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Abstract

It is shown that a discrete delta function can be constructed using a
technique developed by Anita Mayo (SIAM J. Sci. Comput. 21 285-299
(1984)) for the numerical solution of elliptic equations with discontinuous
source terms. This delta function is concentrated on the zero level set of a
continuous function. In two space dimensions this corresponds to a line and
a surface in three space dimensions. Delta functions that are first and second
order accurate are formulated in both two and three dimensions in terms of
a level set function. The numerical implementation of these delta functions
achieves the expected order of accuracy.

1 Introduction

Level set and front tracking methods often rely on discrete delta functions
for many aspects of their implementation from singular force distributions
to the computation of surface area [6, 9, 10, 11, 13]. In many situations
the delta function is expressed as a one dimensional function of a level set
function or the signed distance function to the interface. However, Tornberg
& Engquist[12] show that delta functions expressed in this fashion can fail
to correctly compute arc-length and result in poor convergence when solving
elliptic equations.

Recently, Engquist et al.[3] and Calhoun & Smereka [2] have developed
discrete delta functions which ameliorate the problem outlined in [12]. In
both papers, the authors devised simple (but different) expressions for dis-
crete delta functions that are first order accurate. In addition, Engquist et
al.[3] also deduce a second order accurate version based on a product of delta
functions which is more complex and is only implemented in two dimensions.



In this paper, we provide a detailed derivation of the results contained
in [2] and extend the method to second order accuracy in both two and
three dimensions. The proposed delta function is relatively straightforward
to evaluate and its support is contained within a region whose width is at
most that of a single mesh cell.

The approach used in this paper is based on the work of Mayo[7, 8]
who developed a technique for solving elliptic problems with discontinuities.
Mayo’s work has been central in the development of a number of numerical
methods for interface problems, see, for example [5, 6].

2 Delta functions

Let us consider a subset of R? denoted, €2, with a closed curve I' contained
inside this region. Let 6(d) be the usual one dimensional Dirac delta function.
Then, if d(z,y) is the signed distance to I' from a point (z,y) then the arc-
length of T" is given by:

L:/Qé(d(a:,y))dacdy.

We let (z;,y;) denote the location of the grid points and let h represent
the mesh size. Our goal is to find a discrete version of § denoted d; ; so that
this property is maintained to some order in h. In other words

L=>Y K ;+O(h"). (1)
t,J
where p > 0. We shall provide expressions for 5” that are both first and
second order accurate. We also would like to use this discrete delta function
in the evaluation line and surface integrals. That is to say, if

I= /Ff(x,y)ds = /Qf(x,y)5(d(x, y))dzdy (2)
then we expect our discrete delta function to have the property
I =3 h?6i;fij+ O(RP). (3)
2

Our computations seem to indicate that (3) will be second order provided
that one uses a second order accurate delta function, see the results presented
in Tables 3 and 5.



3 Discrete Green’s and delta functions

The Green’s function for Laplace’s equation in one space dimension on the
unit interval satisfies
&g =0(r—a) with ¢(0)=g¢(1)=0 (4)
dx?
where §(z) is the one-dimensional delta function and 0 < o < 1. It is well
known that this can be replaced by the equivalent problem

g"(x) =0 with g¢(0)=g(1)=0 (5)
subject to the jump conditions at x = «:
[g'(a)]l. =1 and [g(e)]s =0, (6)

where [¢(«)]; denotes the jump in ¢ in the z-direction. More precisely,
[q(0)]: = q(a™) — q(a) with ¢(a®) = lim._+ ¢(a & ). The notation,
[z, may seem a little strange but it will prove useful in our extension to two
dimensions.

Mayo [7, 8] introduced a numerical method to solve problems like (5-6) by
finding the corresponding discrete version of (4); thereby yielding a discrete
delta function. For the convenience of the reader we will review Mayo’s work
and consider the discretization of (5-6) in which the jumps are located at
x = a. This is done as follows. We let x; denote the location of the grid
points and let h represent the mesh size. We define two types of grid points.
The first type are irreqular points (after Mayo [7]). These are grid points that
are within one mesh spacing of the interface; in other words if the interface
is between z; and z;,; then points x; and z;,, are irregular points. All the
other grid points are denoted as regular points. For regular points one has
the center differenced approximation for the second derivative

9(@it1) — 29(%i) + g(@iy
g”(-Ti) — ( z+) i£2 ) ( )+O(h2) (7)
Next, a finite difference approximation for ¢”(x;) will be formulated when
x; is an irregular point. First consider the situation when z;_; < a < z;.
From a Taylor series expansion one has
2

o(ai0) = glo) ~ (e ) + (o) + O(H) ©)



and
2

9(2) = 9(0) + hag/ () + 224" (o) + O Q

where hy = a — x;_1 and hy, = x; — . It also follows from a Taylor series
expansion that

g (@) = g'(@i) = heg"(z:) + O(h?) and g"(a”) = g"(z:) + O(h). (10)

One can use (10) in (9) and the fact that hy + hy = h to obtain
h2 2
9(wi) = g(") = mg'(a”) + Z9"(@") + h'(z:) = 79" (2:) + O(R?). (11)
Combining (8) and (11) we find

9(@i1) —g(w:) = —hg'(z:) + 59"(%‘)

[0 + g (@)} — L@ + O(). (12

Since there are no jumps in g for z; > « then

o(51:2) = 9(02) = hg'(22) + 9" (w1) + O(1) (13)

Adding (12) and (13) and manipulating we find

(@) = 9(wi1) — 29}5?) + 9(i-1)
+ g (1@ - i@l + Bl @) + 0. (9
For the problem at hand [g(@)], = 0, [¢'(®)]. = 1, [¢"()],=0 and we
find (14) becomes
9(@iv1) = 29(zi) + g(@ic1) My
12 —2 O(h). (15)

A similar analysis can be completed when z; < a < x;;1; combining this

gll(:L,Z) —

with (15) we have, for irregular points, the following

it1—2¢i + gi1 %
g"(xi) _ 9it1 th 9i-1 5+ O(h) (16)
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where

b = 0 +0; (17)
and
5+ (Ti1 —a)/h? if z;<a<zi
i 0 otherwise
g, . (a — xi_l)/h2 if Tiol < oa<x;
L 0 otherwise.

We combine (7) and (16) to obtain, for all grid points, the following

" il — 20 + Gic1 %
o'(zi) = FH=TTIE 6 4 O4(h) + O(W) (18)

where Oy (-) denotes errors that occur only at irregular points.
For the problem of interest ¢”(z;) = 0 and we use (18) to obtain the
following finite difference approximation

gi+1 —20i+ g1 _ %

Upon comparing (19) to (4) and we infer that (17) is a discrete delta function.

One can verify that if o does not lie exactly on a grid point, the function
SZ- is nonzero only at the two grid points x;, z;11 for which z; < o < x;41. If
lies exactly on a grid point, then &; is non-zero only at z; = a. Furthermore,
for any «, 0 < o < 1, we have

3 ik = 1. (20)
We recall that a delta function has the following property
1
/ Sz —y)dy=1
0
for 0 < z < 1; (20) is a discrete version of this property. We point out that 5

is the same as 0, (defined by (55)) in one dimension but as we shall see they
differ in two dimensions.



4 Extension to two dimensions

In this section we extend the previous results to two dimensions. Let m be
the outward drawn unit normal vector to I" and [g] be the jump across T}
more precisely
[¢] = lim ¢(a+en) — ¢(a —en) (21)
e—0t

where o = (o, ) is a point on the interface. It also useful to define [|,,
the jump in the z-direction and [], the jump in the y-direction as

lale = q(og, ) — qlog, 0y) and  [gly = qlas, o) — gloa, ). (22)

It is easy to verify that (21) and (22) are related as follows

g = [¢]sgn[n.] and [g], = [g]sgn[n,]. (23)

As was done in one dimension, we devise the discrete delta function by con-
sidering the elliptic problem

Ag(z,y) = o(d(z,y)) (24)
where A = 07 4 02. Let us now, using (21), rewrite (24) as
Ag(z,y) =0 (25)
subject to the jump conditions at € = I
[Ong] =1 and [g]=0 (26)

where 0, is the directional derivative in the normal direction. We shall deduce
the delta function by applying the results of the previous section.

First we observe that for regular points we have the standard center
differenced approximation

Ag(zi, yi) = Angiy; + O(h?) (27)
where (z;,y;) are the grid locations and A is the discrete five-point Lapla-
cian, namely

Angij = Yit1,j — 20ij + gi-1,5 4 Gigt1 = 2g;; + Gij-1.

h? h?

(28)



To obtain an expression similar to (27) for irregular points we apply
(14) in both the z and y directions while recognizing that [g] = 0 implies
9]z = [9]y = 0. In the z-direction the corresponding Taylor series expansion
is about the point (o, y;) and in the y-direction it is about the point (z;, o).
Both of these points are on the interface. This yields an expression for the
discrete Laplacian of g when ¢ has discontinuities in its first and second
derivative along an interface. We have for irregular points

Ag(zi,yi) = Angij — 0ij + O(h) (29)
where
ST & ') BT G I € ) B G )
with
Mo 0 otherwise,
po5(n) _ hy 1029 — 3(hy )?[02,9) i zio1 < ap < 25
" 0 otherwise,
s [ 10+ H I, I < 0y < v
" 0 otherwise,
poscn _ [ P (0udly = 5 (1050l I yia <oy <,
" 0 otherwise.

We also have hl = ;11 — ay and h; = a; — x; 1. b, and h; are defined in
a similar fashion. We point out that [-], terms are evaluated at (ay,y;). In
a similar way [-], terms are evaluated at (z;, o).

Since Ag(z;,y;) = 0 it follows from (27) and (29) that

Angi; = 0i; 4+ Or(h) + O(h?) (31)

for all grid points. The reader is reminded Oy(-) indicates a term that is only
nonzero at irregular points. This is the discrete form of (24) and the right
hand side represents the discrete delta function plus error terms. It is easy
to extend (30) to three space dimensions.
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5 Order of Accuracy
A discrete delta function said to have an order of accuracy p if

I=S"h%i;fi;j +OR) as h—0 (32)
isj
where I is given by (2). For example, if we consider the one dimension
version of (32) and use the delta function given by (17) then one can prove
that p = 2; see Ref.[1].

It would be natural to rigorously establish the order of accuracy of the
approximate delta function given by (30). This appears to be a difficult
task and will not be undertaken here. Instead, we shall provide a heuristic
argument for the order of accuracy by considering the calculation of the
arc-length. Of course, this merely provides an upper bound on the order of
accuracy since (32) is a much more stringent test. Nevertheless, the argument
below will give us some idea of what to expect.

We begin the discussion by observing that (30) can be written in the form

~ a
where a and b are somewhat complicated functions determined from (30).
The important feature is that a and b are O(1) in h. It practice a and b will

be determined to some level of accuracy in A and we write
a=a,+O0MR") and b=b, + OKhL™).

The computation of a,, and b,, will be explained in §§6 and 7. We substitute
these expressions into (33) to obtain

0ij =015 + O(h™) (34)
where .
(Sz',j = 'rr;:—l + bm (35)

Eq. (34) is used to rewrite (31) as
Angij = 007 + 07 (K™) + Or(h) + O(h?). (36)
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We recall that
/ Agdxdy = / d(d(z,y))dzdy = L.
Q Q

The discrete version of the above expression is

Lh = Z hZAhgi’j = Z thz(,rJn) + Eh,
b,j

1,J

where

By =Y I’ (Or(h™) + O1(h) + O(h?)) (37)

We conjecture that

. 2%(m

lim z]: W28 = L
and that the rate of convergence is determined by the error term, Ej,. Let us
examine Ej, in more detail. We first observe that there O(h~?) grid points.
Since the interface is a one dimensional object then there are O(h™!) irregular
points. The O(h?) terms in (37) are present at all grid points whereas any
O; term is only nonzero at irregular points. Combining these observations
with (37) one obtains

Ep = O(h?) + O(h™). (38)

Therefore, it follows that the arc-length can be computed to second order
accuracy if we evaluate a to second order accuracy and b to first order accu-
racy. In addition, it follows if we evaluate a to first order accuracy and ignore
the b term then the arc-length computation will be first order accurate. We
stress that these are heuristic arguments and only establish a plausible order
of accuracy for the computation of the arc-length. The numerical results
presented in §8 confirm these conjectures. In addition, the numerical results
also provide evidence that the order of accuracy is maintained for integrals
of the form given by (2).

6 First Order Implementation

It follows from (30), that if we neglect the jumps in the second derivatives
and evaluate [0,9], and [0yg], to first order then m = 0. The argument in



§5 implies this should result in a first order method. The necessary jumps
can be computed as follows. Let m = (ng, n,) be the unit normal vector and
s = (84, 5y) be a unit vector tangent to I'. We have the following directional

derivatives

O = nz05 + ny0y (39)
and

0s = 5,05 + 5,0y. (40)

For the problem at hand, [0,9] = 1 and [¢g] = 0. The latter implies [0;g] = 0.
Combining [0,9] = 1 and [0;g] = 0 with (39) and (40) yields

[9z] =ng and  [gy] = ny. (41)

Eq (41) and (23) produce

[92]: = nz| and  [gy], = |nyl. (42)

We will represent the interface as the zero level set of ¢(z,y) and assume
that we have a given discretization ¢; ; = ¢(z;,y,) on a grid of mesh size h.
We make the following definitions

_ Git1 — bij _ Gij— 0i1y

Dy ¢i; = — D ¢i; = A

DJ bij, Dy ¢ij, and ngﬁi,j are analogously defined. It is convenient to make
the definition

V39iil = \/(D2¢z‘,j)2 + (Dyéi)* + €
where ¢ is a small number that prevents division by zero. In the computations
presented in §8 we take ¢ = 107 1°. We will now use the level set implementa-

tion and the above definitions to deduce a first order approximation to (30).
By using a Taylor series it is easy for one to establish

+_ | Pix1y 2 1+ | Pijx
hy = DEén, +O(h°) and hy = |7 —

Do, + O(R?). (43)
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In addition it is straightforward to verify
o = 950 _ Dadi; o0 _ Dydi;
Vel [Vidig Vol Vil

These are of second order accuracy at grid points; however, since they are
used at the interface their accuracy is first order.

+O(h) and n, =

+O(h).  (44)

If we use the approximations given by (43) and (44) in (30) and ignore
the jumps in the second derivatives then we arrive at the following first order
expression for the discrete delta function

S(6us) = B3+ 559 4 859 4 85 ()

where o
[ [¢ir1,D50i ]
k2| Dy ¢ ||V50i

{ 0 otherwise
(i1, D30
500 — | WD, ¢ || Vidi,l
0 otherwise.
( 1¢ijr1 Dyl

0 = & W?|Df il Vidi,
L 0 otherwise
( |¢ij-1D)¢i ;]

50 = ¢ WDy ¢l IV,

Y]

it ¢ij¢it1; <0

if  ijdi-1; <0

it ¢ij¢ij1 <0

if  ¢ijdij-1 <0

L 0 otherwise.

A first order expression in three space dimensions is easy to infer from the
above result.

Remark. The above implementation is slightly different from the one pre-
sented in Ref [2]. It appears to be marginally more accurate.
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7 Second Order Implementation

In this section, we extend the formulation to second order accuracy. As we
shall see the extension to three dimensions from two dimensions is not as
straightforward as it is in the first order case. In both cases, the main issue
is the computation of the jumps in the second derivatives of g.

7.1 'Two dimensional case

To deduce a second order accurate discrete delta function from (30) we must
deduce hE and h;t to third order and compute the jumps in the second
derivatives to first order. We begin with the latter. It follows from (25) that

2 2 _
and from the jump conditions that
[05n9] = [05,9] = 0.

From the last three equations and (41) we can deduce the following system

SzMg  SaMy + SyNy  SyNy [a:%zg] n-on=>_0
s2 28y 84 5 [aiyg] + n-o,s =0.
2
1 0 1 [02,9] 0

The above system is solved to obtain
2 1 _ 2 1 _
[0;09] = =D and [0;,9] =D

where
D = (syny + syng)n - 0s8. (46)

Finally we note that
[Qﬁmg]z = —Dsgn(n,;) and [8§yg]y = Dsgn(ny). (47)

Expressions (42) and (47) will be used in (30). In our implementation we
use the following tangential derivative s = (—n,,n,). When evaluating the
derivatives in (47) we use center differences.

12



Now we shall discuss how to find AZ and h;/t to third order. It is sufficient
to describe this in one dimension since the computation is done direction-
by-direction. We present the derivation of h;; the other expressions can be
deduced in a similar fashion. Since we are concerned with A, the case when
the interface is between z; and z;,; must be considered. We will expand ¢
in a Taylor series expansion about the center of this cell,

B(u) = g + S+ Sot + O(K?) (48)

where u = x — (z; + %) and the subscript denotes the value at the cell center.
The interface is located by the relation ¢(u;) = 0 which we solve to determine
ur; we obtain

¢c ¢Ic,¢g 3
ur = _E — 2¢I3 —+ O(h )
Since u; is measured with respect to the cell center then it follows that
h

h;— = 5 — Uur
In the numerical implementation of the above formula we use the following
approximations

1
Ge = E(—@q + 9¢; 4+ 9¢i1 — dir2) + O(h?),
¢Ic — ¢i+1h_ ¢Z + O(h2),

and

n Gic1— (i + Div1) + ito 9

When the interface is not properly resolved by the grid then the above for-

mula can fail. Therefore we modify it as follows

h
5—11,] if |’LL[| <h/2

h: = Bis1 (49)
D;* Y otherwise.

We observe that the provisional case in the above formula is just the first
order expression used in the previous section.
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To obtain a second order delta function one starts with (30). For the
jumps in the first derivative one uses (42) and for the jumps in the second
derivative one uses (47). All derivatives are computed using center differ-
enced approximations. This yields approximations that are first order at
the interface for the second derivative jump terms. Third order accurate
expressions for hE and Ay (e.g. (49)) are used in (30). In addition, it would
appear that we need a second order approximations for n, and n, to evaluate
[0z9]. and [0,g],, however (44) is sufficient as one can show the O(h) terms
cancel when computing (30). Finally, the conditionals contained in (30) are
implemented as in (45). This yields a second order accurate discrete delta
function.

Remark. Performing the Taylor series expansion in (48) about the center
of the cell will ensure h} + h, = h which improves the accuracy.

7.2 Three dimensional case

The above result can be extended to three dimensions in a relatively straight-
forward fashion. The main difference is that we need to introduce another
tangent vector which we will denote as ¢t and assume that {n, s,t} forms an
orthonormal triad at each point on the surface. We shall use the following
directional derivatives

On = Ny0y + ny0y + 1, 0,, (50)
Os = 5405 + 540y + 5,0, (51)

and
B) = 1,0y + t,0, + t,0.. (52)

It follows from the jump conditions (26) that
[8719] =1 and [atg] = [859] =0

from which one can deduce
[Vg] = n. (53)

To obtain second order accuracy we need to find the jumps in the second
derivatives. These are determined by noting that

[02.9] = [0mg] = [02,9] = [05,9] = [0z9] = 0.

n
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The above relations along with [gy; + gyy + 9..] = 0 and (53) allow to us
deduce a set of equations for the jumps in the second derivatives, namely

SgNg  SgMy + SyNg  SgN, + S;Ng  SyNy  SyN, + SNy SN, [8;%@9] 0

tona tony +tyng  tem, +tng tyny tyn, +tn, o, [02,] 0

Sty Suty+ Sytz  Suts+ Sita  Syly  Syts + Suty  Sit, 02, 4] n - O,t
s2 28y Sy 25,5, sz 2548, 52 [ajyg] + n- 0,8
t2 2ty t, 2t,t, t 2t,t, t2 [8§z g] n- ot
1 0 0 1 0 1 02,4] 0

There are many choices for the tangential vectors, we use the following:

0,n,, —n,)" .
0.nz, —my)” if n2+4+n?<i
7 . o y S 1
Ny + 13
S = T
Ngyy —Ngy 0 .
% otherwise,
Tz T 1y
t = nxs.

The vectors, {n, s, t}, form an orthonormal triad at each point on the surface.
With these vectors, the above system can be solved to obtain [92,4], [07,4],
and [0% g]. One can obtain an analytical solution but it is rather unwieldy
so we used Gaussian elimination (numerically) instead. Once the jumps are
known the discrete delta function can be computed using a natural extension
of (30) to three dimensions.

8 Results

The first example we consider is motivated by the work of Tornberg &
Engquist[12]. In that work they show that one dimensional delta functions
of distance functions can fail. In more detail, consider the discrete approxi-
mation to the arc-length given by:

Lnw =Y 0u(dij)h? (54)
%,J
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where
(w — |z])/w?® |z] <w

ul@) = { 0 llzw (59)
and d; ; is the signed distance from a grid point to the interface. Tornberg
& Engquist prove that for this type of delta function, there can be O(1)
errors in the approximation of Lj,, to L. In particular, they prove that if
the interface is exactly at 45° to the grid then one finds

L L
lim =" ~ 112 and  lim =22 ~ 1.018.
h—0 L h—0 L

Consider a square whose sides are at 45° to the grid and are of length
V/2, then the signed distance function is:

| 0(z,y) if [x—y/>1 and |z+y|>1
d(z,y) = { ¥(z,y)  otherwise

where

0(z,y) = min <\/(x +1)2+ 92 \/332 +(y+ 1)2)

and

Y(z,y) = (2] + |yl - 1) /v2.

If we use (54) then one can show (see [2]) that the formula does not
converge and the relative error is approximately .12, for all values of h: in
agreement with [12]. On the other hand, we observe that both the first and
second order implementation of our delta function converge to the correct
answer. Due the presence of the corners we cannot obtain second order
accuracy with the second order method.

The next example we will discuss is the computation of the arc-length of
an ellipse. For this we take

In our computations we take a = 1.5 and b = .75. The arc-length can be
computed directly and the exact answer is approximately 7.266336165. The
results of our computation are shown in Table 2. In these computations we
have presented the average over 50 trials in which the ellipse has been shifted
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Results for the Square

first order second order
mesh size | relative error | order | relative error | order
2 5.85 x 1072 9.33 x 1073
1 2.93 x 1072 1.00 | 4.67 x 1073 1.00
.05 1.46 x 1072 1.00 | 2.33 x 1073 1.00
.025 7.32 x 1073 1.00 | 1.17 x 1073 1.00
.0125 3.66 x 1073 1.00 | 5.83 x 10~* 1.00
.00625 1.83 x 1073 1.00 | 2.92x10* 1.00

Table 1: Computation of the arc-length for the square using both the first
order and second order discrete delta function

Results for the Ellipse

first order second order
mesh size | relative error | order | relative error | order
2 9.38 x 1073 9.33 x 1073
1 2.23 x 1073 2.07 | 4.67x107* 2.29
.05 812x10™* | 1.46 |233x107* |2.05
.025 2.71 x 10~ 1.58 | 1.17 x 107° 2.18
.0125 7.58 x 107° 1.83 | 5.83 x 1076 1.90
.00625 3.04 x 107° 1.32 | 2.92 x 1076 2.08

Table 2: Computation of the arc-length for an ellipse using both the first
order and second order discrete delta functions
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Results for the Line Integral
first order second order

mesh size | relative error | order | relative error | order
2 9.83 x 1073 1.23 x 1072

1 3.94 x 1073 1.31 |3.13x107% |2.05
.05 1.78 x 1073 1.14 | 7.78 x 1073 2.01
.025 5,57 x107% | 1.68 |1.96x10°* | 1.99
0125 218 x10°% | 1.35 [492x10°% |1.99
.00625 7.49 x 107° 1.60 1.22 x 1075 2.01
.003125 2.62 x 107° 1.46 | 3.05x 107% | 2.00

Table 3: Computation of the line integral (56) using both the first order and
second order discrete delta functions

in the x and y directions and rotated by random amounts. The first order
results are slightly better than first order whereas the computations using
the second order algorithm are clearly second order.

Now, we consider the computation of the line integral:

/m oo, S0 (56)

where f(z,y) = 322 — y?. The exact answer is 2m. This was computed by
first evaluating the discrete delta function with ¢ = 22 + y? — 1 and then
using (3). The results are shown in Table 3. These results are averaged over
50 trials, where, in each case the grid was shifted in the z and y directions
by random amounts. The results are consistent with the expected order of
accuracy.

The third example we consider is the computation of the surface area of
an ellipsoid. For this we take

2 2 2
_ Yy z
=— + b—2 =+ - 1

In our computations we take a = 1.5, b = .75, and ¢ = .5. Here, the

surface area can be computed accurately using numerical quadrature and
its value is approximately is 9.901821. Table 4 presents the results of our
computations in which the ellipsoid has been rotated (using the 3 Euler
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Results for the Ellipsoid
first order second order

mesh size | relative error | order | relative error | order
2 2.75 x 1072 7.00 x 1073

1 6.81 x 1073 2.01 |9.69 x 10~* 2.85
.05 1.71 x 10~ 1.99 | 1.79 x 1074 2.43
.025 432 x 107 | 1.99 |4.08x 107> |2.13
.0125 1.20 x 1074 1.86 | 9.30 x 106 2.13

Table 4: Computation of the surface area of an ellipsoid using both the first
order and second order discrete delta functions

Results for the Surface Integral
first order second order

mesh size | relative error | order | relative error | order
2 1.68 x 1072 1.24 x 1072

1 2.92 x 1073 252 |5.10x107* | 4.61
.05 7.60 x 107 | 1.95 |1.39x107% | 1.87
.025 1.53 x 10~* 231 |3.39x107° 2.04
.0125 5.12 x 107° 1.57 | 8.42 x 107 2.01

Table 5: Computation of the surface integral using both the first and second
order discrete delta functions
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angles) and translated in each coordinate direction by random amounts. We
have used 20 trials. The results clearly demonstrate that the method is
consistent with the expected order of accuracy.

The last example we consider is the computation of the following surface

integral
407

/ (4322 + 2% — 2%)dA = "
z24+y%+22=1 3

The discrete delta function was evaluation using ¢ = 2% + y? + 22 — 1. Our
computations were the average of 20 trials each of which was shifted by a
random amount in each coordinate direction. The results are shown in Table
5 and are consistent with the expected order of accuracy.

Remark. In all of our calculations we take ¢ = 107,

9 Summary

In this work, we have developed a discrete delta function that is concen-
trated on lines in two dimensions and surfaces in three dimensions. A level
set representation of the interface is used, consequently this delta function
concentrated near its zero level set. In fact, the delta function in concen-
trated within one grid cell on either side of the interface. We have provided
both a first and second order accurate formulation of this delta function in
two and three dimensions. We have used this discrete delta function to com-
pute various line and surface integrals. Our computed examples show that
the method realizes the expected order of accuracy.

The formulation of this discrete delta function is based on a method devel-
oped by Mayol[7, 8] for the solution of elliptic equations with discontinuities.
In this approach the Laplacian is discretized in a manner that properly ac-
counts for the jump conditions that need to be satisfied near the interface. In
this way, the jump conditions now appear as source terms in a nonhomoge-
neous elliptic equation. The resulting source terms are, in fact, the discrete
delta function.
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