Homogeneityfor reductive p-adic groups: an intr oduction
StepherDeBacler

ABSTRACT. Wediscussin afairly conversationamannerhomogeneityesultsfor reduc-
tive p-adicgroups.We provide somemotivation for why we expectsuchresultsto betrue,
andwe discusswvhy they areimportant.We alsodiscusamostof the mathematicsequired
to prove homogeneitystatements.

1. Intr oduction

The goal of thesenotesis to introducethe ideaof homogeneityfor reductive p-adic
groups. Exceptin trivial caseswe arenot in ary positionto verify homogeneitystate-
ments;rather we shall try to motivate both why suchresultsareimportantand why we
shouldbelieve that they aretrue. To this end, we will alsodiscussmary of the impor-
tantmathematicaldeassurroundinghesestatementsFinally, while | think thatthey are
mathematicallyaccuratethesenotesareintendedasanintroduction,notasareference.

| thankJosephRabinof for producingthe computergraphicsfor Figure8. | learned
nearlyall thatl know aboutharmonicanalysiswhile underthe excellentguidanceof Bob
Kottwitz and Paul Sally, Jr.. Althoughthey are not directly referencechere,my under
standingof Bruhat-Tits theoryhasbeendeeplyin uencedby the beautifulpapersof Allen
Moy andGopalPrasadFinally, | thankJef Adler for his excellentproofreadingof these
notes.

2. An intr oduction to homogeneity

We begin with somemotivationsfor consideringhomogeneityquestionsandtry to
illustratewhy their answerdook theway thatthey do.

2.1. The caseGL1. We begin with the completelytrivial yet illuminating caseof
G = k = GL1(k) wherek is ap-adic eld.

We rst considerhomogeneitystatement®n k and thenturn our attentionto its
Lie algebrak. Let C! (k ) denotethe spaceof compactlysupportedjocally constant
functionsonk (similar notationappliesto k).
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Suppose 2 K ,thatis, isacomple-valuedcontinuousmultiplicative characteof

k . Wemayde ne adistribution  : C! (k )! C by setting
z

(f) = (x) f(x)dx
k

forf 2 Cl (k ). Heredx denotesa( x ed)Haarmeasurenk .

Let R denotethe ring of integersof k andlet} denotethe prime ideal. Fix a uni-
formizer$ (thatis,} = $ R). To avoid complicationsyve suppose hasdepth(m 1)
with m > 1, thatis, therestrictionof tothe ltration subgroupl + } ™ is trivial andthe
restrictionof  to the Itration subgroupl+ } (M Y is nontrivial.

Notethatif thesupportof f is containedn 1+ } ™, then

()= a(f)

where ; denoteghedistribution associatedo thetrivial characteonk . Thereforewe
maywrite
e+ }my =M€ slm) o

Thisis ahomogeneity statementthedistributions ~ and ; agreeonC! (1+ } ™).

We now focusontheLie algebrak of k . Welet o denotethedistributiononC? (k)
whichsendd tof (0). Supposd is adistribution onk, thatis, alinearmapfrom C} (k)
to C. Supposen is aninteger suchthat T belongsto J(} ™), the spaceof distributions
onk having supportin } ™. If f belongsto C.(k=} ™), the spaceof compactlysupported
functionson k which aretranslationinvariantwith respecto thelattice? } ™, thenwe can
write

X
f = f(X) [X+}M]
X 2k=} ™

where[X + }™M] denotesthe characteristidunction of the cosetX + } ™. For sucha
functionwe have

T(f)

X
T f(X) X+1M =f@©) T@™)
X 2k=} ™

TE™)  off):

Thatis, we have the homogeneitystatement

res, (k= m) Jgm = resc k= ™) C o

SinceGL 1 (k) is abelianwe have notyet saidanything nontrivial. Themainideayou
shouldkeepin mindis that, by restrictingto asubspacef alargerfunctionspacewe'd like
to beableto expresdairly arbitrarydistributionsin termsof well-understoodiistributions:

1Accordingto the Oxford English Dictionary [11], the word homaeneity means‘identity of kind with
somethingelse; andaccordingto Websters Dictionary [15] it means'the stateof having identicaldistribution
functionsor values.

A compactppenR-submodulef a p-adicvectorspaces calledalattice
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STATEMENT 2.1.1

n__. _ 0 n 0
res Func Fairly arbitrary =~ _ o5 Well-undestood .
Pace’  distributions v distributions

Moreover, we'd lik e this statemento beoptimalin somesenseFor example thefollowing
exerciseshavs thatthe homogeneitystatementsve madeabove areoptimal.

EXERCISE 2.1.2 Suppos€é m < n. Shaw that

res e} ) J¢m = res -}y C o
and
resc =} 1y I ™) 8 resc 2} 1) C o

Formulateandprove a similar statemenfor distributionsonk .

2.2. Somehistory and an application. If we do notwishto make anoptimalhomo-
geneitystatementthenthetype of resultswe seekhave beenknown for alongtime — we
shallcall these'prehomogeneity’tesults.However, it hasbecomeclearthata greatmary
of the interestingproblemsin representatiotheory and harmonicanalysisrequiremore
precisionthantheseprehomogeneityesultsprovide.

Let G beareductive p-adicgroupandlet g bethe Lie algebraof G. So,for example,
wecouldtake G to beSL, (k) or Sp,, (k) andtheng wouldbesl, (k) orsp,, (k). If S g,
thenwe set

6s:= f9s:= Ad(g)sjg2 G ands 2 Sg:

The rst resultwe discusss a conjectureof Howe whichwasprovedby Howe [8] for
thegeneralineargroupandby Harish-Chandr7] in agenerakontext.

THEOREM 2.2.1(Howe's conjecturefor the Lie algebra) If L is a lattice in g and
I giscompactthen
dimc resg (g=1)J(') < 1:

In the statemenbf Howe's conjecturethe notationd (! ) denoteghe spaceof invari-
antdistributions® supportedbn the closureof theset®! . So,for example,if X 2 !, then
the orbital integral x belongsto J(! ). (SinceGL (k) is abelian,this agreeswith our
earlieruseof the notationJ.) NotethatsinceHowe's conjectures not equatingtwo sets
of distributions, it is not really a homogeneityresult— or even a prehomogeneitgtate-
ment. However, for x ed! andexpandingL, the dimensionof the left-handside will
stabilize. Thus,for sufciently largeL, we might expectto nd a basisfor theleft hand
sideconsistingof well-understoodlistributionson g (seex2.3). In this sectionwe usethe
aboveresultto prove ausefulharmonicanalysisresult(whichwill laterbeimprovedusing
homogeneityesults).

3A distribution T is saidto be invariant providedthatT(f9) = T(f) forallg 2 G andf 2 C¢ (g).
Heref 9(X) = f (9X).
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Supposéhath is a Cartansubalgebraf g. Leth®= h\ g"sS (Hereg"S°denoteshe
setof regularsemisimpleslementsn g, thatis, thoseelementof g whosecentralizelin G
is atorus.)We considethemaph® C! (g)! C de nedby

*) (H:f) 70 bu(f) = w (M)

Here,werealizethe Fouriertransforzmasa mapfrom C} (g) toitself by setting
f(X)= f(Y) (B(Y;X))dY
g

wheredY is a Haarmeasureon g, B is a nondgeneratesymmetric,invariant, bilinear
formong, and is acontinuousadditive characteof k thatis trivial on thelattice} and
nontrivial onthelatticeR.

Therearetwo waysto think aboutthe mapde ned by Equation(*):

(1) If we x H andvaryf , thenwe arelooking at a distributionon g. It is aresult
of Harish-Chandrahat this distribution is representedby a locally integrable
function on g which we alsocall by . This meansthatfor all f 2 C! (g) we
have Z

bu(f)=f(Y) bu(Y)dY:
9
(2) If we x f andvaryH , thenwe arelooking at alocally constanfunctionon h°,

We can combinethesetwo ways of thinking aboutthe map de ned in Equation(*) by
formulatinga statemenaboutthelocal constang of thefunction by . Namely

THEOREM 2.2.2([7]). For all H 2 h®andfor all compacipen! g, there existsa
compacbopen! h%sud that

(1)H 2!y and
(2) byo(Y) = by (Y)forallH®2 ! andallY 2! .

To illustratethe usefulnesof Howe's conjecture we presenthereHarish-Chandra
proof of this result.In the proof, Howe's conjecturereducesa seeminglyintractableprob-
lemto asimplelinearalgebraproblem.

PROOF. Fix H 2 hand! g compactand open. We begin by reformulating
statemen(2) of thetheorem:

bro(Y) = by (Y) forall H®2 ! 4 andall Y 2 ! :
This statements equivalentto the statement
bro(f) = by (f) forall H°2 1y andall f 2 CL (1);
which,in turn, is equialentto the statement
ho(f) = w(f) forall H°2 1 andall f 2 CL (1):

By choosinga lattice L in g sothatf 2 C! (1) impliesthatf* 2 C.(g=L), we seethat
this lastformulationof the statementvould betrueif we knew that

po(')= w(') forall H°2 1 andall ' 2 C¢(g=L):
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We will establishthis last statemen{which, in itself, is a type of prehomogeneitgtate-
ment).

Let! § beary compactopenneighborhoodf H in h% Notethat o belongsto
J(1 %) forallHO2 I & . FromHowe's conjecturefor the Lie algebrawe have

dime resg (g=1)J(' Q) < 1:

resc(g=L) Ho belongsto thespanof thelinearly independendistributions
reéSc,(g=L) H:
Fixfqi; fo;:::;fm 2 Cc(g=L) suchthat
Ho(fi) = e
So,forallH®2 ! § wehave

X
o(f) = wo(fi)  wi(f)

forallf 2 Cc(g=L).
Fix aneighborhood y of H for which

W'y !'Y%and
(2) wo(fi)= n(f)foralll i mandforallH®2! .
We thenhave that

X
wof) = welf) ()

H(Fi) i (f)

i
= u(f)
forallf 2 Cc(g=L) andallH®2 ! .

2.3. The nilpotent conein SL,(R). In this sectionwe look at the SL,(R)-orbitsin
sl»(R). We do this for two reasonsFirst, it givesusaway to visualizé' the problemswe
arediscussing.Secondjt will helpto clearup mary of the commonmisunderstandings
thereademay harborabouthow thingswork over non-algebraicallglosed elds.

As vectorspaceswe have R® = sl,(R) viathemap

X y+z
y z X

(X y;2) 7 M(Xx;y;2) =
Thecharacteristipolynomialof M(X; y; z) is
t2 (X2 + y2) Z2 :
andsowe havethreedistincttypesof elementglependingn theeigervaluesof M(x; y; z)
(seeTablel).

4t is hardto draw picturesof p-adic vector spacesto paraphras®aul Sally, Jr: “We all have our own
pictureof thep-adics,but we darenotdiscusst with others.
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Typeof element| (x2 + y?) 22|

nilpotent 0
split >0
elliptic <0

TABLE 1. Typesof elementsn sl»(R)

Y
<

FIGURE 1. Thenilpotentconefor SL,(R)

2.3.1. Nilpotentelements.In this casewe have z? = x?+ y?, andsoN , thenilpotent
elementsis aconein R® (seeFigurel).

We let O(0) denotethesetof nilpotentorbits. To decompos@l into orbits,we notice
thattheunit circle S embedsnto SL,(R) underthemap

71 S( ) = cos( ) sin( )

sin( ) cos( )

and
SOOM(x;y;2) = M(x cog2 )+y sin(2);y cog2 ) x sin(2);z):

Consequentlythe setof nilpotentelementsn sl,(R) having a x edz valueareall con-
jugate. Fromthe Jacobson-Morozaotheorem[3, x5.3], for all X 2 N we canproducea
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one-parametesubgroup

. GL]_! SL2
suchthat

Ox = t2X
forallt2 R .

EXERCISE 2.3.1 Provetheaboreassertion.

Combiningthe actionof S with the above consequencef Jacobson-Moroag we
concludethat O(0) hasat mostthreeelements.In fact, thereare exactly threenilpotent
orbits.

REMARK 2.3.2 It is importantto notethat, exceptfor thetrivial orbit, it is not true
thatthereis asingleg 2 SL,(R) thatactsby dilation onevery elemenbf a nilpotentorbit.
More preciselywe know thatif O 2 O(0), then

(1) t’°0=Oforallt2 R and
(2) foreachX 2 O, thereisagx 2 SL,(R) suchthat% X = t?X.

Consequentlyif o denotesaninvariantmeasurdit is uniqueup to aconstantpn O and
f isanicefunctiononO, then

(1) forallt2 R
o(fiz) = jti “™ o(f)
wheref 2 (Y) = f (t2Y) for Y 2 sl»(R) and
(2) forallg 2 SLy(R),
o(f9) = off):

2.3.2. Splitandelliptic elements.We now considerthetwo remainingcasesin both
casesthe characteristigpolynomial has distinct eigervalues: real in the split caseand
complein theelliptic caseFix > 0.

We rst consideithesplit case.Thesetof M(x; y; z) for which 2 = z? (x? + y?)
form asingleorbit all of whoseelementsareconjugatgo

M(; 0,00= , °

Theorbitis aonesheetedhyperboloidwhichis asymptotido (andoutsideof) thenilpotent
cone.

For theelliptic casethe elementdM (x; y; z) for which 2 = z2  (x? + y?) form
two orbitsall of whoseelementsareconjugateto either

M(©0;0; )= °

or
. . — 0
M@©; ; 0)= 0
Notethatthesetwo matricesareconjugateby anelementof SL,(C). Theseorbitsform a
two sheetedhyperboloidwhich is asymptotico (andinsideof) thenilpotentcone.



8 STEPHENDEBACKER

FIGURE 2. A “picture” of thelatticeL

To completeour discussiorof split andelliptic elementswe recallthata Cartansub-
algebra(CSA) is amaximalsubalgebra&onsistingof commutingsemisimpleslements(If
you prefer you maythink of a CSA asthe Lie algebraof a maximalR-torusof SL,.) For
sl2(R), the CSAsareone-dimensionabljivenby linesthroughthe origin of theform

fM(a; b; c)j 2Rg
with a? + b? 6 ¢2: We thereforerecoverthe“standard”’split CSA

fM(; 0,0)] 2Rg=f ¥ ° jx2Rg

andthe“standard”elliptic CSA

fM(0;0; )j 2Rg=f 92 jz2Rg

2.3.3. Areturnto homaeneity We againconsiderStatemen®.1.1.Fromthepreced-
ing discussionit is clear(atleastfor sl,(R)) thatevery orbit is asymptoticdo the nilpotent
cone. Thus, it is believable that the right-handside of Statemen®.1.1 should,ideally,
consistof nilpotentorbital integrals.

If we pretendhatwe candraw picturesof whatthenilpotentconelookslik e p-adically,
thenwe canevenvisualizeStatemeng.1.1. For simplicity, let usassumehatwe we are
interestedn invariantdistributions supportedon the closureof S-2(K)L for the lattice L

“drawn” in Figure2
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Fromour discussiorabove, we know thatthe closureof S-2(¥) L is asymptoticto the
nilpotentcone,andwe “see” that,in fact,

st N+ L:

(Comparethis with Lemmab.1.1.) Consequentlyit is not muchof a stretchto think that
our homogeneitystatementshouldlook like

resc,(g=L) J (L) = resc (g=0) J(N)

whereJ (N) denoteghe spaceof invariantdistributionsspannedy the nilpotentorbital
integrals.

3. An intr oduction to someaspectsof Bruhat-T its theory

We now have a guessasto what belongson the right-handside of Statemen.1.1.
The purposeof this sectionis to introduce,via examples,enoughBruhat-Tits theoryto
helpusre ne ourunderstandingf whatto placeontheleft-handside.

A goodintroductionto Bruhat-Tits theory may be found in JoeRabinof's Harvard
seniorthesig[12].

3.1. Apartments. Ourimmediategoalis to understana bit of the mathematichbe-
hind the“Coxeterpaper’thatBill Casselmamaspostedon his webpagé.

Recallthat G is a p-adicgroup,thatis, G is the groupof k-rational pointsof a con-
nectedreductie linear algebraick-groupG. For simplicity, we shallassumehatG is a
semisimplek-split groupwhich is de ned over Z. Thus,the notationsG (R) andg(R)
make senseSo,for example,G couldbe Sp,,,, realizedin theusualway.

Following earlierlecturerswe x amaximalk-split torusA in G whichis de ned
overZ. Welet A denotethegroupof k-rationalpointsof A. So,for example, A couldbe
the setof diagonalmatricesn Sp,,, (k).

WeletA = X (A) R andcall A the apartment attachedto A. For the group
Sp,, (k), theapartments isomorphicto R".

An apartmentarriesa naturalpolysimplicial decompositionyve now describehow
this arises. We let = ( G;A) denotethe setof nontrivial eigencharacterfor the
actionof A ong. We assumeéhatthevaluationmap : k ! Z issurjectve,andwe let

= ( G;A; ) denotehecorrespondingetof af ne roots,thatis

=f +nj 2 ,n2Zg
Each = +n2 denesanafne functiononA by
( +n)( ry:=r h; i+n
whereh; i denoteghe naturalperfectpairing X (A) X (A) ! Z. (Here,X (A)

denoteghe groupof character®f A.) Consequentlyfor each 2 , we cande ne the

5Look underFrivolities at http://www.math.ubc.ca/people/faculty/cass/
6Generallyspeakingpnedoesnotwantto X (aswe have)anorigin.
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A
\J

FIGURE 3. TheC; rootsystem

hyperplaneH = fx 2 Aj (x) = 0g A. Thesehyperplanegive us the famil-
iar polysimplicial decompositiorof A. We usually call a polysimplex occurringin this
decompositiora facetandthe maximalfacetsarecalledalcoves

Finally, just asthe Weyl groupW = Ng(A)=A actstransitively on (spherical}cham-
berstheextendedaf ne Weyl groupW = Ng(A)=A (R) actstransitively on alcoves(but
not, in general,simply transitvely — think aboutthe imageof g é in PGL2(k) and
how it actson the standardapartmentf PGL ;(k)).

3.1.1. Sp,(k) in detail. For this subsectioronly, welet G = Sp,(k) realizedasthe

subgroupof thegroupof 4 4 matricesof nonzeradeterminantvhich presere
I

m OOOo
[N NeNe)
o oOoOr o
[eNeNeN

We take A to bethesetof matricesf a(x; y)jx;y 2 k gwhere
!

a(x;y) :=

1
1

o o o

0
0
0
X

o o oX
o oo

If wedene ; 2 X (A)by (a(x;y)) = xy tand (a(x;y)) = y?, then
=t 5 5 C+ ) (+2)g

andtheroot systemhasthe familiar diagramgivenin Figure3.

TheZ-lattice of cocharacterX (A) istheZ-linearspanof ; and , where 4(t) =
a(t; 1) and ,(t) = a(1;t) fort 2 k . In Figure4 we have begunasketchof thesimplicial
decompositiorof A arisingfrom the above data. Thereaderis encouragedo spendsome
time thinking abouthow we arrivedat Figure4.
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FIGURE 4. A sketchof anapartmentor Sp, (k)

REMARK 3.1.1 For thosefamiliar with coroots,we notethat = 1 > while

= .
3.2. Objects associatedto facets. To eachfacetin A we canattachmary typesof

objects. Someof theselive in G, othersin g, andstill othersare properlythoughtof as

objectsoverf := R=}, theresidueeld of k. In this sectionwe introducetheseitems.
Foreach 2 wehavearootgroup,denotedJ , in G andarootspacegdenotedy ,

in g. In eachcasethesegroupsareisomorphicto k.

ExAaMPLE 3.2.1 In theexampleof Sp,(k) introducedabove, we have thatU con-
sistsof matricesof theform I

1 a 0 O
01 0 0
0 0 1 a
0 00 1
andg consistof4 4 matricesof theform

I
0 a 0 O0°
0 0 0 O
0 0 0 a
0 0 0 O

The eld k carriesa natural ltration, indexedby Z, consistingof compactopensub-

groups:
k r2 rt R } }?2 f0g:
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X 1 Cl (0] Co X1

FIGURE 5. A sketchof anapartmenfor SL,(k)

We'd liketo usethesetf + njn 2 Zgtoindex thecorrespondingpatural Itration in U
(resp.g ). To x thisindexing, we make the following choices:

U+1( U+0 = G(R)\ U

and

g+1 (g4 =9g(R)\g:

We cannow de ne someof theobjectswe areinterestedn. Forx 2 A, wede ne Gy,
theparahoricsubgroupattachedo x, by

Gx =hPAR)U i 3. (x) o-

Thatis, Gy isthegroupgeneratedby A (R) andthesubgroupd) for 2 with (x)

0. SinceafacetF in A is determinedy theintersectiorof hyperplanesyehave Gy = Gy
for x;y 2 F. Consequentlythe notationGg makessense.If o is the origin in A, then
Go = G(R).

ExAmMPLE 3.2.2 Weconsidethecaseof SL, (k) with A realizedasthesetof diagonal
matrices.In Figure5 we have sketchedandlabeledpart of the correspondingpartment.
After xing anorientation the parahoricsubgroupsssociatedo eachfacetaregiven’ in
the seconccolumnof Table2.

L F | G [ G [Ge=G]
x| F.bo|1+ 24T | sLam
c.| R 1+ } | oL
o | SR |1+ }] | s
G| FR |1+ 1§ | oL
xi | FL7 [1+ LF | st

TABLE 2. Variousgroupsassociatedo facetsn SL, (k)

For example,the notation ? 1 L meanshe groupof matricesin SL, (k) having entriesin the indi-

catedrings.
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Sls

GL, GL,
GL?

Sl3 GL, Sl3
FIGURE 6. An alcovefor SL3(k)

TheparahoricGg alwayshasanormalsubgroupGf , calledthe pro-unipotentadical,

with the propertythatthequotientGg =G¢ is thegroupof f-rationalpointsof a connected
reductive f-groupGg . To de ne G{ , we must rst considerthetorusA. We set

AR)" =fa2A(R)j ( (a) 1)> Oforall 2 X (A)g:

ExXAMPLE 3.2.3 In SL,(k), A(R)* consistof thematrices

1+} 0.
0 1+}

andin Sp,(k), wehave A (R)* := fa(x;y)jx;y2 1+ }g.
Forx 2 A wede ne Gy by
Gy =PAR) ;U 5. (x>0
As before, for a facetF in A, the notationG; makes sense. The various subgroups
associatedo eachfacetin A for SL,(k) aregivenin Table2.

It is agenerafact,whichis clearly exhibitedin the exampleof SL,(k), thatif F; and
F, aretwo facetsfor which F1 belongsto theclosureof F,, then

+ +
Gg, < Gg, < Gf, < Gk,

andGg,=G{ is aparabolicsubgroupof Gr, (f) = G, =G, with unipotentradicaliso-
morphicto GEZ =G;1 andLevi factorisomorphido Gg, (f). In particular if F; isanalcove,
thenGFz=G’;1 maybeidenti ed with a Borel subgroupof Gg, (f).

We endthis sectionwith afew examples.

ExAMPLE 3.2.4. In Figure6 we labeleachof thefacetsn a x edalcove of anapart-
mentfor SL3(k) with the nameof the correspondingd-group.

ExAmMPLE 3.2.5 In Figure7 we labeleachof thefacetsn a x edalcove of anapart-
mentfor Sp, (k) with thenameof the corresponding-group.

ExAMPLE 3.2.6 In Figure8 thereis a model, producedby JosephRabinof, for an
alcove of Spy(k). Eachof thefacetshasbeenlabeledwith the nameof the corresponding
f-group. Thismodelcanbequiteinstructive. For example afterassemblinghemodel,one
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Spy
GL»
SL, GL;
GL?
@
Sp4 SL2 GL]_ SL2 SL2

FIGURE 7. An alcovefor Sp, (k)

seeghatit canberealizedasthat part of a cubecut out by placingverticesat a vertex of
thecube the midpointof anadjacenedge thecenterof anadjacenface,andthe centerof
thecube.Thecubedecomposesmto forty-eightsuchsolids,andthe Weyl groupof Spg (k)
actssimply transitively on them(take the origin of A asthe centerof thecube).

All of theabove canbecarriedoutfor theLie algebra.n particular for afacetF there
isalatticegr sothatge =gf is L¢ (f) := Lie(Ge )(f), theLie algebraof G (f).

4. Parameterizationsvia Bruhat-T its theory: nilpotent orbits

Themainideaof this sectionis to relatecertainaspect®f the structuretheoryof G to
thestructuretheoryof thevarious nite groupsof Lie typethatarisenaturallyvia Bruhat-
Tits theory We shall treatthe structuretheory of nite groupsof Lie type asa black
box. Theseresultswill play akey role in our understandingind useof the homogeneity
statementso come.

4.1. A parameterization of nilpotent orbits: examples. Noneof thematerialin this
sectionworks unlessp, the residualcharacteristiof k, is sufciently large (asafunction
of therootdatumof G). We begin with anexample.

ExAMPLE 4.1.1 Whenp 6 2thegroupSL,(k) has ve nilpotentorbits. Theseare
representedly theelementof the set
n

(0]
i RN 1. 1n
0, J 2foL"s s Mg

where" 2 R n (R )2. On the otherhand,we have that the group SL,(f) hastwo

distinguishe8 orbits

SLo(f) 01 SLo(f) o
00 and 00

where" 2 f n(f )?, andGL+(f) hasonedistinguishedrbit— thetrivial orbit. Whenwe
encodehisinformationin our preferredchamberwe produceapicturelik e Figure9. Note
thatin thediagramwe'veincludedthefactor$ * to emphasizéheobviousp-adiclift. For

A nilpotentorbit which doesnotintersecta properLevi subalgebras calleddistinguished
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SLo(f) 01 SLo(f) 0% 1
00 0 0
[ 4 L J
SL2(f) 0" GL1(f) 00 SLa(f) 0" 1!
00 00 0 0

FIGURE 9. Distinguishechilpotentorbitsassociatedo facetsfor SL,(k).

2 @ e 2

FIGURE 10. Enumeratiorof distinguishedse (f)-orbitsfor SL,(k)

f=(f )3
1 1
1
f=(f )3 1 f=(f )3

FIGURE 11. Enumeratiorof distinguishedse (f)-orbitsfor SLz (k)

consisteng with laterexamplesjn Figure10we enumerat¢hedistinguishedsg (f)-orbits
attachedo eachfacetin analcove for SL,(k). Notethatthereare ve orbitsenumerated
in Figure10.

Theexampleof SL, (k) indicatesthatthereis a simpleconnectiorbetweerO(0), the
setof nilpotentorbitsfor a p-adic group,andthe nilpotentorbitsfor Lie groupsof nite
type. We have thefollowing resultdueto D. BarbaschandA. Moy [2].

FACT 4.1.2 If F isafacetandO  Lg (f) = g =gf is anilpotentorbit, thenthere
existsa uniguenilpotentorbit in g of minimal dimensiorwhich intersectghe preimageof
O nontrivially.

REMARK 4.1.3 Thereadetis urgedto verify thisfactfor the groupSL, (k).

ExAMPLE 4.1.4 Sincethe heuristicsof SL,(k) workedsowell, let usnow turn our
attentionto SLz(k) with p> 3. It is easyto seethatO(0) has2+ 3 f =(f )2 elements.
Onthe otherhand,in Figure11 we have enumeratedhe numberof distinguishedGe (f)-
orbitsin Lg (f) for eachfacetin analcove of SL3(k). Whenwe proceedwithout thinking
(thatis, we sum),we nd thatourindexing sethas4+ 3 f =(f )® elements— two too
mary! However, whene&ertwo line segmentsin the closureof analcove areincident(see
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FIGURE 12. Equivalentedgesn analcovefor SL3(k)

Figure6), the associatedjenerallinear groupsare conjugatein SL3(f). Thatis, in some
realsenseve aresummingtwo too mary things.

4.2. An equivalencerelation on A. We now introducean equivalencerelationon
the setof facetsof A thatwill accountfor the over countingencounteredn the SL3(k)
exampleabove.

DEFINITION 4.2.1 If F is afacetin A, thenwe let A(F) denotethe smallestaf ne
subspacef A containingF .

ExXAMPLE 4.2.2 If F is a vertex, thenA(F) is the vertex itself. At the opposite
extreme,if F is analcove,thenA(F) isA.

RecallthatW = Ng(A)=A (R) actstransitvely onthesetof alcovesin A

DEFINITION 4.2.3 Supposé-; andF, aretwo facetsn A. If thereisaw 2 W such
that
A(Fl) = A(WFZ),

thenwewrite F1  Fos.

Oneeasilyveri es thattherule de nesanequialencerelationon the setof facets
in A. Moreover, sinceW actstransitively on alcoves, a set of representaties for the
equialenceclassesinder canalwaysbefoundamongthefacetsoccurringin theclosure
of a x edalcove.

ExAMPLE 4.2.4 Herearesomeexamplegshatthereadelis encouragedbo verify.

Two verticesareequialentif andonly if they belongto thesameWw -orbit.

If C; andC, aretwo alcovesin A, thenC; C,.

For SL, (k) andSp,(k), thesetof facetsoccurringin theclosureof a x edalcove
formsacompletesetof representatiesfor therelation

Theonly equivalentfacetsoccurringin the closureof analcove for Spg (k) are
thetwo facesfor whichGg isGL, GL;.

The only equivalentfacetsoccurringin the closureof analcove for SL3(k) are
thethreeedgesThatis, thefacetswith hatchmarksin Figure12.
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FIGURE 13. Partof theapartmentfor SL3(k)

4.3. The key idea. We now presenthe key ingredientthat maleseverythingwork.
If F; andF, aretwo facetsin A suchthatA(F;) = A(F2), thenthenaturalmap

Gr, \ Gg, ! Gr (f)

is surjectve with kernelG¢ \ G, . In fact, this leadsto anf-isomorphismbetweenGe,
andGg, whichwewrite asGg, L Gg, (or, for theLie algebraasLg, 1 Le,).

If you recall how the facetswere created thenthe above obsenation becomedess
surprising.We now presentanexampleto reinforcetheidea.

ExAaMPLE 4.3.1 Considetthefacetd=; andF; in thestandardapartmentor SL3(k)
asin Figure13. In Table 3, we list the parahoricsubgroupjts pro-unipotentadical,and

| F | Ge \ Gt | G

F1 RRS 1+ 112 GL,
Fis R

R R 2 2
2 2
F> ?3 ?3 4 1+ A GL»

TABLE 3. Variousgroupsassociatedo somefacetsfor SLz(k)

the f-group associatedo eachof thesefacets. The readermay verify that this example
worksasadwertised.

4.4. A parameterization of nilpotent orbits: the general case. We now present
somede nitions which allow usto extendthe examplespresentedn x4.1.
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FIGURE 14. An enumeratiorof thedistinguishedSg (f)-orbitsfor Sp, (k).

DEFINITION 4.4.1 Let|9 denotethe setof pairs(F; O) whereF is afacetin A and
O is adistinguishedsg (f)-orbitin Lg (f).

DEFINITION 4.4.2 SupposéF1;0;) and(F»; O,) aretwo elementf | 9. We write
(F1;01) (F2;02) providedthatthereexistsn 2 N (A) suchthat

Q) A(F;) = A(nFy) and
(2) O1 2 "OzinLg, (f) £ Lo, (f).

We cannow statethe mainresultfor this section.

THEOREM 4.4.3([6]). Suppos@is sufciently large. ThemapthatsendgF; O) 2 |1 ¢
to the uniquenilpotentG-orbit of minimal dimensionwhich intersectsthe preimage of O
nontrivially inducesa bijectivecorrespondence

19= 1 0(0):

We remarkthatthe theoremis falseif p is not large enough.Considey for example,

SL2(Q2).

We nish ourdiscussiorwith someexamples.

EXAMPLE 4.4.4 1t is known thatfor Sp,(k) andp 6 2 the cardinalityof O(0) is
sixteen. We have alreadydiscussedhe fact that noneof the facetsin the closureof a
x edalcove for Sp,(k) areequivalentunder . In Figure14 we enumerat¢he numberof
distinguishedze (f)-orbitsin Lg (f) for eachfacetF in theclosureof analcove of Sp, (k).
As awarningto thosewho mightwishto think furtheraboutthesematterswe notethatthe
threedistinguishedrbitsfound at eachof the Sp, verticesarisein a somavhatsurprising
way: Over the algebraicclosure,thereis oneregular nilpotentorbit and one subreyular
nilpotentorbit (whichintersectgheLie algebraof the GL ;-Levi of Sp,). Upondescento
the eld f, theregularorbit breaksinto two distinguishedsp, (f)-orbits andthe subreyular
orbit breaksinto two Sp,(f)-orbits. One of theseorbits intersectghe f-rational points of
theLie algebraof the GL »-Levi; the otheris distinguished.
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EXAMPLE 4.4.5 It is known thatfor Sps(k) andp 6 2 the cardinalityof O(0) is
forty- ve.We have alreadydiscussedhefactthatexactly two of thefacetsin the closure
of a x edalcovefor Spg(k) areequivalentunder . In Table4 we enumeratéhenumberof

‘ G ‘ numberof distinguished>(f) -orbits‘
Sps SiX
Sp, SL SiXx
Sp, GlLi three
SL, GL? two
SL, GL; SbL four
SL, GL, two
GL, GL; one
GL3 one
GL3 one

TABLE 4. An enumeratiorof distinguished>(f)-orbits

distinguishedze (f)-orbitsin Lg (f) for eachfacetF in theclosureof analcove of Spg (k).
Thesubsequentountingexerciseis left to thereader

Finally, we notethattheredoesnot exist a completedescriptionof the distinguished
orbitsin the Lie algebraof a nite groupof Lie type. But, althoughit seemghatwe have
reducedneproblemaboutwhich we know very little to anothemproblemaboutwhich we
alsoknow verylittle, thisreductionwill be quite useful.

5. A precisehomogeneitystatement

Recallthatour goalis to make Statemen®.1.1into somethingreasonablendprov-
able.In x2.3.3wediscussethefactthatthe” G-orbit” of everycompacsetwasasymptotic
to thenilpotentcone.This motivatedtheideathatperhaps] (N ), the spanof the nilpotent
orbital integrals, was a reasonableandidatefor the right-handside of Statemen®.1.1.
We arestill searchingor a candidatefor the left-handside; we begin with a very precise
asymptoticresult.

5.1. An asymptoticresult.
LEmMA 5.1.1([1]). ForfacetsFi;F2in A wehavege, Or, + N.

ExAMPLE 5.1.2 In Figure 15 we have describedthe latticesgr for the standard
apartmentn SL,(k). We obsere thatif F, lies to the left of F1, thengg, O, t U
whereu is the setof strictly uppertriangulartwo-by-two matrices.

PROOF. Choosex 2 F; andy 2 F,. Let¥ =y x. Let * denotethesetof roots
thatpair nonngatively againstr andlet = n *.Wehae
X

g N
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FIGURE 15. Somelatticesin sl (k)

and
) X
Or, = Lie(A)(R) g +n

2; n2Z;( +n)(x)>0

. n % n)(x X

= Lie(A)(R) g +n g +n

2X+;n22;( +n)(x)>0 2 in2Z;( +n)(x)>0

O, + g +n

2 in2Z;( +n)(x)>0
Or, + N:

Thesecondo lastline is truebecauséf 2 *,then
( +my)=( +nx+¥)=( +n)(x)+h i
( +n)(x):

To facilitateour discussionwe x analcoveC in A.
DEFINITION 5.1.3 We set

[
Jo = G(gF)
F C

wherethe unionis overthefacetsoccurringin theclosureof a x edalcove C.

21

The setqy is usuallyreferredto asthe setof compactelementsn g; for GL,, (k) it is
exactlythesetof elementsn M, (k) for which eacheigervaluehasnonneyative valuation.

COROLLARY 5.1.4 Wehavegy, gc + N.
PROOF. FromBruhat-Tits theorywe canwrite
G= GcWGC:

Theresultfollows.

5.2. A homogeneitystatement. The above asymptoticresults,alongwith our pre-
viousdiscussionshould,| hope,malke thefollowing homogeneitystatemenboth natural

andplausible.

THEOREM 5.2.1([14], [4]). Suppose is sufciently large.
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(1)
re%o(g:gC) J (90) = re&ic(g:gc) J (N ):
(2) For T 2 J(go) wehave

resc (g=gc) T = 0

if andonly if
res’ . . cige=ge) T = 0

F C

The rst proofof thisresult,for “unrami ed classical"groupsijs dueto Waldspuger[14].
We shallnotattemptto prove thistheoremwhichis a specialcaseof amuchmoregeneral
result. However, we do have enoughtools on handto sketch how statemen(2) implies
statemen(l1): We have

reg: F C C(gF:gC)T =0

if andonly if

Lo C(gézg;)‘b= o:

(Note, we areassumingn this statementhatthe form B introducedin x2.2 hascertain
properties— for example thatit descend$o a nondgeneratesymmetric hondeenerate,

bilinear form on Lg (f).) However, asdiscussedreviously, g; =gr is the nilradical of a
Borel subgroupof Gr (f). Thus

reg E e C(gp=gc)T =0

if andonly if
P((F;0)) = 0

for all (F; O) 2 19 where[(F; O)] denoteghe characteristidunction of the preimageof
O. It isthennotdif cult to seethatthisis equivalentto the statement

P((F;0)) =0

where(F; O) 2 |9 runsover asetof representatiesfor | 9= . Butfrom Theorem4.4.3,
thisimpliesthatthe dimensiorof resc (g=¢. ) J (Jo) is lessthanor equalto the cardinality
of O(0). Ontheotherhand,J(N) J(go) andfrom Harish-Chandrg7] we know that
thedimensionof

resc, (g=gc) J(N)
is equalto the numberof nilpotentorbits. So(1) follows from (2).

5.3. Someapplications. We presentheretwo quick applicationsthat are relatedto
materialpresente@lsavherein thisworkshop.The nal sectionof thesenotesis dedicated
to giving amorethorough(yet still incompletereatmenbf anapplication.

First, the abose homogeneitystatemengivesus a sharpenedersionof the Harish-
Chandra—Hwe local charactelexpansion. Supposeasusual,thatp is large. Let ( ;V)
be anirreducibleadmissiblerepresentationf G. If thereexistsafacetF in A for which
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VAST- fOg (thatis, ( ; V) hasdepthzero),thenthereexist complex constantso ( ) for
which X
(exp(X)) = co( ) bo(X)
020 (0)
for all regular semisimpleX 2 go- . Heregy- denoteghe setof topologicallynilpotent
elementspr, moreprecisely [
o = O
F cC
For GL, (k) the setof topologically nilpotentelementss exactly the setof elementsn
M, (k) for which eacheigervaluehaspositive valuation. Note thatwe arealsoassuming
thatexp: go- ! Gg- is bijective.
Secondagainassuminghatp is sufciently large,we canderiveasharpene&halika-
germexpansion.Namely for all regular;emisimplex 2 go we have

bx (Y) = o(X) bo(Y)
020 (0)
for all regularsemisimpleY 2 gg- .

6. An application: stabledistrib utions supported on the nilpotent cone

In this section,we sketcha nal applicationof the homogeneityresultstatedabove.
This sectionshouldbe thoughtof as an introductionto the techniquedound in Wald-
spuger'stome[13].

6.1. Stability. For somepurposesthe conceptof stableinvarianceis more natural
thanthe conceptof invariancehowever, the de nition of stableinvarianceis far lessnat-
ural. In orderto motivate the de nition of stability, we begin by recalling a result of
Harish-Chandra.

We de ne D?"" to be the spaceof functionsthatvanishon every regular semisimple
orbitalintegral. Thatis

DEFINITION 6.1.1
D3 = ff 2 C? (g)j x (f) = O for all regularsemisimpleX 2 gg:
Wethenhave

THEOREM 6.1.2([7]). Supposd 2 C! (g) , thatis, T is a distribution on g (not
necessarilynvariant). We have

T isinvariantif andonlyif ressam T = O:

In otherwords,regularsemisimpleorbital integralsaredensen the spaceof invariant
distributions. We remarkthat a key stepin the proofis to shav thatrespam o = 0 for
eachO 2 0(0).

Motivatedby this resultof Harish-Chandrawe cannow de ne JY(g), the spaceof
stablyinvariantdistributionson g. We begin by introducingthe idea of a stableorbital
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integral. SupposeX 2 gis regularsemisimple.Thereis a nite setf X-j1 =~ ngof
regularsemisimplezlementsn g sothat® (X)X \ g canbewritten asadisjoint union

ClIX\ g=®X,t CXot t ©X,:

After suitablynormalizingmeasuresye set

andwecall S x astableorbital integral.
The analogueof D" becomeghe spaceof functionsthatvanishon every stableor-
bital integral. Thatis,

DEFINITION 6.1.3
DstaM:= ff 2 C! (g)jS x (f) = 0 for all regularsemisimpleX 2 gg:
Wethende ne
DEFINITION 6.1.4
JS(g):=fT2Cl (g) jrespsemT = 0g:

NotethatsinceD3™ DSt every elementof J SY(g) is aninvariantdistribution on

EXAMPLE 6.1.5 Herearesomeexamplesof elementf JsY(g).

For all regularsemisimpleX 2 g, thedistributionS x is stable.
Thedistribution ¢ is stable. R
Thedistributionwhichsends 2 C! (g) to gf (X)) dX isstable.

Hereinlies the basicproblem:beyondthe exampledisted above, we have essentially
no generalunderstandingf JS(g). A natural rst questionto askis: canwe understand
JS{N) = J(N)\ J%{(g)? For certainunrami ed classicalgroups, Waldspuger has
providedanaf rmati ve answelto this question.

6.2. A rst steptowards understandingJS{(N ). Thefollowing result,dueto Wald-
spuger[13], givesusaway to tacklethe problemof describingd SN ). Theargumentis
very similarto onethatHarish-Chandrasedto prove Theorem6.1.2.

LEMMA 6.2.1([13]). Supposd 2 J(Qp). Let
X

D= co(T) o
020 (0)

(withco (T) 2 C) denotetheuniqueelemenin J(N ) for which
résc.(g=gc) T = M, (g=gc) D:
If T 2 J5(g), thenD 2 JSY(N).
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PrOOF. Fixf 2 DS®"" We needto shav thatD (f ) = 0.
We notethatif t 2 k , thenf,. 2 D", Chooset 2 k r R suchthatf . 2
Ce(g=gc) foralln 1. Foralln 1wehave

0= Tthn) = D(fi2n)
co(T)  offen)
X

= gy " co(T) off):
i=0 020 (0);dim (O)=i

020 (0)
X

Sincethecharacters 7! jtj in arelinearly independentgachof theterms

X
co(T) off)
020 (0)dim (0)= i

mustbezero.Consequentlyp (f ) = 0.

Thus,onewayto nd abasisfor J¥(N ) isto rst produceabasisfor resc_ (g=g. ) J (90)
with the properties

the elementsof the basisareof the form resc (g=¢.) x With X 2 go regular
semisimpleand
we caneasilydescribevhich combination®of the x arestable.

6.3. A dual basis. Fix asetof representatiesf (Fi;0;) 2 19j1 i  jO(0)jg for
9= . Recallthatfor T 2 J(go) wehaveresc, (g=gc) T = 0if andonlyif 'b([(Fi;Oi N =
Oforl i jO(0)j. ThustheFouriertransformsof the functions[(F;; O;)] form adual

basisfor resc (g=g. ) J (o). (Notethatthe FourieBransformof thefunction[(F; O)] does
notbelongto C.(g=gc), but, rather it belongsto 926 Cc(g=%gc). However, sinceT is
aninvariantdistribution, this will not causeusary dif culties.) So,theideais to produce
well-understoodunctionsonLg (f) thatseparatelistinguishedilpotentorbitsand(might)
have somethingo dowith regularsemisimpleorbitalintegrals. Thanksto work of Deligne,
Kazhdanl usztig,andothers,suchfunctionsexist:

FacT 6.3.1([10]). Thereexist classfunctionson Lg (f), called generlized Green
functions suchthat

thefunctionsspanthe setof classfunctionssupportedn the nilpotentelements
inLg (f),

thecuspidal generalizedsreenfunctionsseparatelistinguishedrbits,and
thefunctionsarewell understood.

9A functionis called cuspidalprovided that summingagainsthe nilradical of ary properparabolicyields
zero.
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EXAMPLEG.3.2 If T Gr isanf-minisotropidorusw, thentheusualGreenfunction
8

< X is notnilpotent

Gr -
Q" (X) : R?F (1)(exp(X)) otherwise.

is acuspidalgeneralizedsreenfunction. Notethatexp makessensen this context because
X is nilpotent,andwe areassuminghatp is nottoo small.

Notethatnotall cuspidalgeneralizedsreenfunctionsoccurasin this example;thisis
alreadythe casefor SL,(f).

Wede ne | © to bethesetof pairs(F; G) whereF is afacetin A andG is a cuspidal
generalizedsreenfunctionon Lg (f). As in the caseof | 9, the setl © carriesa natural
equivalencerelation, which we alsodenoteby . Giventhe above discussionjt is not
hardto believe thatthefollowing lemmais valid.

LEMMA 6.3.3([13]). Supposd 2 J(go). We have
resc.(g=gc) T = O if andonlyif T(&) =0
forall (F;G) 2 16= . Here & denoteghein ation of Gto a functionong.

6.4. A well-chosenbasisfor resc (g=g. ) J (o). Asdiscussedbefore wewantto nd
abasisfor resc (4=, ) J (o) With severalgoodproperties.It would be evenbetterif this
basisweredualto | = . As evidencedby thesizeof [13], thisis quiteadif cult problem.
However, it is nottoo dif cult to sketchhow to carryout this programfor the generalized
Greenfunctionsof theform Q$* .

Fix an elementof |1 © of the form (F; Q?F ). Chooseabsolutelyary Xt 2 gg for
whichthecentralizerin Ge of theimageof Xt in Lg is T. Notethatsuchan Xt is nec-
essarilyregularsemisimpleand x, 2 J(go). Usingresultsof Kazhdan9], Waldspuger
proves

LEMMA 6.4.1([13]). For Xt asaboveand(F% G’ 2 1© wehave

8
< 0. . Gr
@=° (F) 6 (F:Q¥)

otherwise
wheee N is a nicenonzeo numberwhich is independentf the choiceof X 1.

As aconsequencef thislemma,we havethatresc: (g, ) “x- isindependenof how
X1 waschosenThisis amuchstrongewersionof Lemma2.2.2.To seewhy theelements
resc: (go.) xr areparticularlyniceto dealwith, we mustreturnto Bruhat-Tits theory

10an f-torusis calledf-minisotopic in Gg provided thatits maximalf-split subtorudies in the centerof
Gr .
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FIGURE 16. An enumeratiomf classe®f f-minisotropictori for SL,

6.5. Parameterizing maximal unrami ed tori. A subgroupT G is calledan
unrami ed torus providedthatit is the groupof k-rational points of a toruswhich splits
overanunrami ed extensionof k.

ExAMPLE 6.5.1 We begin by consideringsomeexamples.

ThegroupA is alwaysa maximalunrami ed torus.
Ifp6 2and" 2R r (R )? then

b 42 no_
f ab ja* b"=1g
is amaximalunrami ed torusin SL,(k), but thetorus
b 42 -
fab ja* ©$=1g
is not.

Justaswe parameterizedhe elementsof O(0) in termsof similar objectsover the
nite eld, we would like to do the samefor conjugay classesof maximal unrami ed
tori. This time, the objectsover the nite eld will be conjugag classesof maximalf-
minisotropictori.

Supposés is a connected-split reductive group. From Carter[ 3] the G(f)-conjugay
classe®f maximalf-tori in G areparameterizetly theconjugag classesn theWeyl group
of G. We sketchhow this parameterizatiomvorks: Let S be a maximalf-split torusin G
andlet denoteatopologicalgeneratorfor Gal(f=f). If T is ary f-torus,thenthereis a
g 2 G(f) suchthatT = 9S. SinceT andSare -stabletheelement (g) ‘g belongsto
thenormalizerof Sin G andsodetermines conjugag classin the Weyl group.

Themaximalf-minisotropictori in G areparameterizetly theanisotropié¢* conjugay
classeof the Weyl group. We shall useCarters notationfor the conjugag classesn the
Weyl group.

ExXAMPLE 6.5.2 ThegroupSL, hastwo SL,(f)-conjugag classe®f maximalf-tori.
Oneis f-minisotropicandcorrespond$o A1 (seeFigurel6),thenontrivial conjugay class
in the Weyl group,while the otheris f-split andcorrespondso thetrivial conjugay class
in theWey! group.ThegroupGL ; hasasingleGL (f)-conjugay classof maximalf-tori,
namelyGL(f) itself. In Figure 16 we enumeratéhe numberof Gg (f)-conjugay classes
of f-minisotropictori for eachfacetF in analcovefor SL,(k). Thesumof theenumerated
classess three,andthe numberof SL,(k)-conjugay classef maximalunrami ed tori
is three.(Canyou producea representatie for thethird class?)

11a conjugag classin a Weyl group is called anisotiopic provided that it doesnot intersecta proper
parabolicsubgroupof the Weyl group.
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FIGURE 17. An enumeratiorf classe®f f-minisotropictori for SL3

The mapfrom tori over f to tori over k is not aseasyto describeasin the nilpotent
caseput it hastheadvantageof working independentf theresidualcharacteristic.
In generalwe wantto considetthe setof pairs

™= f(F; > OT)g

whereF is a facetin A and® ()T is short-handor the setof f-tori which are G (f)-
conjugateto the f-minisotropictorus T. As with the setsl ¢ andl ©, thesetl ™ carriesa
naturalequivalencerelation,which we againdenoteby

THEOREM 6.5.3([5]). We havea natural bijective correspondencéetweeri ™ =
andthesetof G-conjugacyclassef maximalunrami ed tori.

EXAMPLE 6.5.4 ThegroupSLsz(k) has veconjugag classe®f maximalunrami ed
tori. In Figure17 we useCarters labelingfor the conjugay classesn the Weyl groupto
enumeratehe G (f)-conjugag classe®f f-minisotropictori for eachfacetF in analcove
for SL3(k). (Recallthattheline segmentsn the closureof thealcove areequialent.)

EXAMPLE 6.5.5 ThegroupSp,(k) hasnine conjugay classeof maximalunram-
ied tori. In Figure 18 we againlist the anisotropicWeyl group conjugag classesto
enumeratehe G (f)-conjugag classe®f f-minisotropictori for eachfacetF in analcove
for Sp,(K).

6.6. The nish. To completethesenotes,we remarkthatit is now nearlytrivial to
describethe numberof distributionsin JS{(N ) arisingfrom pairsof theform (F; Q?F ).

In the precedingsectionswe have discussedhow to associatao the pair (F; Q‘T3F ) 2
| & aregular semisimpleorbital integral x,. On the otherhand, (F; Q‘T3F ) is naturally
associatedo the pair (F; T) whichis associatedo a conjugag classin the Weyl groupof
Ge . We canlift this conjugay classto a W -conjugag classin the extendedaf ne Weyl
groupW andthenquotientby A to arrive ataconjugag class.call it wr, in W.

SupposgF % Q?S") is anotherelementof | © with associatedegularsemisimpleor-
bitalintegral x ... From[5] theelements<t andX to canbechoserto bestablyconjugate
if andonly if wr = wyo. Consequentlyto eachW -conjugag classin W we canassociate
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FIGURE 18. An enumeratiorof classe®f f-minisotropictori for Sp,

onedistributionin JS(N ). Thus,thedimensionof J{(N ) is atleastequalto the number
of W-conjugag classesn W .

ExAaMPLE 6.6.1 From the above discussionwe can concludethe following. For
SL,(k), thedimensiorof JS(N ) is atleasttwo (in fact,it is two). For SLz(k), thedimen-
sionof JS(N ) is atleastthree(in fact, it is three).For Sp, (k), thedimensionof JS(N ) is
atleast ve(in fact,it is six).

To describeheelementf JS(N ) is anentirelydifferentandmuchmoredemanding
problem.Suchadescriptionwill rely onall thatwe have discussedhereandmore.
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