Generalized Eigenspaces

Key facts. Sometimes there are not enough eigenvectors to form a basis. There is always a
basis of generalized eigenvectors and that allows one to construct fundamental matrices. This
also implies the diagonalisability of symmetric matrices.

1 Generalized eigenvalues.

Suppose that A is a linear transformation from a finite dimensional complex vector space V to
itself and that A is an eigenvalue of A. Then ker (A — AI) is the linear space consisting of all
eigenvectors with eigenvalue A together with the zero vector.

The space ker (A—\I)? contains that space since if (A—\I)v = 0 then surely (A—\I)(A—X)v =
0. In this way for £ =1,2,... define a nondecreasing sequence of linear subspaces,

Ki = ker(A=M)", so 0 #K CKyCKzC---.

6 3)

det(zI — A) = (z—3)%

Example 1.1 The matriz

has characteristic polynomial

so has only the eigenvalue A = 3. For this eigenvalue,

Ki = ker(A—3I) = C(1,0), Ky = ker(A—31)? = ker (0 0> - ¢

Proposition 1.1 There is an r < dimV so that
04 K C Ky C - CK, = Kjg = Kpyo = .

One has,
dimK, > r. (1.1)

Proof. Whenever there is strict inclusion the dimension must increase by at least one. Thus,
there can be at most dim V strict inclusions Ky # Kyy1. Therefore, there is a first r > 1 so that
Kr-l-l = K.

It then suffices to prove the following assertion. If Ky = Kyy1, then Ky 1 = Kypio. The assertion
is proved as follows. If v € Ky o then (A — /\I)ZH(A —M)v=0s0 (A—X)ve Ky =K so
(A— )\I)Z(A — M )v = 0 proving that v € Ky ;.

Since the inclusion of the K, is strict before r, the dimensions satisfy,
dimK; > 1, dmK;, > dimK;_1+1, for 2<4<r,

proving (1.1). [ |



Definition 1.1 The space K, is called the generalized eigenspace associated to A and r is
its index.

Proposition 1.2 If K, is the generalized eigenspace associated to A and its index is r, define
Y = range(A—\)".
K, andY are invariant under A, that is A(K,) C K, and A(Y) C Y. In addition,

V=K, aY. (1.2)

Proof. K and Y are the kernel and range of the linear transformation (A — AI)". It follows
that
dimK, + dimY = dimV.

To prove (1.2) it therefore suffices to show that
K,NY =0.
If ve K.NY then,
(A—=X)"v=0, and there isa u s.t. v=(A—A)"u.

Then (A — M)?"u = 0. That is, u € Ko, = K, s0, v = (A — \)"u = 0.
For the invariance of K, if v € K, then (A — AI)"v = 0 so,

(A=XI)"Av = A(A—X)"v = A0 = 0,

proving that Av € K,.
For the invariance of Y, if w € Y then there is a u so that w = (A — AI)"u then

Aw = A(A=X)"u = (A—X)"(Au) € Range(A—\)" = Y.

This result splits A into two pieces, the part in K and the part in Y. The next result shows that
that split separates the part with eigenvalue A from the rest.

Proposition 1.3 A is the only eigenvalue of Ak, , and, X is not an eigenvalue of Aly .

Proof. To prove the first assertion suppose that A # X\ and v € K, satisfies Av = Av. Then
(A= X)v=(\— Ao, and therefore, (A=AD)v = A= N)"v.

Since v € K, one has, B
0= (A=-X)"v = (A=X\)"v,

so v = 0.
To prove the second it is sufficient to show that ker(Aly —Aly) = 0. If w € Y and (Aly —Al|y)w =
0,then we K1 C K, sowe K, NY =0. [ |



2 Completeness of the generalized eigenspaces.

Theorem 2.1 Suppose that A is a linear transformation from a finite dimensional complex
vector space V to itself with characteristic polynomial

det(zI — A) = H;?:l (z—X)™, A; distinct, Z mj =dimV.

Denote by X; the generalized eigenspaces associated to \;.

i. The index of the generalized eigenspace of \j is < m;, so,

X; = ker (A—\;I)™ .
ii. dim X; = m;.
iii. V= X7 ©& Xo ©&--- 0 X}
Proof. i,ii. For ease of reading fix one of the A; and call it A. Proposition 1.2 shows that

A = Ak, @ Aly,
the summands being the restrictions of A to the invariant subspaces. It follows that for all z,
det(zI — A) = det(zlg, — A|k,) det(zIy — Aly). (2.1)
Since A is the only eigenvalue of A|x one has
det(zIg, — Alg,) = (z— \)4mEr
Since A is not an eigenvalue of Aly one has
det(AIly — Aly) # 0.

Therefore (2.1) shows that the multiplicity of the root A is equal to dim K. Since the mulitplicity
of the root A is equal to m, one has

m = dimK, > r,

the last estimate from (1.1).

Then,
X =K, = K,, whence dimX = dimK, = m, (2.2)

proving i. and ii.
iii. ! Using (2.2),

k
dim Xy x Xy x -+ x Xp = Y dimX; = Y m; = dimV.
1

The map

X1 xXogx - x Xy 3 (v1,22,...,25) +— x1+x20+--Fx, €V

IThe proof of this step on page 279 in Brauer and Nohel is incorrect.



is a linear map of spaces of the same dimension. To prove the direct sum assertion of the Theorem
it is sufficient to show that it is injective.

If 21 4 -+ 4+ 2, = 0, multiplying by IT;«,(A — \;1)™ annihilates all the summands except the
x,, term to yield,
(A = N 1) ™, = 0.

Proposition 1.3 shows ), is the only eigenvalue of Alx,, so for j # u, A — A;I is and invertible
map of X, to itself. Therefore IT;,(A — \;I)™ is invertible from X, to itself. It follows that
x,, = 0. Since this is true for each p one has 1 = 29 = --- = x;, = 0 proving injectivity. |

3 Diagonalisability Symmetric Matrices.

It is not hard to derive the fact that symmetric matrices have an orthonormal basis of eigenvectors
from the result of the preceding section. Recall that the analogue in a general scalar product
space of symmetric matrices are the linear transformations which satisfy

(Av,w) = (v, Aw)

for all v,w where (, ) denotes the scalar product.

Example 3.1 IfV = C" the standard scalar product is

(v,w) = ijyju

and the corresponding symmetric linear transformations are the matrices satisfying
They are hermitian symmetric. For real matrices that reduces to symmetry.

Theorem 3.2 Suppose that V is a complex scalar product space and A is a symmetric linear
transformation from V to itself.

i. The eigenvalues of A are real.

ii. For each eigenvalue, the index r =1 that is Ky = K1 for all £ so every generalized eigenvector
18 an etgenvector.

iii. Figenvectors with distinct eigenvalues are orthogonal.

Proof. i. If ) is an eigenvalue, choose a unit eigenvector v to find,
A= Av,v) = (Mv,v) = (Av,v) = (v, Av) = (v, \) = Mo, v) = .
ii. Must show that Ko = K. That is if (A — \)?v = 0 then (A — AI)v = 0. Compute,
(A= ADv|> = (A= A)v, (A = X)v) = (A — XI)*v,v) = (0,0) = 0.

iii. If Av = A\ and Aw = dgw with Ay # A2 must show that (v,w) = 0. Compute using the
fact that the eigenvalues are real,

)\1<U7w> = <)‘1U7w> = (Av,w> = <U7Aw> = <U7>\2w> = )\2<U7w> :
Therefore (A1 — A2)(v, w) = 0 showing that (v, w) = 0. [ |



