L" ~ Ox lies in Pic’(X). Since Pic’(X) consists of the k-rational points of a
g-dimensional abelian variety over k (where g is the genus of X), it follows that

{L € Pic(X) | L" ~ Ox} ~ (Z/nZ)*

(see | , p. 60]). Furthermore, multiplication by n is surjective on Pic’(X) (see [ :
p. 40]), which gives the isomorphism HZ (X, u,) =~ Z/nZ in the theorem.

Remark 3.12. When the characteristic of k£ divides n, the ranks of the cohomology groups
H! (X, Z/nZ) do not behave as expected. Suppose, for example, that X is an elliptic curve
defined over an algebraically closed field of characteristic p > 0. It follows from the exact
sequence (10) that dimg, H(X,Z/pZ) < 1 (compare with the fact that for a prime
{ # p, we have dimg, H}, (X, Z/pZ) = 2). On the other hand, this étale cohomology group
detects interesting information about the elliptic curve: it follows from the exact sequence
(10) that dimg, H(X,Z/pZ) = 1 if and only if the Frobenius action on H'(X, Ox) is
nonzero (in this case one says that X is ordinary; otherwise, it is supersingular).

The (-adic cohomology groups are defined as follows. Let k be an algebraically closed
field, and let ¢ be a prime different from char(k) (in case this is positive). For every i > 0,
and every m > 1, consider the Z/(™Z-module H’ (X,Z/(™Z). We have obvious maps
H,(X,Z/0"'Z) — H}(X,Z/("Z)

and one puts

He (X, Zy) = anHét(X’ Z/("Z).
This has a natural structure of Z,~-module, where Z;, is the ring of /-adic integers, and one
defines

Hg (X, Qo) == Hg (X, Zy) @z, Qu-
It is worth pointing out that taking cohomology does not commute with projective limits,
hence HY, (X, Zy) is not the étale cohomology group of X with coefficients in the constant
sheaf Z,. It follows from the fundamental theorems on étale cohomology that when re-
stricting to smooth, connected, projective varieties over k, one gets in this way a Weil
cohomology theory with coefficients in Q, (see [\Mil, Chapter VI]).

In particular, if X is a smooth, geometrically connected, n-dimensional projective
variety over F,, with ¢ = p° let £ be a prime different from p. Theorem 2.1 gives the
following expression for the zeta function of X:

Pu(t) - Po(t) - P 1 (1)
(11) 2 = B ()

where P;(t) = det (Id — tF*|H (X Xg k, Q£)>~

Furthermore, general results about étale cohomology give a proof for the Weil con-
jecture relating the zeta function Z (X, ) with the Betti numbers for singular cohomology
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(see Conjecture 4 in Lecture 3). Note first that we have already seen the first assertion in
this conjecture: with the above notation, Proposition 1.8 gives >, (—1)'deg(P;) = (A?),
where A C X x X is the diagonal. Suppose now that X is a smooth projective scheme
over a finitely generated Z-subalgebra R of C, and P € Spec(R) is such that R/P = F,

and X Xgpec g Spec Fy = X. It is a consequence of the smooth base change theorem (see
[Mil, Corollary VI.4.2]) that there are isomorphisms

Hi(X,Z/0"Z) ~ H(X Xspeer Spec C,Z /(7).

Furthermore, a comparison theorem between singular and étale cohomology (see [Mil,
Theorem I11.3.12]) implies that the étale and singular cohomology groups of smooth com-
plex varieties, with coefficients in finite abelian groups are isomorphic. In particular,

HE(X Xspecr Spec C, Z/0™Z) ~ Hi(X(C)™, Z/("Z).
After taking the projective limit over m > 1, and tensoring with Q,, we get
Hu (X, Q) = H'(X(C)™, Q).

Therefore we have deg(P;) = dimq H(X(C)*, Q), proving the fourth of the Weil conjec-
tures.

The fundamental result of Deligne [ |, settling the hardest of the Weil conjec-
tures, the analogue of the Riemann Hypothesis, is the following.

Theorem 3.13. If X is a smooth, geometrically connected, projective variety over F,
and F' = Frobx , is the induced Frobenius morphism on X = X Xy k, then

det (Id — tF*|H,(X, Qo)) = [ [(1 — cut) € Z[1],

and for every choice of an isomorphism Q; ~ C, we have |a;| = ¢"/? for all i.

We mention that one can give a proof for the rationality of the zeta function for
arbitrary varieties in the setting of ¢-adic cohomology. The point is that if k& is an alge-
braically closed field of characteristic p, and ¢ is a prime different from p, then for every
separated variety over k one can define ¢-adic cohomology groups with compact supports
Hi(Y,Qy). These are always finite-dimensional Q-vector spaces, and they are zero unless
0 <i<2dim(Y).

If X is a separated variety over a finite field F,, and if F' = Frobx , is the Frobenius
endomorphism of X = X X k, then one has the following formula for the zeta function
of X (see [Mil, Theorem VI.13.1]):

Z(X,t) = [ [ det(F* | HI(X, Q).
i>0
In particular, it follows that Z (X, ) is a rational function, and this implies the rationality
of the zeta function for every variety over F.
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