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ABSTRACT. Wediscuss,in afairly conversationalmanner, homogeneityresultsfor reduc-

tive p-adicgroups.Weprovidesomemotivationfor why weexpectsuchresultsto betrue,

andwediscusswhy they areimportant.Wealsodiscussmostof themathematicsrequired

to prove homogeneitystatements.

1. Intr oduction

The goal of thesenotesis to introducethe ideaof homogeneityfor reductive p-adic
groups. Exceptin trivial cases,we arenot in any position to verify homogeneitystate-
ments;rather, we shall try to motivateboth why suchresultsare importantandwhy we
shouldbelieve that they are true. To this end,we will alsodiscussmany of the impor-
tantmathematicalideassurroundingthesestatements.Finally, while I think that they are
mathematicallyaccurate,thesenotesareintendedasanintroduction,notasa reference.

I thankJosephRabinoff for producingthecomputergraphicsfor Figure8. I learned
nearlyall that I know aboutharmonicanalysiswhile undertheexcellentguidanceof Bob
Kottwitz andPaul Sally, Jr.. Although they arenot directly referencedhere,my under-
standingof Bruhat-Tits theoryhasbeendeeplyin�uencedby thebeautifulpapersof Allen
Moy andGopalPrasad.Finally, I thankJeff Adler for his excellentproofreadingof these
notes.

2. An intr oduction to homogeneity

We begin with somemotivationsfor consideringhomogeneityquestionsand try to
illustratewhy their answerslook theway thatthey do.

2.1. The caseGL1. We begin with the completelytrivial yet illuminating caseof
G = k � = GL1(k) wherek is a p-adic�eld.

We �rst considerhomogeneitystatementson k � and then turn our attentionto its
Lie algebrak. Let C1

c (k � ) denotethe spaceof compactlysupported,locally constant
functionsonk � (similarnotationappliesto k).
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2 STEPHENDEBACKER

Suppose� 2 ck � , thatis, � is acomplex-valuedcontinuousmultiplicativecharacterof
k � . We mayde�ne adistribution � � : C1

c (k � ) ! C by setting

� � (f ) =
Z

k �

� (x) � f (x) dx

for f 2 C1
c (k � ). Heredx denotesa (�x ed)Haarmeasureonk � .

Let R denotethe ring of integersof k andlet } denotethe prime ideal. Fix a uni-
formizer$ (thatis, } = $ � R). To avoid complications,wesuppose� hasdepth(m � 1)
with m > 1, thatis, therestrictionof � to the�ltration subgroup1 + } m is trivial andthe
restrictionof � to the�ltration subgroup1 + } (m � 1) is nontrivial.

Notethatif thesupportof f is containedin 1 + } m , then

� � (f ) = � 1(f )

where� 1 denotesthedistribution associatedto thetrivial characteronk � . Therefore,we
maywrite

resC 1
c (1+ } m ) � � = resC 1

c (1+ } m ) � 1:

This is a homogeneity1 statement:thedistributions� � and� 1 agreeonC1
c (1 + } m ).

Wenow focusontheLie algebrak of k � . Welet � 0 denotethedistributiononC1
c (k)

whichsendsf to f (0). SupposeT is adistributiononk, thatis, a linearmapfrom C1
c (k)

to C. Supposem is an integer suchthat T belongsto J (} m ), the spaceof distributions
on k having supportin } m . If f belongsto Cc(k=} m ), thespaceof compactlysupported
functionson k which aretranslationinvariantwith respectto thelattice2 } m , thenwe can
write

f =
X

�X 2 k=} m

f (X ) � [X + } m ]

where[X + } m ] denotesthe characteristicfunction of the cosetX + } m . For sucha
functionwe have

T(f ) = T
� X

�X 2 k=} m

f (X ) � [X + } m ]
�

= f (0) � T ([} m ])

= T([} m ]) � � 0(f ):

Thatis, we have thehomogeneitystatement

resCc (k=} m ) J (} m ) = resCc (k=} m ) C � � 0:

SinceGL1(k) is abelian,wehavenot yet saidanythingnontrivial. Themainideayou
shouldkeepin mindis that,by restrictingto asubspaceof alargerfunctionspace,we'd like
to beableto expressfairly arbitrarydistributionsin termsof well-understooddistributions:

1According to the Oxford English Dictionary [11], the word homogeneitymeans“identity of kind with

somethingelse,” andaccordingto Webster's Dictionary [15] it means“the stateof having identicaldistribution

functionsor values.”
2A compact,openR-submoduleof ap-adicvectorspaceis calleda lattice.
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STATEMENT 2.1.1.

res Function
space

n
Fairly arbitrary

distributions

o
= res Function

space

n
Well-understood

distributions

o
:

Moreover, we'd likethisstatementto beoptimalin somesense.For example,thefollowing
exerciseshowsthatthehomogeneitystatementswe madeaboveareoptimal.

EXERCISE 2.1.2. Supposè � m < n. Show that

resCc (k=} ` ) J (} m ) = resCc (k=} ` ) C � � 0

and

resCc (k=} n ) J (} m ) 6= resCc (k=} n ) C � � 0:

Formulateandprovea similar statementfor distributionsonk � .

2.2. Somehistory and an application. If wedonotwish to makeanoptimalhomo-
geneitystatement,thenthetypeof resultsweseekhavebeenknown for a longtime— we
shallcall these“prehomogeneity”results.However, it hasbecomeclearthata greatmany
of the interestingproblemsin representationtheoryandharmonicanalysisrequiremore
precisionthantheseprehomogeneityresultsprovide.

Let G bea reductivep-adicgroupandlet g betheLie algebraof G. So,for example,
wecouldtakeG to beSLn (k) or Sp2n (k) andtheng wouldbesln (k) or sp2n (k). If S � g,
thenwe set

G S := f gs := Ad(g)s j g 2 G and s 2 Sg:

The�rst resultwediscussis aconjectureof Howewhichwasprovedby Howe[8] for
thegenerallineargroupandby Harish-Chandra[7] in a generalcontext.

THEOREM 2.2.1(Howe's conjecturefor the Lie algebra). If L is a lattice in g and
! � g is compact,then

dimC
�
resCc (g=L ) J (! )

�
< 1 :

In thestatementof Howe's conjecture,thenotationJ (! ) denotesthespaceof invari-
antdistributions3 supportedon theclosureof thesetG ! . So,for example,if X 2 ! , then
the orbital integral � X belongsto J (! ). (SinceGL1(k) is abelian,this agreeswith our
earlieruseof thenotationJ .) NotethatsinceHowe's conjectureis not equatingtwo sets
of distributions,it is not really a homogeneityresult— or even a prehomogeneitystate-
ment. However, for �x ed ! andexpandingL , the dimensionof the left-handsidewill
stabilize. Thus,for suf�ciently largeL , we might expectto �nd a basisfor the left hand
sideconsistingof well-understooddistributionsong (seex2.3). In thissection,we usethe
aboveresultto proveausefulharmonicanalysisresult(whichwill laterbeimprovedusing
homogeneityresults).

3A distribution T is saidto be invariant provided that T (f g ) = T (f ) for all g 2 G andf 2 C1
c (g).

Heref g (X ) = f (g X ).
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Supposethath is a Cartansubalgebraof g. Let h0 = h \ gr.s.s. (Heregr.s.s denotesthe
setof regularsemisimpleelementsin g, thatis, thoseelementsof g whosecentralizerin G
is a torus.)We considerthemaph0 � C1

c (g) ! C de�ned by

(*) (H ; f ) 7! b� H (f ) := � H (f̂ ):

Here,we realizetheFouriertransformasamapfrom C1
c (g) to itself by setting

f̂ (X ) =
Z

g
f (Y ) � �( B (Y; X )) dY

wheredY is a Haarmeasureon g, B is a nondegenerate,symmetric,invariant,bilinear
form on g, and� is a continuousadditive characterof k that is trivial on thelattice } and
nontrivial on thelatticeR.

Therearetwo waysto think aboutthemapde�ned by Equation(*):

(1) If we �x H andvary f , thenwe arelooking at a distribution on g. It is a result
of Harish-Chandrathat this distribution is representedby a locally integrable
function on g which we alsocall b� H . This meansthat for all f 2 C1

c (g) we
have

b� H (f ) =
Z

g
f (Y ) � b� H (Y ) dY:

(2) If we �x f andvaryH , thenwe arelookingat a locally constantfunctiononh0.

We can combinethesetwo ways of thinking aboutthe mapde�ned in Equation(*) by
formulatinga statementaboutthelocal constancy of thefunctionb� H . Namely,

THEOREM 2.2.2([7]). For all H 2 h0 andfor all compactopen! � g, there existsa
compactopen! H � h0 such that

(1) H 2 ! H and
(2) b� H 0(Y ) = b� H (Y ) for all H 0 2 ! H andall Y 2 ! .

To illustratetheusefulnessof Howe's conjecture,we presenthereHarish-Chandra's
proofof this result.In theproof,Howe'sconjecturereducesa seeminglyintractableprob-
lemto a simplelinearalgebraproblem.

PROOF. Fix H 2 h0 and ! � g compactand open. We begin by reformulating
statement(2) of thetheorem:

b� H 0(Y ) = b� H (Y ) for all H 0 2 ! H andall Y 2 ! :

Thisstatementis equivalentto thestatement

b� H 0(f ) = b� H (f ) for all H 0 2 ! H andall f 2 C1
c (! );

which, in turn, is equivalentto thestatement

� H 0(f̂ ) = � H (f̂ ) for all H 0 2 ! H andall f 2 C1
c (! ):

By choosinga latticeL in g so that f 2 C1
c (! ) implies that f̂ 2 Cc(g=L), we seethat

this lastformulationof thestatementwould betrueif we knew that

� H 0(' ) = � H (' ) for all H 0 2 ! H andall ' 2 Cc(g=L):
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We will establishthis last statement(which, in itself, is a type of prehomogeneitystate-
ment).

Let ! 0
H be any compactopenneighborhoodof H in h0. Note that � H 0 belongsto

J (! 0
H ) for all H 0 2 ! 0

H . FromHowe'sconjecturefor theLie algebra,we have

dimC
�
resCc (g=L ) J (! 0

H )
�

< 1 :

Hence,wecanchooseH 1; H2; : : : ; Hm 2 ! 0
H suchthatfor everyH 0 2 ! 0

H thedistribution
resCc (g=L ) � H 0 belongsto thespanof thelinearly independentdistributions

resCc (g=L ) � H i :

Fix f 1; f 2; : : : ; f m 2 Cc(g=L) suchthat

� H i (f j ) = � ij :

So,for all H 0 2 ! 0
H we have

� H 0(f ) =
X

i

� H 0(f i ) � � H i (f )

for all f 2 Cc(g=L).
Fix aneighborhood! H of H for which

(1) ! H � ! 0
H and

(2) � H 0(f i ) = � H (f i ) for all 1 � i � m andfor all H 0 2 ! H .

We thenhave that

� H 0(f ) =
X

i

� H 0(f i ) � � H i (f )

=
X

i

� H (f i ) � � H i (f )

= � H (f )

for all f 2 Cc(g=L) andall H 0 2 ! H . �

2.3. The nilpotent conein SL2(R). In this sectionwe look at theSL2(R)-orbits in
sl 2(R). We do this for two reasons:First, it givesusa way to visualize4 theproblemswe
arediscussing.Second,it will help to clearup many of the commonmisunderstandings
thereadermayharborabouthow thingswork overnon-algebraicallyclosed�elds.

As vectorspaces,we haveR3 �= sl 2(R) via themap

(x; y; z) 7! M(x; y; z) :=
�

x y+ z
y � z � x

�
:

Thecharacteristicpolynomialof M(x; y; z) is

t2 �
�
(x2 + y2) � z2�

;

andsowehavethreedistincttypesof elementsdependingontheeigenvaluesof M(x; y; z)
(seeTable1).

4It is hardto draw picturesof p-adic vectorspaces;to paraphrasePaul Sally, Jr.: “We all have our own

pictureof thep-adics,but wedarenotdiscussit with others.”
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Typeof element (x2 + y2) � z2

nilpotent 0
split > 0

elliptic < 0

TABLE 1. Typesof elementsin sl 2(R)

x

y

z

FIGURE 1. Thenilpotentconefor SL2(R)

2.3.1. Nilpotentelements.In thiscase,wehavez2 = x2 + y2, andsoN , thenilpotent
elements,is a conein R3 (seeFigure1).

We let O(0) denotethesetof nilpotentorbits.To decomposeN into orbits,wenotice
thattheunit circleS1 embedsinto SL2(R) underthemap

� 7! s(� ) :=
�

cos(� ) sin( � )
� sin( � ) cos(� )

�

and

s( � )M (x; y; z) = M (x � cos(2� ) + y � sin(2� ); y � cos(2� ) � x � sin(2� ); z):

Consequently, thesetof nilpotentelementsin sl 2(R) having a �x edz valueareall con-
jugate.FromtheJacobson-Morozov theorem[3, x5.3], for all X 2 N we canproducea
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one-parametersubgroup

� : GL1 ! SL2

suchthat
� ( t ) X = t2X

for all t 2 R� .

EXERCISE 2.3.1. Provetheaboveassertion.

Combiningthe actionof S1 with the above consequenceof Jacobson-Morozov, we
concludethat O(0) hasat most threeelements.In fact, thereareexactly threenilpotent
orbits.

REMARK 2.3.2. It is importantto notethat,exceptfor the trivial orbit, it is not true
thatthereis asingleg 2 SL2(R) thatactsby dilationoneveryelementof anilpotentorbit.
Moreprecisely, we know thatif O 2 O(0), then

(1) t2O = O for all t 2 R� and
(2) for eachX 2 O, thereis agX 2 SL2(R) suchthatgX X = t2X .

Consequently, if � O denotesaninvariantmeasure(it is uniqueup to a constant)on O and
f is a nicefunctiononO, then

(1) for all t 2 R�

� O (f t 2 ) = jt j � dim (O ) � O (f )

wheref t 2 (Y ) = f (t2Y) for Y 2 sl 2(R) and
(2) for all g 2 SL2(R),

� O (f g) = � O (f ):

2.3.2. Split andelliptic elements.We now considerthetwo remainingcases.In both
cases,the characteristicpolynomial hasdistinct eigenvalues: real in the split caseand
complex in theelliptic case.Fix � > 0.

We �rst considerthesplit case.Thesetof M(x; y; z) for which � 2 = z2 � (x2 + y2)
form asingleorbit all of whoseelementsareconjugateto

M( �; 0; 0) =
�

� 0
0 � �

�
:

Theorbit is aonesheetedhyperboloidwhichis asymptoticto (andoutsideof) thenilpotent
cone.

For theelliptic casetheelementsM (x; y; z) for which � � 2 = z2 � (x2 + y2) form
two orbitsall of whoseelementsareconjugateto either

M(0; 0; � ) =
�

0 �
� � 0

�

or

M(0; � �; 0) =
�

0 � �
� 0

�
:

Notethat thesetwo matricesareconjugateby anelementof SL2(C). Theseorbits form a
two sheetedhyperboloidwhich is asymptoticto (andinsideof) thenilpotentcone.
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x

y

z

L

FIGURE 2. A “picture” of thelatticeL

To completeour discussionof split andelliptic elements,we recall thata Cartansub-
algebra(CSA) is amaximalsubalgebraconsistingof commutingsemisimpleelements.(If
you prefer, you maythink of a CSA astheLie algebraof a maximalR-torusof SL2.) For
sl 2(R), theCSAsareone-dimensional,givenby linesthroughtheorigin of theform

f M (�a; �b; �c ) j � 2 R g

with a2 + b2 6= c2: We thereforerecover the“standard”split CSA

f M (�; 0; 0) j � 2 Rg = f
�

x 0
0 � x

�
j x 2 Rg

andthe“standard”elliptic CSA

f M (0; 0; � ) j � 2 Rg = f
�

0 z
� z 0

�
j z 2 Rg:

2.3.3. A returnto homogeneity. WeagainconsiderStatement2.1.1.Fromthepreced-
ing discussion,it is clear(at leastfor sl 2(R)) thateveryorbit is asymptoticto thenilpotent
cone. Thus, it is believable that the right-handside of Statement2.1.1 should,ideally,
consistof nilpotentorbital integrals.

If wepretendthatwecandraw picturesof whatthenilpotentconelookslikep-adically,
thenwe canevenvisualizeStatement2.1.1. For simplicity, let usassumethatwe we are
interestedin invariantdistributionssupportedon the closureof SL2 (k ) L for the lattice L
“drawn” in Figure2
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Fromour discussionabove,we know that theclosureof SL 2 (k ) L is asymptoticto the
nilpotentcone,andwe “see” that,in fact,

SL 2 (k ) L � N + L:

(Comparethis with Lemma5.1.1.) Consequently, it is not muchof a stretchto think that
ourhomogeneitystatementsshouldlook like

resCc (g=L ) J (L ) = resCc (g=L ) J (N )

whereJ (N ) denotesthespaceof invariantdistributionsspannedby thenilpotentorbital
integrals.

3. An intr oduction to someaspectsof Bruhat-T its theory

We now have a guessasto what belongson the right-handsideof Statement2.1.1.
The purposeof this sectionis to introduce,via examples,enoughBruhat-Tits theory to
helpusre�ne ourunderstandingof whatto placeon theleft-handside.

A goodintroductionto Bruhat-Tits theorymay be found in JoeRabinoff 's Harvard
seniorthesis[12].

3.1. Apartments. Our immediategoal is to understanda bit of themathematicsbe-
hind the“Coxeterpaper”thatBill Casselmanhaspostedonhis webpage5.

RecallthatG is a p-adicgroup,that is, G is thegroupof k-rationalpointsof a con-
nectedreductive linearalgebraick-groupG. For simplicity, we shall assumethatG is a
semisimple,k-split groupwhich is de�ned over Z. Thus,the notationsG(R) andg(R)
makesense.So,for example,G couldbeSp2n , realizedin theusualway.

Following earlierlecturers,we �x a maximalk-split torusA in G which is de�ned
overZ. We let A denotethegroupof k-rationalpointsof A . So,for example,A couldbe
thesetof diagonalmatricesin Sp2n (k).

We let A = X � (A ) 
 R andcall A the apartment6 attachedto A. For the group
Sp2n (k), theapartmentis isomorphicto Rn .

An apartmentcarriesa naturalpolysimplicial decomposition;we now describehow
this arises. We let � = �( G; A ) denotethe set of nontrivial eigencharactersfor the
actionof A on g. We assumethat thevaluationmap� : k � ! Z is surjective,andwe let
	 = 	( G; A ; � ) denotethecorrespondingsetof af�ne roots,thatis

	 = f 
 + n j 
 2 � , n 2 Zg:

Each = 
 + n 2 	 de�nesanaf�ne functiononA by

(
 + n)( � 
 r ) := r � h�; 
 i + n

whereh ; i denotesthe naturalperfectpairing X � (A ) � X � (A ) ! Z. (Here,X � (A )
denotesthegroupof charactersof A .) Consequently, for each 2 	 , we cande�ne the

5Look underFrivolitiesat http://www.math.ubc.ca/people/faculty/cass/
6Generallyspeaking,onedoesnotwantto �x (aswehave) anorigin.
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�

�

FIGURE 3. TheC2 root system

hyperplaneH  := f x 2 A j  (x) = 0g � A . Thesehyperplanesgive us the famil-
iar polysimplicial decompositionof A . We usuallycall a polysimplex occurringin this
decompositiona facetandthemaximalfacetsarecalledalcoves.

Finally, just astheWeyl groupW = NG (A)=A actstransitively on (spherical)cham-
bers,theextendedaf�ne Weyl group ~W = NG (A)=A (R) actstransitively onalcoves(but

not, in general,simply transitively — think aboutthe imageof
�

0 1
$ 0

�
in PGL2(k) and

how it actson thestandardapartmentof PGL2(k)).
3.1.1. Sp4(k) in detail. For this subsectiononly, we let G = Sp4(k) realizedasthe

subgroupof thegroupof 4 � 4 matricesof nonzerodeterminantwhichpreserve
 

0 0 0 1
0 0 � 1 0
0 1 0 0

� 1 0 0 0

!

:

We takeA to bethesetof matricesf a(x; y) j x; y 2 k � g where

a(x; y) :=

 
x 0 0 0
0 y 0 0
0 0 y � 1 0
0 0 0 x � 1

!

:

If wede�ne �; � 2 X � (A ) by � (a(x; y)) = xy � 1 and� (a(x; y)) = y2, then

� = f� �; � � ; � (� + � ); � (� + 2� )g

andtheroot systemhasthefamiliardiagramgivenin Figure3.
TheZ-latticeof cocharactersX � (A ) is theZ-linearspanof � 1 and� 2 where� 1(t) =

a(t; 1) and� 2(t) = a(1; t) for t 2 k � . In Figure4 wehavebegunasketchof thesimplicial
decompositionof A arisingfrom theabovedata.Thereaderis encouragedto spendsome
time thinkingabouthow we arrivedat Figure4.
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H � +0
=

H �
� +0

H
(�

2�
�

�
)+

1

H
( � +

� )+0

�
2

� 1

H �
� +1

H � � 2

H � � 1 = H � � +1

H � +0 = H � � +0

FIGURE 4. A sketchof anapartmentfor Sp4(k)

REMARK 3.1.1. For thosefamiliar with coroots,we note that �� = � 1 � � 2 while
�� = � 2.

3.2. Objects associatedto facets. To eachfacetin A we canattachmany typesof
objects. Someof theselive in G, othersin g, andstill othersareproperlythoughtof as
objectsover f := R=} , theresidue�eld of k. In this section,we introducetheseitems.

For each
 2 � we havea rootgroup,denotedU
 , in G andaroot space,denotedg
 ,
in g. In eachcase,thesegroupsareisomorphicto k.

EXAMPLE 3.2.1. In theexampleof Sp4(k) introducedabove, we have thatU� con-
sistsof matricesof theform  

1 a 0 0
0 1 0 0
0 0 1 � a
0 0 0 1

!

andg� consistsof 4 � 4 matricesof theform
 

0 a 0 0
0 0 0 0
0 0 0 � a
0 0 0 0

!

:

The�eld k carriesa natural�ltration, indexedby Z, consistingof compactopensub-
groups:

k � � � � � } � 2 � } � 1 � R � } � } 2 � � � � � f 0g:
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x1C� 1 C0x � 1 o

FIGURE 5. A sketchof anapartmentfor SL2(k)

We'd like to usethesetf 
 + n j n 2 Zg to index thecorrespondingnatural�ltration in U


(resp.g
 ). To �x this indexing, we makethefollowing choices:

U
 +1 ( U
 +0 := G(R) \ U


and

g
 +1 ( g
 +0 := g(R) \ g
 :

Wecannow de�ne someof theobjectsweareinterestedin. For x 2 A, wede�ne Gx ,
theparahoricsubgroupattachedto x, by

Gx := hA (R); U i  2 	;  (x ) � 0:

Thatis, Gx is thegroupgeneratedby A (R) andthesubgroupsU for  2 	 with  (x) �
0. SinceafacetF in A is determinedby theintersectionof hyperplanes,wehaveGx = Gy

for x; y 2 F . Consequently, the notationGF makessense.If o is the origin in A , then
Go = G(R).

EXAMPLE 3.2.2. Weconsiderthecaseof SL2(k) with A realizedasthesetof diagonal
matrices.In Figure5 we have sketchedandlabeledpartof thecorrespondingapartment.
After �xing anorientation,theparahoricsubgroupsassociatedto eachfacetaregiven7 in
thesecondcolumnof Table2.

F GF G+
F GF =G+

F

x � 1

�
R }
} � 1 R

�
1 +

�
} } 2

R }
�

SL2(f)

C� 1

�
R }
R R

�
1 +

�
} }
R }

�
GL1(f)

o SL2(R) 1 +
�

} }
} }

�
SL2(f)

C0

�
R R
} R

�
1 +

�
} R
} }

�
GL1(f)

x1

�
R } � 1

} R

�
1 +

� } R
} 2 }

�
SL2(f)

TABLE 2. Variousgroupsassociatedto facetsin SL2(k)

7For example,thenotation
�

R }
} � 1 R

�
meansthegroupof matricesin SL2 (k) having entriesin the indi-

catedrings.
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SL3 GL2 SL3

GL2 GL2

GL2
1

SL3

FIGURE 6. An alcovefor SL3(k)

TheparahoricGF alwayshasanormalsubgroupG+
F , calledthepro-unipotentradical,

with thepropertythatthequotientGF =G+
F is thegroupof f-rationalpointsof aconnected

reductivef-groupGF . To de�ne G+
F , we must�rst considerthetorusA. We set

A (R)+ := f a 2 A (R) j � (� (a) � 1) > 0 for all � 2 X � (A )g:

EXAMPLE 3.2.3. In SL2(k), A (R)+ consistsof thematrices
�

1+ } 0
0 1+ }

�
:

andin Sp4(k), we haveA (R)+ := f a(x; y) j x; y 2 1 + } g.

For x 2 A wede�ne G+
x by

G+
x := hA (R)+ ; U i  2 	;  (x )> 0:

As before, for a facetF in A , the notationG+
F makes sense. The varioussubgroups

associatedto eachfacetin A for SL2(k) aregivenin Table2.
It is ageneralfact,which is clearlyexhibitedin theexampleof SL2(k), thatif F1 and

F2 aretwo facetsfor whichF1 belongsto theclosureof F2, then

G+
F1

< G+
F2

< GF2 < GF1

andGF2 =G+
F1

is a parabolicsubgroupof GF1 (f) = GF1 =G+
F1

with unipotentradicaliso-
morphicto G+

F2
=G+

F1
andLevi factorisomorphicto GF2 (f). In particular, if F2 is analcove,

thenGF2 =G+
F1

maybeidenti�ed with a Borel subgroupof GF1 (f).
We endthis sectionwith a few examples.

EXAMPLE 3.2.4. In Figure6 we labeleachof thefacetsin a �x edalcoveof anapart-
mentfor SL3(k) with thenameof thecorrespondingf-group.

EXAMPLE 3.2.5. In Figure7 we labeleachof thefacetsin a �x edalcoveof anapart-
mentfor Sp4(k) with thenameof thecorrespondingf-group.

EXAMPLE 3.2.6. In Figure8 thereis a model,producedby JosephRabinoff, for an
alcoveof Sp6(k). Eachof thefacetshasbeenlabeledwith thenameof thecorresponding
f-group.Thismodelcanbequiteinstructive. For example,afterassemblingthemodel,one
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Sp4

GL2
1

Sp4

SL2 � GL1 SL2 � SL2

SL2 � GL1

GL2

FIGURE 7. An alcovefor Sp4(k)

seesthat it canberealizedasthatpartof a cubecut out by placingverticesat a vertex of
thecube,themidpointof anadjacentedge,thecenterof anadjacentface,andthecenterof
thecube.Thecubedecomposesinto forty-eightsuchsolids,andtheWeyl groupof Sp6(k)
actssimply transitively on them(take theorigin of A asthecenterof thecube).

All of theabovecanbecarriedoutfor theLie algebra.In particular, for afacetF there
is a latticeg+

F sothatgF =g+
F is LF (f) := Lie(GF )( f), theLie algebraof GF (f).

4. Parameterizationsvia Bruhat-T its theory: nilpotent orbits

Themainideaof thissectionis to relatecertainaspectsof thestructuretheoryof G to
thestructuretheoryof thevarious�nite groupsof Lie typethatarisenaturallyvia Bruhat-
Tits theory. We shall treat the structuretheory of �nite groupsof Lie type as a black
box. Theseresultswill play a key role in our understandinganduseof thehomogeneity
statementsto come.

4.1. A parameterization of nilpotent orbits: examples.Noneof thematerialin this
sectionworksunlessp, theresidualcharacteristicof k, is suf�ciently large(asa function
of therootdatumof G). We begin with anexample.

EXAMPLE 4.1.1. Whenp 6= 2 thegroupSL2(k) has� ve nilpotentorbits. Theseare
representedby theelementsof theset

n�
0 �
0 0

�
j � 2 f 0; 1; "; $ � 1; $ � 1"g

o

where" 2 R � n (R� )2. On the other hand,we have that the group SL2(f) has two
distinguished8 orbits

SL 2 ( f )
�

0 1
0 0

�
and SL 2 ( f )

�
0 "
0 0

�

where" 2 f� n(f� )2, andGL1(f) hasonedistinguishedorbit — thetrivial orbit. Whenwe
encodethis informationin ourpreferredchamber, weproduceapicturelikeFigure9. Note
thatin thediagramwe'veincludedthefactor$ � 1 to emphasizetheobviousp-adiclift. For

8A nilpotentorbit whichdoesnot intersectaproperLevi subalgebrais calleddistinguished.
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FIGURE 8. An alcovefor Sp6(k)
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GL 1 (f)
�

0 0
0 0

�

SL2(f)
�

0 1
0 0

�
SL2(f)

�
0 $ � 1

0 0

�

SL2(f)
�

0 "
0 0

�
SL2(f)

�
0 "$ � 1

0 0

�

FIGURE 9. Distinguishednilpotentorbitsassociatedto facetsfor SL2(k).

2
1

2

FIGURE 10. Enumerationof distinguishedGF (f)-orbitsfor SL2(k)

�
� f� =(f � )3

�
� 1

1

1

�
�f� =(f � )3

�
�

�
�f� =(f � )3

�
�

1

FIGURE 11. Enumerationof distinguishedGF (f)-orbitsfor SL3(k)

consistency with laterexamples,in Figure10weenumeratethedistinguishedGF (f)-orbits
attachedto eachfacetin analcove for SL2(k). Notethat thereare� ve orbitsenumerated
in Figure10.

Theexampleof SL2(k) indicatesthatthereis a simpleconnectionbetweenO(0), the
setof nilpotentorbits for a p-adicgroup,andthenilpotentorbits for Lie groupsof �nite
type.We have thefollowing resultdueto D. BarbaschandA. Moy [2].

FACT 4.1.2. If F is a facetand �O � LF (f) = gF =g+
F is a nilpotentorbit, thenthere

existsa uniquenilpotentorbit in g of minimaldimensionwhich intersectsthepreimageof
�O nontrivially.

REMARK 4.1.3. Thereaderis urgedto verify this factfor thegroupSL2(k).

EXAMPLE 4.1.4. Sincetheheuristicsof SL2(k) workedsowell, let usnow turn our
attentionto SL3(k) with p > 3. It is easyto seethatO(0) has2+ 3�

�
� f� =(f� )3

�
� elements.

On theotherhand,in Figure11 we have enumeratedthenumberof distinguishedGF (f)-
orbits in LF (f) for eachfacetin analcove of SL3(k). Whenwe proceedwithout thinking
(thatis, wesum),we �nd thatour indexing sethas4 + 3 �

�
� f� =(f� )3

�
� elements— two too

many! However, whenever two line segmentsin theclosureof analcoveareincident(see
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FIGURE 12. Equivalentedgesin analcovefor SL3(k)

Figure6), theassociatedgenerallineargroupsareconjugatein SL3(f). That is, in some
realsensewe aresummingtwo toomany things.

4.2. An equivalencerelation on A. We now introducean equivalencerelationon
the setof facetsof A that will accountfor the over countingencounteredin the SL3(k)
exampleabove.

DEFINITION 4.2.1. If F is a facetin A , thenwe let A(F ) denotethesmallestaf�ne
subspaceof A containingF .

EXAMPLE 4.2.2. If F is a vertex, then A(F ) is the vertex itself. At the opposite
extreme,if F is analcove,thenA(F ) is A .

Recallthat ~W = NG (A)=A (R) actstransitively on thesetof alcovesin A

DEFINITION 4.2.3. SupposeF1 andF2 aretwo facetsin A . If thereis a w 2 ~W such
that

A(F1) = A(wF2);

thenwe write F1 � F2.

Oneeasilyveri�es that therule � de�nes anequivalencerelationon thesetof facets
in A . Moreover, since ~W acts transitively on alcoves, a set of representatives for the
equivalenceclassesunder� canalwaysbefoundamongthefacetsoccurringin theclosure
of a �x edalcove.

EXAMPLE 4.2.4. Herearesomeexamplesthatthereaderis encouragedto verify.

� Two verticesareequivalentif andonly if they belongto thesame ~W -orbit.
� If C1 andC2 aretwo alcovesin A , thenC1 � C2.
� For SL2(k) andSp4(k), thesetof facetsoccurringin theclosureof a�x edalcove

formsa completesetof representativesfor therelation� .
� Theonly equivalentfacetsoccurringin theclosureof analcove for Sp6(k) are

thetwo facesfor whichGF is GL2 � GL1.
� Theonly equivalentfacetsoccurringin theclosureof analcove for SL3(k) are

thethreeedges.Thatis, thefacetswith hatchmarksin Figure12.
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F2

o

F1

FIGURE 13. Part of theapartmentfor SL3(k)

4.3. The key idea. We now presentthekey ingredientthatmakeseverythingwork.
If F1 andF2 aretwo facetsin A suchthatA(F1) = A(F2), thenthenaturalmap

GF1 \ GF2 ! GF i (f)

is surjective with kernelG+
F1

\ G+
F2

. In fact,this leadsto anf-isomorphismbetweenGF1

andGF2 whichwewrite asGF1

i= GF2 (or, for theLie algebra,asLF1

i= LF2 ).
If you recall how the facetswerecreated,then the above observation becomesless

surprising.We now presentanexampleto reinforcetheidea.

EXAMPLE 4.3.1. ConsiderthefacetsF1 andF2 in thestandardapartmentfor SL3(k)
asin Figure13. In Table3, we list theparahoricsubgroup,its pro-unipotentradical,and

F GF G+
F GF

F1

�
R R R
R R R
} } R

�
1 +

� } } R
} } R
} } R

�
GL2

F2

�
R R } � 2

R R } � 2

} 3 } 3 R

�
1 +

� } } } � 2

} } } � 2

} 3 } 3 }

�
GL2

TABLE 3. Variousgroupsassociatedto somefacetsfor SL3(k)

the f-groupassociatedto eachof thesefacets. The readermay verify that this example
worksasadvertised.

4.4. A parameterization of nilpotent orbits: the general case.We now present
somede�nitions whichallow usto extendtheexamplespresentedin x4.1.
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1

4

2

3

3 2

1

FIGURE 14. An enumerationof thedistinguishedGF (f)-orbitsfor Sp4(k).

DEFINITION 4.4.1. Let I d denotethesetof pairs(F; �O) whereF is a facetin A and
�O is a distinguishedGF (f)-orbit in LF (f).

DEFINITION 4.4.2. Suppose(F1; �O1) and(F2; �O2) aretwo elementsof I d. Wewrite
(F1; �O1) � (F2; �O2) providedthatthereexistsn 2 NG (A) suchthat

(1) A(F1) = A(nF2) and

(2) �O1
i= n �O2 in LF1 (f) i= LnF 2 (f).

We cannow statethemainresultfor thissection.

THEOREM 4.4.3([6]). Supposep is suf�ciently large. Themapthatsends(F; �O) 2 I d

to theuniquenilpotentG-orbit of minimaldimensionwhich intersectsthepreimage of �O
nontrivially inducesa bijectivecorrespondence

I d=�  ! O(0):

We remarkthat the theoremis falseif p is not largeenough.Consider, for example,
SL2(Q2).

We �nish ourdiscussionwith someexamples.

EXAMPLE 4.4.4. It is known that for Sp4(k) andp 6= 2 the cardinalityof O(0) is
sixteen. We have alreadydiscussedthe fact that noneof the facetsin the closureof a
�x edalcove for Sp4(k) areequivalentunder� . In Figure14weenumeratethenumberof
distinguishedGF (f)-orbitsin LF (f) for eachfacetF in theclosureof analcoveof Sp4(k).
As awarningto thosewhomightwishto think furtheraboutthesematters,wenotethatthe
threedistinguishedorbitsfoundat eachof theSp4 verticesarisein a somewhatsurprising
way: Over the algebraicclosure,thereis oneregular nilpotentorbit andonesubregular
nilpotentorbit (which intersectstheLie algebraof theGL2-Levi of Sp4). Upondescentto
the�eld f, theregularorbit breaksinto two distinguishedSp4(f)-orbitsandthesubregular
orbit breaksinto two Sp4(f)-orbits. Oneof theseorbits intersectsthe f-rationalpointsof
theLie algebraof theGL2-Levi; theotheris distinguished.



20 STEPHENDEBACKER

EXAMPLE 4.4.5. It is known that for Sp6(k) andp 6= 2 the cardinalityof O(0) is
forty-� ve. We have alreadydiscussedthefact thatexactly two of thefacetsin theclosure
of a�x edalcovefor Sp6(k) areequivalentunder� . In Table4 weenumeratethenumberof

G numberof distinguishedG(f) -orbits

Sp6 six

Sp4 � SL2 six
Sp4 � GL1 three
SL2 � GL2

1 two

SL2 � GL1 � SL2 four
SL2 � GL2 two

GL2 � GL1 one
GL3 one
GL3

1 one

TABLE 4. An enumerationof distinguishedG(f)-orbits

distinguishedGF (f)-orbitsin LF (f) for eachfacetF in theclosureof analcoveof Sp6(k).
Thesubsequentcountingexerciseis left to thereader.

Finally, we notethat theredoesnot exist a completedescriptionof thedistinguished
orbitsin theLie algebraof a �nite groupof Lie type. But, althoughit seemsthatwe have
reducedoneproblemaboutwhichweknow very little to anotherproblemaboutwhichwe
alsoknow very little, this reductionwill bequiteuseful.

5. A precisehomogeneitystatement

Recallthatour goal is to make Statement2.1.1into somethingreasonableandprov-
able.In x2.3.3wediscussedthefactthatthe“G-orbit” of everycompactsetwasasymptotic
to thenilpotentcone.ThismotivatedtheideathatperhapsJ (N ), thespanof thenilpotent
orbital integrals,wasa reasonablecandidatefor the right-handsideof Statement2.1.1.
We arestill searchingfor a candidatefor the left-handside;we begin with a very precise
asymptoticresult.

5.1. An asymptotic result.

LEMMA 5.1.1([1]). For facetsF1; F2 in A wehavegF1 � gF2 + N .

EXAMPLE 5.1.2. In Figure 15 we have describedthe latticesgF for the standard
apartmentin SL2(k). We observe that if F2 lies to the left of F1, thengF1 � gF2 + u
whereu is thesetof strictly uppertriangulartwo-by-two matrices.

PROOF. Choosex 2 F1 andy 2 F2. Let ~v = y � x. Let � + denotethesetof roots
thatpair nonnegatively against~v andlet � � = � n � + . We have

X

� 2 � �

g� � N



HOMOGENEITY 21

x1C0

�
R } � 1

} R

�

C� 1

�
R R} R

�

�
R }

} � 1
R

� �
R R
R R

�

�
R }

} � 1
R

�

x � 1 o

FIGURE 15. Somelatticesin sl 2(k)

and

gF1 = Lie(A )(R) �
X

� 2 �; n 2 Z; ( � + n )( x )> 0

g� + n

= Lie(A )(R) �
X

� 2 � + ; n 2 Z; ( � + n )( x )> 0

g� + n �
X

� 2 � � ; n 2 Z; ( � + n )( x )> 0

g� + n

� gF2 +
X

� 2 � � ; n 2 Z; ( � + n )( x )> 0

g� + n

� gF2 + N :

Thesecondto lastline is truebecauseif � 2 � + , then

(� + n)(y) = (� + n)(x + ~v) = (� + n)(x) + h~v; � i

� (� + n)(x):

�

To facilitateourdiscussion,we �x analcoveC in A.

DEFINITION 5.1.3. We set

g0 :=
[

F � �C

G (gF )

wheretheunionis over thefacetsoccurringin theclosureof a �x edalcoveC.

Thesetg0 is usuallyreferredto asthesetof compactelementsin g; for GLn (k) it is
exactly thesetof elementsin Mn (k) for whicheacheigenvaluehasnonnegativevaluation.

COROLLARY 5.1.4. We haveg0 � gC + N .

PROOF. FromBruhat-Tits theorywecanwrite

G = GC ~W GC :

Theresultfollows. �

5.2. A homogeneitystatement. The above asymptoticresults,alongwith our pre-
viousdiscussionsshould,I hope,make thefollowing homogeneitystatementbothnatural
andplausible.

THEOREM 5.2.1([14], [4]). Supposep is suf�ciently large.
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(1)

resCc (g=gC ) J (g0) = resCc (g=gC ) J (N ):

(2) For T 2 J (g0) wehave

resCc (g=gC ) T = 0

if andonly if

resP
F � �C C (gF =gC ) T = 0:

The�rst proofof thisresult,for “unrami�ed classical”groups,is dueto Waldspurger[14].
Weshallnotattemptto provethis theorem,which is aspecialcaseof amuchmoregeneral
result. However, we do have enoughtools on handto sketchhow statement(2) implies
statement(1): We have

resP
F � �C C (gF =gC ) T = 0

if andonly if

resP
F � �C C (g+

C =g+
F )

bT = 0:

(Note, we areassumingin this statementthat the form B introducedin x2.2 hascertain
properties— for example,thatit descendsto a nondegenerate,symmetric,nondegenerate,
bilinear form on LF (f).) However, asdiscussedpreviously, g+

C =g+
F is the nilradical of a

Borel subgroupof GF (f). Thus

resP
F � �C C (gF =gC ) T = 0

if andonly if
bT([(F; �O)]) = 0

for all (F; �O) 2 I d where[(F; �O)] denotesthecharacteristicfunctionof thepreimageof
�O. It is thennotdif�cult to seethatthis is equivalentto thestatement

bT([(F; �O)]) = 0

where(F; �O) 2 I d runsover a setof representativesfor I d=� . But from Theorem4.4.3,
this impliesthatthedimensionof resCc (g=gC ) J (g0) is lessthanor equalto thecardinality
of O(0). On theotherhand,J (N ) � J (g0) andfrom Harish-Chandra[7] we know that
thedimensionof

resCc (g=gC ) J (N )

is equalto thenumberof nilpotentorbits.So(1) followsfrom (2).

5.3. Someapplications. We presentheretwo quick applicationsthat arerelatedto
materialpresentedelsewherein thisworkshop.The�nal sectionof thesenotesis dedicated
to giving amorethorough(yet still incomplete)treatmentof anapplication.

First, the above homogeneitystatementgivesus a sharpenedversionof the Harish-
Chandra–Howe local characterexpansion.Suppose,asusual,that p is large. Let (� ; V )
beanirreducibleadmissiblerepresentationof G. If thereexistsa facetF in A for which
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V G+
F 6= f 0g (that is, (� ; V ) hasdepthzero),thenthereexist complex constantscO (� ) for

which

� � (exp(X )) =
X

O 2O (0)

cO (� ) � b� O (X )

for all regular semisimpleX 2 g0+ . Hereg0+ denotesthesetof topologicallynilpotent
elements,or, moreprecisely,

g0+ :=
[

F � �C

G g+
F :

For GLn (k) the setof topologicallynilpotentelementsis exactly the setof elementsin
Mn (k) for which eacheigenvaluehaspositive valuation.Notethatwe arealsoassuming
thatexp: g0+ ! G0+ is bijective.

Second,againassumingthatp is suf�ciently large,wecanderiveasharpenedShalika-
germexpansion.Namely, for all regularsemisimpleX 2 g0 we have

b� X (Y ) =
X

O 2O (0)

� O (X ) � b� O (Y )

for all regularsemisimpleY 2 g0+ .

6. An application: stabledistributions supportedon the nilpotent cone

In this section,we sketcha �nal applicationof thehomogeneityresultstatedabove.
This sectionshouldbe thoughtof as an introductionto the techniquesfound in Wald-
spurger'stome[13].

6.1. Stability. For somepurposes,the conceptof stableinvarianceis morenatural
thantheconceptof invariance;however, thede�nition of stableinvarianceis far lessnat-
ural. In order to motivate the de�nition of stability, we begin by recalling a result of
Harish-Chandra.

We de�ne Dann to be thespaceof functionsthatvanishon every regularsemisimple
orbital integral. Thatis

DEFINITION 6.1.1.

Dann = f f 2 C1
c (g) j � X (f ) = 0 for all regularsemisimpleX 2 gg:

We thenhave

THEOREM 6.1.2([7]). SupposeT 2 C1
c (g) � , that is, T is a distribution on g (not

necessarilyinvariant). We have

T is invariant if andonly if resD ann T = 0:

In otherwords,regularsemisimpleorbital integralsaredensein thespaceof invariant
distributions. We remarkthat a key stepin the proof is to show that resD ann � O = 0 for
eachO 2 O(0).

Motivatedby this resultof Harish-Chandra,we cannow de�ne J st(g), the spaceof
stably invariantdistributionson g. We begin by introducingthe ideaof a stableorbital
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integral. SupposeX 2 g is regularsemisimple.Thereis a �nite setf X ` j 1 � ` � ng of
regularsemisimpleelementsin g sothatG ( �k ) X \ g canbewrittenasadisjointunion

G ( �k ) X \ g = G X 1 t G X 2 t � � � t G X n :

After suitablynormalizingmeasures,weset

S� X =
nX

` =1

� X `

andwe call S� X a stableorbital integral.
Theanalogueof Dann becomesthespaceof functionsthatvanishon every stableor-

bital integral. Thatis,

DEFINITION 6.1.3.

Dstann := f f 2 C1
c (g) j S� X (f ) = 0 for all regularsemisimpleX 2 gg:

We thende�ne

DEFINITION 6.1.4.

J st(g) := f T 2 C1
c (g) � j resD stannT = 0g:

NotethatsinceDann � Dstann, every elementof J st(g) is an invariantdistribution on
g.

EXAMPLE 6.1.5. Herearesomeexamplesof elementsof J st(g).

� For all regularsemisimpleX 2 g, thedistributionS� X is stable.
� Thedistribution � f 0g is stable.
� Thedistributionwhichsendsf 2 C1

c (g) to
R

g f (X ) dX is stable.

Hereinlies thebasicproblem:beyondtheexampleslistedabove,we have essentially
no generalunderstandingof J st(g). A natural�rst questionto askis: canwe understand
J st(N ) := J (N ) \ J st(g)? For certainunrami�ed classicalgroups,Waldspurger has
providedanaf�rmati veanswerto this question.

6.2. A �rst steptowards understandingJ st(N ). Thefollowing result,dueto Wald-
spurger[13], givesusa way to tackletheproblemof describingJ st(N ). Theargumentis
verysimilar to onethatHarish-Chandrausedto proveTheorem6.1.2.

LEMMA 6.2.1([13]). SupposeT 2 J (g0). Let

D =
X

O 2O (0)

cO (T ) � � O

(with cO (T ) 2 C) denotetheuniqueelementin J (N ) for which

resCc (g=gC ) T = resCc (g=gC ) D:

If T 2 J st(g), thenD 2 J st(N ).
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PROOF. Fix f 2 Dstann. We needto show thatD(f ) = 0.
We notethat if t 2 k � , thenf t 2 2 Dstann . Chooset 2 k � r R� suchthat f t 2n 2

Cc(g=gC ) for all n � 1. For all n � 1 we have

0 = T(f t 2 n ) = D(f t 2 n )

=
X

O 2O (0)

cO (T ) � � O (f t 2n )

=
X

i =0

jt j � in
X

O 2O (0);dim (O )= i

cO (T ) � � O (f ):

Sincethecharactersn 7! jt j � in arelinearly independent,eachof theterms

X

O 2O (0);dim (O )= i

cO (T ) � � O (f )

mustbezero.ConsequentlyD(f ) = 0. �

Thus,onewayto �nd abasisfor J st(N ) is to �rst produceabasisfor resCc (g=gC ) J (g0)
with theproperties

� the elementsof the basisareof the form resCc (g=gC ) � X with X 2 g0 regular
semisimple,and

� wecaneasilydescribewhichcombinationsof the� X arestable.

6.3. A dual basis. Fix a setof representativesf (F i ; �Oi ) 2 I d j 1 � i � jO(0)jg for
I d=� . Recallthatfor T 2 J (g0) wehaveresCc (g=gC ) T = 0 if andonly if bT([(Fi ; �Oi )]) =
0 for 1 � i � jO(0)j. ThustheFouriertransformsof thefunctions[(F i ; �Oi )] form a dual
basisfor resCc (g=gC ) J (g0). (NotethattheFouriertransformof thefunction[(F; �O)] does
notbelongto Cc(g=gC ), but, rather, it belongsto

P
g2 G Cc(g=ggC ). However, sinceT is

aninvariantdistribution, this will not causeusany dif�culties.) So,theideais to produce
well-understoodfunctionsonLF (f) thatseparatedistinguishednilpotentorbitsand(might)
havesomethingto dowith regularsemisimpleorbital integrals.Thanksto work of Deligne,
Kazhdan,Lusztig,andothers,suchfunctionsexist:

FACT 6.3.1 ([10]). Thereexist classfunctionson LF (f), called generalized Green
functions, suchthat

� thefunctionsspanthesetof classfunctionssupportedon thenilpotentelements
in LF (f),

� thecuspidal9 generalizedGreenfunctionsseparatedistinguishedorbits,and
� thefunctionsarewell understood.

9A functionis calledcuspidalprovidedthatsummingagainstthenilradicalof any properparabolicyields

zero.
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EXAMPLE 6.3.2. If T � GF isanf-minisotropictorus10, thentheusualGreenfunction

QGF
T ( �X ) =

8
<

:
0 �X is notnilpotent

RGF
T (1)(exp( �X )) otherwise.

is acuspidalgeneralizedGreenfunction.Notethatexpmakessensein thiscontext because
�X is nilpotent,andwe areassumingthatp is not toosmall.

Notethatnotall cuspidalgeneralizedGreenfunctionsoccurasin thisexample;this is
alreadythecasefor SL2(f).

We de�ne I G to bethesetof pairs(F; G) whereF is a facetin A andG is a cuspidal
generalizedGreenfunction on LF (f). As in the caseof I d, the set I G carriesa natural
equivalencerelation,which we alsodenoteby � . Given the above discussion,it is not
hardto believethatthefollowing lemmais valid.

LEMMA 6.3.3([13]). SupposeT 2 J (g0). We have

resCc (g=gC ) T = 0 if andonly if T (ĜF ) = 0

for all (F; G) 2 I G=� . Here ĜF denotesthein�ation of Ĝ to a functionong.

6.4. A well-chosenbasisfor resCc (g=gC ) J (g0). As discussedbefore,wewantto �nd
a basisfor resCc (g=gC ) J (g0) with severalgoodproperties.It would beevenbetterif this
basisweredualto I G=� . As evidencedby thesizeof [13], this is quiteadif�cult problem.
However, it is not too dif�cult to sketchhow to carryout this programfor thegeneralized
Greenfunctionsof theform QGF

T .
Fix an elementof I G of the form (F; QGF

T ). Chooseabsolutelyany X T 2 gF for
which thecentralizerin GF of theimageof X T in LF is T. NotethatsuchanX T is nec-
essarilyregularsemisimpleand� X T 2 J (g0). Usingresultsof Kazhdan[9], Waldspurger
proves

LEMMA 6.4.1([13]). For X T asaboveand(F 0; G0) 2 I G wehave

� X T (ĜF 0) =

8
<

:
0 (F 0; G0) 6� (F; QGF

T )

N otherwise.

whereN is a nicenonzero numberwhich is independentof thechoiceof X T .

As aconsequenceof this lemma,wehavethatresC 1
c (g0+ ) �̂ X T is independentof how

X T waschosen.This is amuchstrongerversionof Lemma2.2.2.To seewhy theelements
resC 1

c (g0+ ) � X T areparticularlyniceto dealwith, we mustreturnto Bruhat-Tits theory.

10An f-torusis calledf-minisotropic in GF provided that its maximalf-split subtoruslies in thecenterof

GF .
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A1
e

A1

FIGURE 16. An enumerationof classesof f-minisotropictori for SL2

6.5. Parameterizing maximal unrami�ed tori. A subgroupT � G is called an
unrami�ed torus provided that it is the groupof k-rationalpointsof a toruswhich splits
overanunrami�ed extensionof k.

EXAMPLE 6.5.1. We begin by consideringsomeexamples.

� ThegroupA is alwaysa maximalunrami�ed torus.
� If p 6= 2 and" 2 R � r (R� )2, then

f
�

a b
b" a

�
j a2 � b2" = 1g

is a maximalunrami�ed torusin SL2(k), but thetorus

f
�

a b
b$ a

�
j a2 � b2$ = 1g

is not.

Justaswe parameterizedthe elementsof O(0) in termsof similar objectsover the
�nite �eld, we would like to do the samefor conjugacy classesof maximalunrami�ed
tori. This time, the objectsover the �nite �eld will be conjugacy classesof maximal f-
minisotropictori.

SupposeG is a connectedf-split reductivegroup.FromCarter[3] theG(f)-conjugacy
classesof maximalf-tori in Gareparameterizedby theconjugacy classesin theWeyl group
of G. We sketchhow this parameterizationworks: Let S be a maximalf-split torusin G
andlet � denotea topologicalgeneratorfor Gal(�f=f). If T is any f-torus,thenthereis a
g 2 G(�f) suchthatT = gS. SinceT andS are� -stable,theelement� (g) � 1g belongsto
thenormalizerof S in Gandsodeterminesaconjugacy classin theWeyl group.

Themaximalf-minisotropictori in Gareparameterizedby theanisotropic11conjugacy
classesof theWeyl group.We shalluseCarter's notationfor theconjugacy classesin the
Weyl group.

EXAMPLE 6.5.2. ThegroupSL2 hastwo SL2(f)-conjugacy classesof maximalf-tori.
Oneis f-minisotropicandcorrespondsto A1 (seeFigure16),thenontrivial conjugacy class
in theWeyl group,while theotheris f-split andcorrespondsto thetrivial conjugacy class
in theWeyl group.ThegroupGL1 hasasingleGL1(f)-conjugacy classof maximalf-tori,
namelyGL1(f) itself. In Figure16 we enumeratethenumberof GF (f)-conjugacy classes
of f-minisotropictori for eachfacetF in analcovefor SL2(k). Thesumof theenumerated
classesis three,andthenumberof SL2(k)-conjugacy classesof maximalunrami�ed tori
is three.(Canyou producearepresentative for thethird class?)

11A conjugacy classin a Weyl group is called anisotropic provided that it doesnot intersecta proper

parabolicsubgroupof theWeyl group.
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FIGURE 17. An enumerationof classesof f-minisotropictori for SL3

The mapfrom tori over f to tori over k is not aseasyto describeasin thenilpotent
case,but it hastheadvantageof working independentof theresidualcharacteristic.

In general,wewantto considerthesetof pairs

I m := f (F; GF ( f ) T)g

whereF is a facetin A and GF ( f ) T is short-handfor the setof f-tori which areGF (f)-
conjugateto the f-minisotropictorusT. As with thesetsI d andI G , thesetI m carriesa
naturalequivalencerelation,whichweagaindenoteby � .

THEOREM 6.5.3([5]). We havea natural bijectivecorrespondencebetweenI m = �
andthesetof G-conjugacyclassesof maximalunrami�ed tori.

EXAMPLE 6.5.4. ThegroupSL3(k) has� veconjugacy classesof maximalunrami�ed
tori. In Figure17 we useCarter's labelingfor theconjugacy classesin theWeyl groupto
enumeratetheGF (f)-conjugacy classesof f-minisotropictori for eachfacetF in analcove
for SL3(k). (Recallthattheline segmentsin theclosureof thealcoveareequivalent.)

EXAMPLE 6.5.5. The groupSp4(k) hasnine conjugacy classesof maximalunram-
i�ed tori. In Figure 18 we again list the anisotropicWeyl group conjugacy classesto
enumeratetheGF (f)-conjugacy classesof f-minisotropictori for eachfacetF in analcove
for Sp4(k).

6.6. The �nish. To completethesenotes,we remarkthat it is now nearlytrivial to
describethenumberof distributionsin J st(N ) arisingfrom pairsof theform (F; QGF

T ).
In theprecedingsections,we have discussedhow to associateto thepair (F; QGF

T ) 2
I G a regular semisimpleorbital integral � X T . On the otherhand,(F; QGF

T ) is naturally
associatedto thepair (F; T) which is associatedto a conjugacy classin theWeyl groupof
GF . We canlift this conjugacy classto a ~W -conjugacy classin theextendedaf�ne Weyl
group ~W andthenquotientby A to arriveat aconjugacy class,call it wT , in W .

Suppose(F 0; QGF 0

T0 ) is anotherelementof I G with associatedregularsemisimpleor-
bital integral� X T0 . From[5] theelementsX T andX T0 canbechosento bestablyconjugate
if andonly if wT = wT0. Consequently, to eachW -conjugacy classin W wecanassociate
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A1 � A1

C2; A1 � A1

e

A1~A 1

C2; A1 � A1 A1

FIGURE 18. An enumerationof classesof f-minisotropictori for Sp4

onedistribution in J st(N ). Thus,thedimensionof J st(N ) is at leastequalto thenumber
of W -conjugacy classesin W .

EXAMPLE 6.6.1. From the above discussion,we can concludethe following. For
SL2(k), thedimensionof J st(N ) is at leasttwo (in fact,it is two). For SL3(k), thedimen-
sionof J st(N ) is at leastthree(in fact,it is three).For Sp4(k), thedimensionof J st(N ) is
at least� ve (in fact,it is six).

To describetheelementsof J st(N ) is anentirelydifferentandmuchmoredemanding
problem.Suchadescriptionwill rely onall thatwehavediscussedhereandmore.
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