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Abstract

Diffusion processes intended to model the continuous state space limit of birth—death processes, chemical reactions, and
other discrete particle systems often involve multiplicative noise where the diffusion vanishes near one (or more) of the state
space boundaries. Standard direct numerical simulation schemes for the associated stochastic differential equations run the
risk of “overshooting”, i.e., of varying outside the meaningful state space domain where simple analytic expressions for the
diffusion coefficient may take on unphysical (negative or complex) values. We propose a simple scheme to overcome this
problem and apply it to an exactly soluble stochastic ordinary differential equation (SODE), and to a related parabolic stochastic
partial differential equation (SPDE) that admits exact analytic solution for the stationary correlation function. Armed with these
analytic benchmark solutions, we demonstrate that the scheme produces approximate solutions for the SODE with distributions
that display first-order convergence in the Wasserstein metric. For the SPDE, the scheme produces first order convergence fol
the stationary correlation function i,.

0 2005 Elsevier B.V. All rights reserved.

1. Introduction “continuum limit” of the population level is taken to
be a real-valued procegs(r) = N(t)/N € [0, 00) as
To motivate this study, consider a birth—death N — oo. In the full continuum limit where fluctua-
processN(¢) € {0,1,2,...} with birth rate A, = tions are (presumably) negligiblé/(s) should obey
NAi(n/N) > 0 and death ratg,, = Nji(n/N) > 0 the ordinary differential equation
wherex (1) andji () are smooth functions of theirar-  Ju

guments andV' > 1 is a population scale. That is, the  “;; — 1), @)
where f (1) = A(u) — ji(u).
* Corresponding author. _ To keep some discrete fluctuation effects in a con-
E-mail address; doering@umich.ed(C.R. Doering). tinuum description, start from the master (forward
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Kolmogorov) equation for the probability mass func-

ddptn =An—1Pn-1— (An + n) Pn + Un+1Pn+1- 2
Then the “near-continuum” limit, simply obtained via
Taylor expansion keeping only the leading order effect
of the fluctuations, produces a Fokker—Planck (for-
ward Kolmogorov) equation for the densityu, t) ~
Nparu (@) of U(t) of the form

ap_

9 19
Py a_u{_f(u)+§8_ug(u) },0 3

with drift f(x) as in(1) and non-negative diffusion
gw)? = (A(u)+ 1 (u))/N . From this we conclude that
the near-continuum proce$s(z) is a Markov diffu-
sion process satisfying the It6 stochastic differential
equation

du
=7 = U +U)EW), 4)

whereg () is delta-correlated Gaussian white notse.
Typically at low population levels,, ~n andu,, ~

n so thati(u) ~ u, ju(u) ~ u and the multiplicative

noise functiong(u) ~ /u asu|0. This vanishing of

the diffusion near the zero-population boundary0

or U = 0) of the state space is what we meanshy

gular diffusion for such problems. Iff (u) ~ u near

the zero-population boundary, then for sméllthe

stochastic differential equation for this kind of system

takes the form

‘;—(t]=aU+ﬁ~/ﬁé(t), (5)
wherea and g are just coefficients. Fluctuations are
extremely important at these small valueslafeven
with a small coefficients ~ N'~1/2, the /U factor
multiplying the noise can greatly overwhelm the drift
~ U whenU is sufficiently small. Leaving questions
of the non-Lipshitz nature of the generic square-root
singularity aside, in this Letter we focus on issues re-
lated to the direct numerical simulation of such singu-
lar diffusions.

1 We will use the standard physics notation. In the mathemati-
cal literature this stochastic differential equation would be written
dU = f(U)dt + g(U)dW.

A straightforward Euler method fd6) leads to the
iteration

Uky1= Ui + aUr At + B/ U AWy, (6)

where Uy ~ U (kAt) and the AW, are independent
Gaussians with mean zero and variange The prob-

lem at lowU -levels is that even wheli; > 0 it is easy

for fluctuations to drivelU;1 < 0, out of the sensible
domain. Then because of the square root, the itera-
tion cannot meaningfully proceed. What we propose
in this Letter is a computational scheme that can over-
come this difficulty. This problem has been previously
recognized and addressed by some schemes (see, for
example[1,2]) to varying degrees of succels§. The
method proposed here is not so sophisticated, but is
easy to implement and, as will be shown, quite effec-
tive.

We also bring our approach to bear on generaliza-
tions of such problems including spatial dependence,
diffusion and noise. For example, generalizations of
local birth—death, reaction, or other dynamics includ-
ing spatial diffusion lead to a stochastic partial differ-
ential equations with multiplicative noise of the form

U(x,1)  9%°U
— = Doa T W)+ @m0, )

where the Gaussian white noisg(x,t) is delta-
correlated in bothy and x. If U only makes sense
for non-negative values ang{U) ~ +/U for smallU
while f is Lipshitz, then the same kind of “overshoot”
problems with simulations have to be addressed.

The rest of this Letter is organized as follows. In
Section2 we develop our approach for another, solu-
ble, stochastic ordinary differential equation (SODE)
with a square root singularity for the multiplicative
noise at the state space boundaries. Given the exact
solution for the stationary distribution we also study
the scheme’s quantitative accuracy in terms of con-
vergence in the Wasserstein metric. In Sectowe
apply the numerical technique to a stochastic partial
differential equation (SPDE) with the same sort of
multiplicative space—time white noise, and examine
numerical convergence for the stationary correlation
function. The final Sectiod is a brief summary of the
results and discussion of applications for this methods
to a problem of current interest.
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2. A stochastic ordinary differential equation
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interval [—1, 1]. The deterministic dynamics then di-
rects the variable back into the interval (this property is

To introduce and evaluate the scheme we consider certainly desirable and in some cases probably neces-

the SODE

do
d;(t) = —y®@t) +ov1—d1)2E®) (8)

interpreted in the It6 sensé; () is Gaussian white
noise with(&(¢)) = 0 and{£(t)&(s)) = 8(t — s). The
diffusion coefficient vanishes @ = +1 so we restrict
the initial condition to satisfy

~1<P0) < 1. 9)

We focus on the casg > 0 where the drift subse-
quently maintaing e [—1, 1]. (They = 0 case needs

sary for this scheme). Now we investigate convergence
properties for this numerical scheme.

Fig. 1 shows a comparison of the stationary distri-
bution for the iterates of the numerical sche(@®@)
to the exact analytic distributiopg(¢) in (10). When
y > o2 case we actually obsende;-convergence of
the probability distribution functions. The < o case
requires special attention because for small values of
y /o2 the invariant measure approaches a combination
of §-functions at+1, so arbitrarily small errors these
peaks’ positions prohibit.1-convergence. This is the
main motivation to study convergence of the distribu-

to be treated separately; the process stays real only fortjon of the solution of the finite difference approxima-

a finite time ify < 0 and we will not consider this sit-
uation.) Positivey can be scaled away by redefining
time, so that the single remaining parametey j& 2,
but we retain the parameters for consistency with the
notation in[4].

Then the stationary probability density of the
processb (1) is

I'(y/o2+1/2)
C(y/o?)(1/2)
for ¢ € (—1,1) and, of coursep;(¢) = 0 for |¢| > 1.
The primary difficulty in the straightforward numer-
ical solution of (8) is the multiplicative noise term:
standard discretizations will not always respect the
constraint|®| < 1. When the numerical approxima-
tion strays outsidgd—1, 1] the scheme will be de-
stroyed.

We propose an extremely simple numerical method
for solving (1) that avoids this problem. Define

V1-¢?,
07

and discretize the SODE via the elementary Euler
scheme:

Ont1=Pn — Y Pu At + 0 G(Pn) AWy, (12)

where At is the time step and\W,, are independent

ps($) = (1-¢) 177" (o)

lpl < 1,

. (11)
otherwise

G(#) 2={

tion (8) using the\Wasserstein metric as the measure of
the distance between probability distributions.

The Wasserstein metric has recently been applied
to a number of problems involving flows, diffusion,
and mass transpofb—7]. The Wasserstein distance
d,(F1, I2) of order 1< p < oo between two proba-
bility distributions onR” is defined by the formula
inf

dy(F1, F2)P =
HeH(Fy, Fy)

/ |)C - y|de(xs y)s (13)
where| - | is Euclidian norm oriR” andH(F1, F») is
the set of all joint probability distributions oR” x
R™ with marginalsF; and F>. The infimum in(13) is
attained by the joint distribution functiof (x, y) =
min{Fy, F>}. Seg[8,9].

Equivalently, the Wasserstein distance between two
probability distributions with cumulative distribution
functionsF1 and F»> can be defined by:

1
dy(F1, F2)P = f}Fl_l(t) — F )| at, (14)
0

where the power1 denotes the pseudo-inverse func-
tion

F~ () =inf{x: F(x) >t} (15)

The equivalence of these definitions is prover[8n

Gaussian random variables with mean 0 and variance 10]. The Wasserstein distance is a well-defined met-

At. The initial value for the iterations i¢g = @ (0).
The “truncated’G(¢) in place of/1 — ¢2 avoids the
overshoot problem in the sense that the iteraigal-

ric on the set of all probability distributions with
finite p-moments[5,11]. Moreover, convergence in
the Wasserstein metric is equivalent to the weak con-

ways remain real even should they wander outside the vergence plus the convergence jgth moments; see
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[5,12]. By Holder's inequality, the distancdg (F1, F2)

Finally, we note that in the high noise (smallo2)

are an increasing sequence ok oo, SO we can de-  limit,
fine Wasserstein distance fpr= co as the limit of that 1
sequence. (Note: in some literature these definitions po(¢) — 5(8((/) -1 +38@+1D) (18)

are associated with the name of Kantorovich as well

and the populap = 2 case is called the Kantorovich—

Wasserstein metric.)

Fig. 2 shows that the stationary distribution of th
iterates of the numerical scherfi) converges to the
exact stationary distributiopg(¢) of the solution of
the SODE®8) asAtr — 0 in theoco-Wasserstein metric
(and therefore also in evegy-Wasserstein metric for

aso — oo. For they = 0 case there is no unique
stationary distribution fo8) but there are invariant
measures of the form52s(¢ — 1) + 3528(¢ + 1)
wherem is the mean of the initial distribution. The
mean and all odd moments of this kind of distribution
arem while the even moments are 1.

e

p > 1). These data suggest that the convergence rate

of the method is first ordetr.

3. A stochastic partial differential equation

As previously mentioned, Wasserstein convergence

implies the convergence of moments. Hence the mo-

ments of the iterates of the discrete schgi®) con-
verge to those of8), namely,

1
z 1
(¢h%m:i/¢bpﬂwd¢ZII—I—jg—ﬂ (16)
1 i=1 02(2i—1)

(@21 =0. (17)

stat—

Consider the SPDE

9 32
—P(x.)=—yP+f—
dx

ot
+ovV1—®d2y(x,1), (29)

wheren(x,t) is a space—time Gaussian white noise
with (n(x,7)) =0 and

(nGx, My, 9)) = 8(x — y)8(t — ).
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Wasserstein convergence

«—\Wasserstein distance

0.05

0.025 0.0125

At

Fig. 2. Theco-Wasserstein distance from the numerical distribution to the exg@t) at time T = 10. The relaxation time toward the sta-
tionary distribution, i.e., the lowest positive eigenvalue of the associated Fokker—Planck (forward Kolmogorov) opergtosoid = 10 is

a sufficiently long time for these parameter values. Other parametetst and 16 independent realizations to minimize the statistical noise
with initial condition @ (0) is uniformly distributed ori0, 1/2]. The error bars are based on ten independent simulations. The dashedine

is provided for comparison.

Againy > 0 andg > 0. We consider this equation to
be the continuum limit of a spatial discretization con-
sisting of a set of coupled It equations.

The full discretization on a lattice of the length
with N lattice points is:

A
ot =0 —vol art Loy~ 200 + o)

h2
+h Y20 G ()N AL AW, (20)

where the lattice spaceis= L/N, G is the truncated
function in(11), and theAW" are independent Gaus-
sians with mean zero and variange. Note that noise
amplitude is rescaled by the factor'/? to achieve the
proper normalization in the spatial continuum limit.
Spatial boundary conditions (periodic, Dirichlet, etc.)

benchmark for numerical methofis3]. In the contin-
uous time limit, the formula for the stationary spatial
covariance is

Ca(i. j) := lim (@;(1)®; (1))

= (PP j)stat= |:(Ml),-,»
(21)
where the matrixM = —y I + Ay, with Ay, the dis-
crete Laplacian matrix. For periodic boundary condi-
tions M can be inverted using discrete Fourier trans-
form:

N .
(M), = = 3 dye T b0 @2)
k=1

may be implemented as usual for such diffusion equa- with

tions.

tionary correlation functiofd], making it a convenient

-1
This SPDE permits the exact evaluation of the sta- 5, — <_y _ 4_‘2 sin? Z(k — 1)> .
h N
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Correlation functions
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Fig. 3. Numerically computed stationary correlation functions for the parameter values liJiolénl

Table 1
At 0.2 0.1 0.05 0.025  0.0125
N=10 500 1000 2000 4000 8000

Lp-norm 0.0423 0.0200 0.0092 0.0045 0.0021

We expect that the fully discrete covariance func-
tion generated by20),

Coiscr(i, j) = nILmoo<¢:l¢7> (23)

converges taCz(i, j) as the time step decreasés-
ble 1 shows the numerical results for tHes norm
of the difference betwee€piscr(i, j) andCaz(i, j) for
h =1 using 18 independent ensembles, for some de-
creasing values oh:.
These data indicate first order convergence.in
for the stationary correlation functiofig. 3is a plot
of the correlation functions.

4. Discussion

the simulation results with exact solutions for the
benchmark problem considered here indicate that one
can expect reasonable convergence properties for ap-
propriate statistical quantities like measures and mo-
ments.

As we have pointed out in the introduction, the
square-root singularity appears naturally in applica-
tions. Precisely this form of multiplicative noise ap-
pears at one boundary in the SPDE describing directed
percolation, and other numerical methods have been
tailored to deal with the “overshoot” problefi4].

The method presented here has already been applied
to simulate wavefront propagation in the stochastic
Fisher—Kolmogorov—Petrovsky—Piscounov (SFKPP)
equation,

AU (x, 1) 92U

-p 2 fyua-u
ot oxz YU

+0o/U@L=U)n(x, 0. (24)

This equation arises as the fluctuating hydrodynamic
description of a long-ranged contact procggs). It
is also dual to a simple reaction—diffusion particle

We have presented a simple and effective method procesg16] that has become a paradigm for the ef-

for numerically approximating some singular diffu-
sion problems arising in applications. Comparison of

fect of discreteness and fluctuations on “pulled” fronts
in mesoscopic systenf47,18] Note that as for the
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benchmark problem studied in the previous section, tality of International University Bremen, where part
the square root singularity at both boundaries (in this of this work was performed.
caseU =0 and 1) of the process’ state space.

The deterministic € = 0) version of(24) is the
classical Fisher—Kolmogorov—Petrovsky—Piscounov References
equation that supports wavefront solutions travelling
at a variety of speeds € [2,/Dy, o0). Discreteness
effects, modelled by the noise in the sense that the
population scaleV' ~ o —2, were conjectured to lead
to a unique front speed

ool 2] )

[1] P.E. Kloeden, E. Platen, Numerical Solution of Stochastic Dif-
ferential Equations, Springer, New York, 1992.

[2] G.N. Milshtein, E. Platen, H. Schurz, SIAM J. Numer. Anal. 35
(1998) 1010.

[3] E. Moro, Phys. Rev. E 70 (2004) 045102(R).

[4] C.R. Doering, Phys. Lett. A 122 (3-4) (1987) 133.

[5] R. Jordan, D. Kinderlehrer, F. Otto, J. Math. Anal. 29 (1)
(1998) 1.

[6] S.T. Rachev, Probability Metrics and the Stability of Stochastic
Models, Wiley, New York, 1991.

o2

for large V' (i.e., small noise amplitude). Simula-

tions of the SFKPP equation 6] using the method
described in this Letter, as well as other numerical
technique$19], have supported this conjecture. More-

[7]1 S. Rachev, L. Ruschendorf, Mass Transportation Problems,
vol. 2, Springer, New York, 1998.

[8] J.A. Carillo, G. Toscani, Wasserstein Metric and Large-Time
Asymptotics of Nonlinear Diffusion Equations, World Scien-

over, in[16] it was also conjectured the wavefront tific, Singapore, 2003.

2 2
speed should obey ~ 2Dy /o asv/Dy/o° — 0 (9] M. Frechet, Ann. Univ. Lyon Sect. A 14 (1951) 53,
(strong noise). The numerical scheme described in this [10] C. Villani, Topics in Optimal Transportation, American Math-
Letter, as well as another recently developed method ematical Society, Providence, 2002.

[3] have been utilized to confirm this strong noise scal- [11] C.R. Givens, R.M. Shortt, Michigan Math. J. 31 (1984) 231.
ing [12] J.A. Cuesta-Albertos, C. Matran, A. Tuero-Diaz, J. Multivari-

ate Anal. 60 (1997) 72.

[13] M. Seesselberg, F. Petruccione, Comput. Phys. Commun. 74
(1993) 303.

[14] R. Dickman, Phys. Rev. E 50 (1994) 4404.

[15] C. Mueller, R. Tribe, Probab. Theory Related Fields 102 (1995)
519.

Acknowledgements

We thank Esteban Moro, and our colleagues J.G.
Conlon, J. Devita, L.M. Sander and R.M. Ziff for help-  [16] C.R. Doering, C. Mueller, P. Smereka, Physica D 325 (2003)
ful discussions. This research was supported in partbhy ~ 243. _

NSF Awards DMS-0244419 and DMS-0207402. One  [17] E- Brunet, B. Derrida, Phys. Rev. E 56 (1997) 2597.

; CRD) i | teful for fundi f th [18] D.A. Kessler, Z. Ner, L.M. Sander, Phys. Rev. E 58 (1998) 107.
orus ( o ) IS also gratefu or. unding from e, [19] L. Pechenik, H. Levine, Phys. Rev. E 59 (1999) 3893.
Alexander von Humboldt Foundation and the hospi-



	A numerical method for some stochastic differential equations with multiplicative noise
	Introduction
	A stochastic ordinary differential equation
	A stochastic partial differential equation
	Discussion
	Acknowledgements
	References


