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Abstract

Diffusion processes intended to model the continuous state space limit of birth–death processes, chemical reac
other discrete particle systems often involve multiplicative noise where the diffusion vanishes near one (or more) of
space boundaries. Standard direct numerical simulation schemes for the associated stochastic differential equatio
risk of “overshooting”, i.e., of varying outside the meaningful state space domain where simple analytic expression
diffusion coefficient may take on unphysical (negative or complex) values. We propose a simple scheme to overc
problem and apply it to an exactly soluble stochastic ordinary differential equation (SODE), and to a related parabolic s
partial differential equation (SPDE) that admits exact analytic solution for the stationary correlation function. Armed wit
analytic benchmark solutions, we demonstrate that the scheme produces approximate solutions for the SODE with dis
that display first-order convergence in the Wasserstein metric. For the SPDE, the scheme produces first order conve
the stationary correlation function inL2.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction

To motivate this study, consider a birth–dea
processN(t) ∈ {0,1,2, . . .} with birth rate λn =
N λ̄(n/N ) � 0 and death rateµn = N µ̄(n/N ) � 0
whereλ̄(u) andµ̄(u) are smooth functions of their a
guments andN � 1 is a population scale. That is, th
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“continuum limit” of the population level is taken t
be a real-valued processU(t) = N(t)/N ∈ [0,∞) as
N → ∞. In the full continuum limit where fluctua
tions are (presumably) negligible,U(t) should obey
the ordinary differential equation

(1)
dU

dt
= f (U),

wheref (u) = λ̄(u) − µ̄(u).
To keep some discrete fluctuation effects in a c

tinuum description, start from the master (forwa
.
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Kolmogorov) equation for the probability mass fun
tion, pn(t), of N(t),

(2)
dpn

dt
= λn−1pn−1 − (λn + µn)pn + µn+1pn+1.

Then the “near-continuum” limit, simply obtained v
Taylor expansion keeping only the leading order eff
of the fluctuations, produces a Fokker–Planck (f
ward Kolmogorov) equation for the densityρ(u, t) ≈
NpNu(t) of U(t) of the form

(3)
∂ρ

∂t
= ∂

∂u

{
−f (u) + 1

2

∂

∂u
g(u)2

}
ρ

with drift f (u) as in (1) and non-negative diffusio
g(u)2 = (λ̄(u)+µ̄(u))/N . From this we conclude tha
the near-continuum processU(t) is a Markov diffu-
sion process satisfying the Itô stochastic differen
equation

(4)
dU

dt
= f (U) + g(U)ξ(t),

whereξ(t) is delta-correlated Gaussian white noise1

Typically at low population levelsλn ∼ n andµn ∼
n so thatλ̄(u) ∼ u, µ̄(u) ∼ u and the multiplicative
noise functiong(u) ∼ √

u asu↓0. This vanishing of
the diffusion near the zero-population boundary (u = 0
or U = 0) of the state space is what we mean bysin-
gular diffusion for such problems. Iff (u) ∼ u near
the zero-population boundary, then for smallU the
stochastic differential equation for this kind of syste
takes the form

(5)
dU

dt
= αU + β

√
Uξ(t),

whereα andβ are just coefficients. Fluctuations a
extremely important at these small values ofU : even
with a small coefficientβ ∼ N−1/2, the

√
U factor

multiplying the noise can greatly overwhelm the dr
∼ U whenU is sufficiently small. Leaving question
of the non-Lipshitz nature of the generic square-r
singularity aside, in this Letter we focus on issues
lated to the direct numerical simulation of such sing
lar diffusions.

1 We will use the standard physics notation. In the mathem
cal literature this stochastic differential equation would be writ
dU = f (U)dt + g(U)dW .
A straightforward Euler method for(6) leads to the
iteration

(6)Uk+1 = Uk + αUk�t + β
√

Uk �Wk,

whereUk ≈ U(k�t) and the�Wk are independen
Gaussians with mean zero and variance�t . The prob-
lem at lowU -levels is that even whenUk > 0 it is easy
for fluctuations to driveUk+1 < 0, out of the sensible
domain. Then because of the square root, the it
tion cannot meaningfully proceed. What we propo
in this Letter is a computational scheme that can o
come this difficulty. This problem has been previou
recognized and addressed by some schemes (se
example,[1,2]) to varying degrees of success[3]. The
method proposed here is not so sophisticated, b
easy to implement and, as will be shown, quite eff
tive.

We also bring our approach to bear on general
tions of such problems including spatial dependen
diffusion and noise. For example, generalizations
local birth–death, reaction, or other dynamics inclu
ing spatial diffusion lead to a stochastic partial diffe
ential equations with multiplicative noise of the form

(7)
∂U(x, t)

∂t
= D

∂2U

∂x2
+ f (U) + g(U)η(x, t),

where the Gaussian white noiseη(x, t) is delta-
correlated in botht and x. If U only makes sens
for non-negative values andg(U) ∼ √

U for smallU
while f is Lipshitz, then the same kind of “overshoo
problems with simulations have to be addressed.

The rest of this Letter is organized as follows.
Section2 we develop our approach for another, so
ble, stochastic ordinary differential equation (SOD
with a square root singularity for the multiplicativ
noise at the state space boundaries. Given the e
solution for the stationary distribution we also stu
the scheme’s quantitative accuracy in terms of c
vergence in the Wasserstein metric. In Section3 we
apply the numerical technique to a stochastic pa
differential equation (SPDE) with the same sort
multiplicative space–time white noise, and exam
numerical convergence for the stationary correlat
function. The final Section4 is a brief summary of the
results and discussion of applications for this meth
to a problem of current interest.
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2. A stochastic ordinary differential equation

To introduce and evaluate the scheme we cons
the SODE

(8)
dΦ(t)

dt
= −γΦ(t) + σ

√
1− Φ(t)2 ξ(t)

interpreted in the Itô sense;ξ(t) is Gaussian white
noise with〈ξ(t)〉 = 0 and〈ξ(t)ξ(s)〉 = δ(t − s). The
diffusion coefficient vanishes atΦ = ±1 so we restrict
the initial condition to satisfy

(9)−1� Φ(0) � 1.

We focus on the caseγ > 0 where the drift subse
quently maintainsΦ ∈ [−1,1]. (Theγ = 0 case need
to be treated separately; the process stays real onl
a finite time ifγ < 0 and we will not consider this sit
uation.) Positiveγ can be scaled away by redefinin
time, so that the single remaining parameter isγ /σ 2,
but we retain the parameters for consistency with
notation in[4].

Then the stationary probability density of th
processΦ(t) is

(10)ρs(φ) = �(γ /σ 2 + 1/2)

�(γ /σ 2)�(1/2)

(
1− φ2)−1+γ /σ 2

for φ ∈ (−1,1) and, of course,ρs(φ) = 0 for |φ| > 1.
The primary difficulty in the straightforward nume
ical solution of (8) is the multiplicative noise term
standard discretizations will not always respect
constraint|Φ| � 1. When the numerical approxima
tion strays outside[−1,1] the scheme will be de
stroyed.

We propose an extremely simple numerical meth
for solving (1) that avoids this problem. Define

(11)G(φ) :=
{√

1− φ2, |φ| � 1,

0, otherwise,

and discretize the SODE via the elementary Eu
scheme:

(12)φn+1 = φn − γφn�t + σG(φn)�Wn,

where�t is the time step and�Wn are independen
Gaussian random variables with mean 0 and varia
�t . The initial value for the iterations isφ0 = Φ(0).
The “truncated”G(φ) in place of

√
1− φ2 avoids the

overshoot problem in the sense that the iteratesφn al-
ways remain real even should they wander outside
interval [−1,1]. The deterministic dynamics then d
rects the variable back into the interval (this propert
certainly desirable and in some cases probably ne
sary for this scheme). Now we investigate converge
properties for this numerical scheme.

Fig. 1 shows a comparison of the stationary dis
bution for the iterates of the numerical scheme(12)
to the exact analytic distributionρ0(φ) in (10). When
γ � σ 2 case we actually observeL1-convergence o
the probability distribution functions. Theγ < σ 2 case
requires special attention because for small value
γ /σ 2 the invariant measure approaches a combina
of δ-functions at±1, so arbitrarily small errors thes
peaks’ positions prohibitL1-convergence. This is th
main motivation to study convergence of the distrib
tion of the solution of the finite difference approxim
tion (8) using theWasserstein metric as the measure o
the distance between probability distributions.

The Wasserstein metric has recently been app
to a number of problems involving flows, diffusio
and mass transport[5–7]. The Wasserstein distanc
dp(F1,F2) of order 1� p < ∞ between two proba
bility distributions onR

n is defined by the formula

(13)dp(F1,F2)
p = inf

H∈H(F1,F2)

∫
|x − y|p dH(x, y),

where| · | is Euclidian norm onRn andH(F1,F2) is
the set of all joint probability distributions onRn ×
R

n with marginalsF1 andF2. The infimum in(13) is
attained by the joint distribution functionH(x,y) =
min{F1,F2}. See[8,9].

Equivalently, the Wasserstein distance between
probability distributions with cumulative distributio
functionsF1 andF2 can be defined by:

(14)dp(F1,F2)
p =

1∫
0

∣∣F−1
1 (t) − F−1

2 (t)
∣∣p dt,

where the power−1 denotes the pseudo-inverse fun
tion

(15)F−1(t) = inf {x: F(x) > t}.
The equivalence of these definitions is proven in[8,
10]. The Wasserstein distance is a well-defined m
ric on the set of all probability distributions wit
finite p-moments[5,11]. Moreover, convergence i
the Wasserstein metric is equivalent to the weak c
vergence plus the convergence ofpth moments; see
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Fig. 1. Probability distribution functions, from simulation data and the exact formula(10), for several different values ofγ with σ2 = 1. The
simulation statistics here correspond to 106 independent realizations.�t = 0.01.
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[5,12]. By Hölder’s inequality, the distancesdp(F1,F2)

are an increasing sequence forp < ∞, so we can de
fine Wasserstein distance forp = ∞ as the limit of that
sequence. (Note: in some literature these definiti
are associated with the name of Kantorovich as w
and the popularp = 2 case is called the Kantorovich
Wasserstein metric.)

Fig. 2 shows that the stationary distribution of t
iterates of the numerical scheme(12)converges to the
exact stationary distributionρ0(φ) of the solution of
the SODE(8) as�t → 0 in the∞-Wasserstein metri
(and therefore also in everyp-Wasserstein metric fo
p � 1). These data suggest that the convergence
of the method is first order�t .

As previously mentioned, Wasserstein converge
implies the convergence of moments. Hence the
ments of the iterates of the discrete scheme(12) con-
verge to those of(8), namely,

(16)
〈
Φ2n

〉
stat :=

1∫
−1

φ2nρ0(φ)dφ =
n∏

i=1

1

1+ 2γ

σ2(2i−1)

,

(17)
〈
Φ2n−1〉 = 0.
stat
Finally, we note that in the high noise (smallγ /σ 2)
limit,

(18)ρ0(φ) → 1

2

(
δ(φ − 1) + δ(φ + 1)

)
as σ → ∞. For theγ = 0 case there is no uniqu
stationary distribution for(8) but there are invarian
measures of the form1+m

2 δ(φ − 1) + 1−m
2 δ(φ + 1)

wherem is the mean of the initial distribution. Th
mean and all odd moments of this kind of distributi
arem while the even moments are 1.

3. A stochastic partial differential equation

Consider the SPDE

∂

∂t
Φ(x, t) = −γΦ + β

∂2Φ

∂x2

(19)+ σ
√

1− Φ2 η(x, t),

whereη(x, t) is a space–time Gaussian white no
with 〈η(x, t)〉 = 0 and〈
η(x, t)η(y, s)

〉 = δ(x − y)δ(t − s).
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Fig. 2. The∞-Wasserstein distance from the numerical distribution to the exactρ0(φ) at timeT = 10. The relaxation time toward the st
tionary distribution, i.e., the lowest positive eigenvalue of the associated Fokker–Planck (forward Kolmogorov) operator, is 1/γ soT = 10 is
a sufficiently long time for these parameter values. Other parameters:σ = 1 and 106 independent realizations to minimize the statistical no
with initial conditionΦ(0) is uniformly distributed on[0,1/2]. The error bars are based on ten independent simulations. The dashed line∼ �t

is provided for comparison.
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Again γ > 0 andβ > 0. We consider this equation t
be the continuum limit of a spatial discretization co
sisting of a set of coupled Itô equations.

The full discretization on a lattice of the lengthL
with N lattice points is:

φn+1
i = φn

i − γφn
i �t + β�t

h2

(
φn

i−1 − 2φn
i + φn

i+1

)

(20)+ h−1/2σG
(
φn

i

)√
�t�Wn

i ,

where the lattice space ish = L/N , G is the truncated
function in(11), and the�Wn

i are independent Gau
sians with mean zero and variance�t . Note that noise
amplitude is rescaled by the factorh−1/2 to achieve the
proper normalization in the spatial continuum lim
Spatial boundary conditions (periodic, Dirichlet, et
may be implemented as usual for such diffusion eq
tions.

This SPDE permits the exact evaluation of the s
tionary correlation function[4], making it a convenien
benchmark for numerical methods[13]. In the contin-
uous time limit, the formula for the stationary spat
covariance is

C2(i, j) := lim
t→∞

〈
Φi(t)Φj (t)

〉

(21)

= 〈ΦiΦj 〉stat=
[(

M−1)
ii

− 2h

σ 2

](
M−1)

ij
,

where the matrixM = −γ I + β∆h with ∆h the dis-
crete Laplacian matrix. For periodic boundary con
tions M can be inverted using discrete Fourier tra
form:

(22)
(
M−1)

lm
= 1

N

N∑
k=1

dke
2πi
N

(k−1)(m−l)

with

dk =
(

−γ − 4β

h2
sin2 π

N
(k − 1)

)−1

.



154 C.R. Doering et al. / Physics Letters A 344 (2005) 149–155
Fig. 3. Numerically computed stationary correlation functions for the parameter values listed inTable 1.
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Table 1

�t 0.2 0.1 0.05 0.025 0.012
N = 100

�t
500 1000 2000 4000 8000

L2-norm 0.0423 0.0200 0.0092 0.0045 0.00

We expect that the fully discrete covariance fun
tion generated by(20),

(23)CDiscr(i, j) = lim
n→∞

〈
φn

i φn
j

〉
converges toC2(i, j) as the time step decreases.Ta-
ble 1 shows the numerical results for theL2 norm
of the difference betweenCDiscr(i, j) andC2(i, j) for
h = 1 using 103 independent ensembles, for some
creasing values of�t .

These data indicate first order convergence inL2
for the stationary correlation function.Fig. 3 is a plot
of the correlation functions.

4. Discussion

We have presented a simple and effective met
for numerically approximating some singular diff
sion problems arising in applications. Comparison
the simulation results with exact solutions for t
benchmark problem considered here indicate that
can expect reasonable convergence properties fo
propriate statistical quantities like measures and
ments.

As we have pointed out in the introduction, t
square-root singularity appears naturally in appli
tions. Precisely this form of multiplicative noise a
pears at one boundary in the SPDE describing dire
percolation, and other numerical methods have b
tailored to deal with the “overshoot” problem[14].
The method presented here has already been ap
to simulate wavefront propagation in the stocha
Fisher–Kolmogorov–Petrovsky–Piscounov (SFKP
equation,

∂U(x, t)

∂t
= D

∂2U

∂x2
+ γU(1− U)

(24)+ σ
√

U(1− U)η(x, t).

This equation arises as the fluctuating hydrodyna
description of a long-ranged contact process[15]. It
is also dual to a simple reaction–diffusion partic
process[16] that has become a paradigm for the
fect of discreteness and fluctuations on “pulled” fro
in mesoscopic systems[17,18]. Note that as for the
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benchmark problem studied in the previous sect
the square root singularity at both boundaries (in
caseU = 0 and 1) of the process’ state space.

The deterministic (σ = 0) version of(24) is the
classical Fisher–Kolmogorov–Petrovsky–Piscoun
equation that supports wavefront solutions travell
at a variety of speedsc ∈ [2√

Dγ ,∞). Discreteness
effects, modelled by the noise in the sense that
population scaleN ∼ σ−2, were conjectured to lea
to a unique front speed

c ≈ 2
√

Dγ

[
1−O

([
log

√
Dγ

σ 2

]−2)]

for largeN (i.e., small noise amplitudeσ ). Simula-
tions of the SFKPP equation in[16] using the method
described in this Letter, as well as other numeri
techniques[19], have supported this conjecture. Mor
over, in [16] it was also conjectured the wavefro
speed should obeyc ∼ 2Dγ/σ 2 as

√
Dγ/σ 2 → 0

(strong noise). The numerical scheme described in
Letter, as well as another recently developed met
[3] have been utilized to confirm this strong noise sc
ing.
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