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Abstract. We develop a method, for simulating epitaxial growth, based on
coarse graining (in time) the evolution equations of the probability functions
for Kinetic Monte Carlo. Our approach has the advantages offered by contin-
uum methods but still retains enough of the fluctuations to offer good physical
fidelity. We have compared our method to KMC in a number of situations and
found good agreement.
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1. Introduction

Molecular beam epitaxy (MBE) is a popular technique for growing materials, and
is also an interesting example of a statistical process out of equilibrium. Epitaxy is
commonly modeled by either kinetic monte-carlo (KMC) or by continuum meth-
ods. In KMC, discrete adatoms are deposited onto a grid (taken to be a square
lattice for simplicity) at a rate F. Once on the grid, they execute nearest neigh-
bor hops with probability e(="Fo/k¥T) where FEy is the bond energy between two
adatoms, and n is the number of in-plane bonds. KMC automatically incorporates
internal noise by representing each atom individually. However, in situations where
the adatom density is high — such as near equilibrium — KMC can be slowed down
considerably.

Continuum models such as those proposed by Burton et al.[1] and Ghez &
Lyer[2] do not slow down for large adatom densities. In this approach, adatoms are
represented as a continuous field. This type of model has been implemented using
level set methods, see for example Refs [3, 4, 5]. These models have the potential to
be much faster than KMC when there are are a large number of adatoms present
occurs in the presence of high detachment rates [6]. In addition, there are situations
where it is believed that that epitaxial growth occurs quite close to equilibrium.
In these situations there is a large number of adatoms present and such systems



2 Jason P. DeVita, Leonard M. Sander, and Peter Smereka

become very difficult to simulate using KMC. One such example is Tersoff et al.
[7].

There have been other approaches that are continuum in nature but capture
certain aspects of the discrete nature of the problem. E and Schulze[8] developed
a formulation, in one space dimension, with discrete adatoms; the adatoms were
attached deterministically to islands. Mandreoli et al. [9] presented a similar idea
in two dimensions. Both of these formulations will be discussed in more detail later
in the paper. We also mention that Ratsch et al.[10] were able to include finite
size effects in a continuum model.

In all of the continuum formulations outlined above fluctuations which may
be important are ignored. One important kind of fluctuation arises from that fact
that particles are attached to the interface stochastically one at a time. This effect
is responsible for the fractal-like patterns that are observed in diffusion-limited
growth; see Witten and Sander[11]. In an effort to retain the advantages of the
continuum approach and include fluctuations Schulze et al.[12] developed a hybrid
approach in one space dimension. In this formulation the regions near the interface
are treated with KMC. Non-KMC regions are course-grained in space and time
and treated in the continuum field. This approach is best suited for situations with
widely spaced steps and has been extended to two space dimensions by Schulze[13].

Another hybrid approach was proposed in Ref.[14]. In this work the authors
considered a situation where the interface was commensurate with the underlying
lattice. They then solve the diffusion equation with boundary conditions on the
interface that include effects of detachment and attachment. Adatoms are added or
removed as follows. The net flux of adatoms to the interface and from the interface
are computed. When either of these exceeds unity adatoms are added or removed
with a probability proportional to this flux. In this way effects of fluctuations are
included. This approach is reminiscent of the dielectric breakdown model [16]. The
advantage of this approach is that it allows large time steps because the boundary
conditions naturally include the effects of rapid attachment and detachment. In
addition, the speed of the algorithm is independent of the number of adatoms since
adatoms are treated in terms of a probability density. The disadvantage is that
the computation is at every site. To go significantly faster it is necessary to take
very large time steps which entails coarse graining in time.

2. Probabilistic KMC and Coarse-Graining

In this section we will combine ideas from KMC, E and Schulze, Mandreoli et
al. [9] and Russo et al. [14] to formulate our temporally coarse grained model for
epitaxial growth. To fix ideas we first work in one dimension and consider very
simple model. At each time step an adatom must hop. It will hop to the left or
right with equal probability. We will consider the situation where the sites left of
7 = 0 are occupied by island atoms and there is no detachment. Note that j =1
is a potential attachment site. Let p represent the adatom concentration at site
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FI1GURE 1. How the geometry determines a, b, and c.

J at time n. The time evolution of p7 is then given by

Pyt =1} + 0] )+ F for j=.,-3,-2,-1 (2.1)
pgtt =4t + F (2.2)
Pt =pt 4+ 105 +pg) + F (2-3)
Pyttt = 1py + F (2.4)
Pt = 1, + 0+ F for j=3,4,5,.. (2.5)

Egs. (2.1) and (2.5) describe the adatom hopping on top of the island and
below the island respectively and away from the step. This can be understood from
the fact that adatoms can hop into these sites from either the left or right. Since
the attachment is irreversible, Eqgs (2.2) and (2.4) will not have any contribution
from the attachment site (j = 1). Finally since j = 1 is an attachment site any
adatoms that arrive there cannot leave. This is reflected in the first term in Eq.
(2.3). Therefore, p} represents the net mass of adatoms at the attachment site.

The expression for p} can be written as

Pt = apf +bip} +ep}  + F

where a; bj, and c; are determined by the environment, as shown in figure 2.
A flux of adatoms has now been included with the F' term. We can modify this
formulation to include an Ehrlich-Schwoebel Barrier [15]. In this case, a;j, b; and
¢;j are determined as shown in figure 2. We can rewrite the evolution equation as

it — o} = aip} + (b — Vp} +¢ipf_ + F (26)
We make the assumption that p is slowly varying in time and use the following

approximation:

~ ptt1
prZiad Y
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Fi1cURE 2. Computation of a,b and ¢ in two dimensions

and write (2.6) as

9 pi(t) = azpyea (1) + (b5 — Dpy(8) + ezpy 1(1) + F

We can easily extend this to two space dimensions, as follows:

dt
where
Api'Ea?-71-+c?. +a¥p. . Y, L o
2 iPi—1, #Pit1,j iPij—1 + CiPij+1 + (bi; — Dpij + F
where a,b and ¢ are determined by the environment as shown in Figure 2.

A formulation similar to this was developed in one dimension by E and
Schulze[8] and by Mandreoli et al.[9]. In both these approaches an adatom is added
to an island edge when the attachment probability exceeds one. Therefore these
models are deterministic and consequently ignore fluctuations. Indeed, in Ref.[9]
the authors report not being able to obtain fractal island shapes.

In our approach we attach adatoms probabilistically. Let A represent all
potential attachment sites. Then

P = Z Pij

(i,)€A
represents the total mass of adatoms in the attachment sites. When the integer
part of P exceeds unity then then we add L adatoms to attachment sites where

d
—pij = Apij + F (2.7)
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L =[P] ( L is the integer part of P) The attachment location is chosen at random
with a probability proportional to p7.

2.1. Edge Diffusion and Detachment

The effects of edge diffusion and detachment are incorporated by using KMC on
the edge atoms (atoms with less than 4 in-plane bonds). The difficulty with this
procedure is that these atoms may hop off the island at which point they should
become part of the adatom sea. To incorporate these adatoms we place a source
term concentrated at the point of detachment with a strength equal to 1/A¢ where
At is the time step.

2.2. Nucleation

For nucleation we use a variant of the nucleation model introduced in [4, 5]. In
this model adatoms are removed at a rate 201 ), ; Zj)2 from the adatom field.
o1 is the capture rate and its computation is discussed in Refs. [17, 3, 19]. Using
the approach taken in [19], the capture number typically takes on values of 3 +1
for situations we’re simulating. Empirical results from our simulations show little
dependence on o, over such a variation; thus, in our computations we take o, = 3.
When this exceeds unity, dimer(s) are added to the surface. The location of the
dimer is chosen at random with a probability proportional to p?(z,t). Due to
detachment, the adatom concentration is will be high near the interface. To reduce
the effects of an adatom nucleating with itself we only allow nucleation in a region
at least two grid cells from the interface. We call this region €.

3. The Algorithm

Step 1. Compute Ap; ; as described in Figure 2 and solve the diffusion equation
implicitly for one time step from ¢, to t,41 = t, + At.

Dij = Apij + F — 20 Z (p?:j)Q + Ait Z 0i,j (3.1)
(i,5)e2 (i,5)€eD
the updated value of p is denoted p™*' and € is defined in §2.2. The diffusion
equation is solved implicitly using operator splitting. D is the set of dettachment
sites and is computed in Step 3.
Step 2. Identify all the attachment sites and then compute
P=r+ X
(i,4)€A

where P* is defined below. If P > 1 then L = [P] adatoms are attached. The
location is chosen at random with a probability distribution based on the values
of p at the attachment sites. This performed using rejection Monte Carlo. Then
set P* = P — L and p; ; = 0 for (i,j) € A.
Step 3. Now we execute KMC on the edge atoms. Suppose there are M edge
atoms. Then we choose M At edge atoms at random, and allow each to hop with
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FIGURE 3. Our method produces equilibrium island shapes that
closely match the exact shapes [18]. The plots are for E/kT of 5
(left) and 2 (right).

probability exp(—nEy/kT'), where Ey is the bond energy, and n is the number of
in-plane nearest-neighbor bonds. If an atom hops to a site which is not adjacent
to an edge the we say it has detached. Denote the set of detachment sites by D.
The set D is used in Step 1.

Step 4. Finally, we nucleate new islands, by introducing new dimers. The rate of
dimer nucleation is given by the sum of o1 p? over all sites that are at least two grid
point from an interface. The prefactor o; represents the cross-section for adatom
capture by another adatom.

4. Results

Our method produces accurate results for both submonolayer and multilayer growth.

4.1. Submonolayer growth

With the flux F set to 0 and the initial condition of a square island, we allowed
the island to come to equilibrium with the surrounding adatoms. Figure 3 shows
a comparison of QCMC generated equilibrium island shapes compared to exact
solutions for two different temperatures. The exact solutions are according to [18].
The data is averaged over 80 and 200 realizations, for E/kT = 5 and E/kT = 2
repectively.

Figure 4 shows early growth (0.1ML) for two different growth regimes. One
is grown at E/kT = 3.5 and produces compact islands. The other is at zero
temperature, which produces dendritic islands. In both cases, QCMC compares
qualitatively with KMC.
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FIGURE 4. Submonolayer growth, comparing KMC to QCMC,
for two different growth regimes. Figures (a) and (b) were grown
at D/F = 2.5 x 105, E/kT = 3.5, for 0.1ML. Figures (c) and
(d) were grown at D/F = 5 x 105, T = 0, for 0.1ML. QCMC
and KMC produce qualitatively similar results for growth of both
compact and dendritic islands.

4.2. Multilayer growth and mounding

An interesting case of multilayer growth is development in the presence of an
Ehrlich-Schwoebel (ES) barrier, which can produce mounding [20, 21]. The funda-
mental process is that the barrier traps adatoms on the top of islands, and leads
to nucleation there, so that the growth cannot be layer-by-layer. Figure 5 shows
KMC and QCMC results for multilayer growth with no ES barrier. Figure 6 shows
a comparison of KMC and QCMC for multilayer growth involving barrier-induced
mounding. We qualitatively reproduce the KMC patterns.
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(a) KMC (b) QCMC

FI1GURE 5. KMC versus QCMC for no ES barrier,Ey/kT = 3.5,
F = 0.5 x 10~*, 50 monolayers
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