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ABSTRACT. Let ag be an affine action of a discrete group I' on a compact
homogeneous space X and «; a smooth action of I" on X which is C*-close
to ap. We show that under some conditions, every topological conjugacy be-
tween g and «; is smooth. In particular, our results apply to Zariski dense
subgroups of SL4(Z) acting on the torus T¢ and Zariski dense subgroups of
a simple noncompact Lie group G acting on a compact homogeneous spaces
X of G.
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1. INTRODUCTION

The investigation of rigidity properties has been at the forefront of research
in dynamics in the past two decades. Of particular interest has been the study
of higher rank abelian groups and local rigidity of their actions by Hurder,
Katok, Lewis, and the last author amongst others. Remarkably, many such

A.G. was supported by NSF grants DMS 0400631, 0654413 and RCUK Fellowship, R.S.
was supported by NSF Grant DMS 0604857 .
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actions cannot be perturbed at all, in the sense that any C'-close perturbation
is C'*°-conjugate to the original action. Critically, these groups contain higher
rank abelian groups. Similar results were found for higher rank semisimple Lie
groups and their lattices by Hurder, Lewis, Fisher, Margulis, Qian and others.
We refer to [6] for a more extensive survey of these developments.

Smoothness of the conjugacy for these actions came as quite a surprise.
Classically, in fact, the stability results of Anosov and later Hirsch, Pugh and
Shub guaranteed a continuous conjugacy or orbit equivalence between a single
Anosov diffeomorphism or flow and their perturbations [14]. Simple examples
however show that such a conjugacy cannot be even C! in general.

In the present paper, we investigate similar regularity phenomena for affine
actions of a large class of groups. Notably, our results do not require the
presence of higher rank subgroups or any assumptions on the structure of the
group. In particular they hold for discrete subgroups of rank one semisimple
groups. We recall that a group acts affinely on a homogeneous space H/A for
H a Lie group and A a discrete subgroup if every element acts by an affine
diffeomorphism i.e. one which lifts to a composite of a translation and an
automorphism on H. We denote by Diff(X) the group of C'*°-diffeomorphisms
of a space X.

For simplicity let us mention two corollaries of our main theorem in Section
2.

Theorem 1.1. Let I' C SLy(Z) for d > 2 be a finitely generated Zariski
dense subgroup in SL4(R), and aq the associated action on the d-torus T¢.
If a perturbation oy : T' — Diff(T%) is sufficiently C'-close to ayp, then any
CY-conjugacy ® : T? — T between og and oy is a C®-diffeomorphism.

For d = 2, E. Cawley found a C'*%regularity result for Zariski-dense sub-
groups of SLy(Z) acting on the 2-torus in [4] in the early 1990’s. Her techniques
however are restricted to the 2-torus due to the use of C'*-regularity of stable
foliations. Subsequently, the second author obtained a general C'*°-regularity
theorem for groups acting on general tori in his thesis [15].

A second application of our main theorem to actions on homogeneous spaces
of semisimple groups is novel.

Theorem 1.2. Let G be a connected simple noncompact Lie group, A a cocom-
pact lattice in G, and ' a finitely generated Zariski dense subgroup of G. Let
g be the affine action of T on G/A. If a C*™-action oy is sufficiently C*'-close
to oy, then any C°-conjugacy ® : G/A — G/A is a C°°-diffeomorphism.

Let us note that our techniques are based use certain mixing properties of
the actions and do not allow the treatment of actions on general nilmanifolds.
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Fisher and Hitchman recently proved a local rigidity theorem for actions of
lattices with the Kazhdan property [9]. We recall that an action « is called
CHlrigid if any C*-close perturbation of the action is C'-conjugate to .

Theorem 1.3 (Fisher-Hitchman). Let I" be a lattice in a semisimple Lie group
without compact factors which satisfies Kazhdan’s property. Then any affine
action a of I' is C*%-locally rigid.

Fisher and Hitchman actually prove this for quasi-affine actions, which are
extensions of affine actions by isometries. Their technique is based on a type
of heat flow. If o does not admit a common neutral direction, then Fisher
and Hitchman’s proof yields C''°-local rigidity. Using our regularity result, we
immediately obtain

Corollary 1.4. Let G be a simple noncompact Lie group which satisfies Kazh-
dan’s property, I' a lattice in G, and X a compact homogeneous space of G.
Then the affine action of I' on X is C**-locally rigid.

Remark 1.5. We can also deduce C1*°-local rigidity for the action of a Kazh-
dan lattice T, embedded in SL4(Z), on the torus T¢ under the assumption
that I' x T is not contained in the subvarieties det([X*,Y] —id) = 0, £ > 1,
$(¢) < d?, where ¢ is the Euler totient function (see Lemma 4.2). This as-
sumption is needed to construct good pairs in I' (see Definition 2.1).

Fisher and Hitchman proved C°*-local rigidity for a more general class
of actions of cocompact lattices in the same groups [9]. In particular their
approach works on nilmanifolds.

At the heart of our argument lies the investigation of sequences of the form
~~"§y™ for two hyperbolic elements v and § in “general position”. Such ele-
ments always exist in Zariski-dense groups. The behavior of these sequences
is badly divergent in directions transverse to the fast stable direction of ~,
and cannot be controlled. However, these sequences do converge along the
fast stable manifolds of . This is elementary for an affine action. We prove
C'-convergence for the perturbed action. These limiting maps along the fast
stable foliation of v form a rich system which acts transitively along the fast
stable leaves under suitable conditions. Moreover, the conjugacy ® between
the actions will also intertwine these limiting maps along fast stables. It fol-
lows that ® has to be C! along each of these fast stable manifolds. We prove
smoothness in a separate argument.

The proof of C'-convergence is technically the most difficult piece of the
argument. It requires careful estimates which are an adaptation of the proof
of Livsic’ theorem for cocycles with non-abelian targets.
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The use of sequences of the form v~ "9+" was introduced by Hitchman in
his thesis [15]. His argument relied on the idea that the resulting limit maps
along fast stable leaves often exhibit higher rank abelian behavior which could
then be used to prove regularity similar to the case of actions by higher rank
abelian groups.

Let us comment that our arguments seem to be of rather general nature. In
the weakly hyperbolic setting, the hard part in proving local rigidity results lies
in getting a C%-conjugacy. Indeed, the common strategy for most of the known
local rigidity results has been to show existence of a C%-conjugacy and then
improve the regularity. Margulis—Qian in higher rank and Fisher-Hitchman for
all Kazhdan Lie groups have the most extensive results [20, 10]. The current
paper shows regularity under rather general conditions, reducing smooth local
rigidity to continuous local rigidity. To pinpoint precisely when local rigidity
holds appears difficult. On the one hand, we have the results above for actions
of lattices in the Kazhdan rank one groups. On the other hand, Fisher found
non-trivial affine deformations of actions of lattices in SO(n, 1) resulting from
“bending lattices” [7, 8]. Finally, if the action has isometric directions, even
regularity becomes difficult as evidenced even in higher rank by the works of
Fisher and Margulis [11] and Fisher and Hitchman [9].

1.1. Acknowledgement. We would like to thank R. Feres, A. Gogolev, J. Heinonen,
B. Kalinin, and B. Schmidt for useful discussions. The first author would like

to express his thanks for hospitality to Princeton University, where part of this

work was completed.

2. MAIN RESULT

Let G be a connected Lie group, A a cocompact lattice in G, and X = G/A.
The group Aff(X) of affine transformations of X consists of maps of the form
frxw— Lyoa(z), ze€lX,

where L, denotes the left mutiplication action of g € G and a is an automor-
phism of G preserving A. Every such map f defines an automorphism D f of
Lie(G) ~ T.A(X) given by

Df :=Ad(g) o D(a)e.

We denote by W}’”" the sum of the generalized eigenspaces of D f with eigen-
values of minimal modulus and by Pf*" : Lie(G) — W7"" the projection map
along the other generalized eigenspaces.

Definition 2.1. We call a pair f,g € Aff(X) good if the following conditions
are satisfied:
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(i) The map Df is partially hyperbolic.

(i) The map Df : W™ — W™ is semisimple.

(ili) The map P{*™ o Dg : W™ — W™ is nondegenerate.

(iv) For every subsequence {n;} , the sequence {f~™igf™ (x)} is dense in X
for x in a set of full measure.

If for f € Aff(X), there exists g € Aff(X) so that the pair f, g is good, we say

f 1s a good mapping.

Remark 2.2. In the case when the map Df : W}”m — }”m does not have
a rotation component of infinite order (e.g., when dim W7 = 1), it suffices
to assume that the sequence {f "gf"(x)} is dense in X for z in a set of full
measure. In general, we have to pass to a subsequence to guarantee that the

maps f~"gf" converge along the fast stable leaves as n — oo (see Proposition
3.13).

The theorems stated in the introduction will be deduced from the following
general result:

Main Theorem. Let I' be a finitely generated discrete group and oy : T' —
Aff(X) an affine action of T such that

e (Day)(T) acts irreducibly on Lie(G),
e ay(I") contains a good pair.
Let oy : T — Diff(X) be a C™-action of T' which is sufficiently C*-close to .
Then every homeomorphism ® : X — X satisfying
Poap(y) =a1(y)o® forally el

18 a C*°-diffeomorphism.

Remark 2.3. Irreducibility of the action of I" on Lie(G) is used in the following
places:

e In Section 3.1, to deduce weak hyperbolicity (see (1)),

e In Section 3.2, to construct essential sets (see Lemma 3.9),

e In Section 3.5, to deduce that ® is C'"* from smoothness on the fast
stable leaves (see (41)).

It is clear from the argument in Section 3 that irreducibility can be replaced
by the following condition: there exists good fy € ag(I") such that

Z (Dg)W}gin = Lie(G) and ﬂ (Dg)Wrgaac 0
g€ap(T) geao(I)

min

where Wi is the sum of generalized eigenspaces complementary to W
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Without the irreducibility assumption, one can still prove that the map ®
is C' restricted to the fast stable leaves of good f, € Aff(X) (see Theorem
3.17 below).

Remark 2.4. The proof of the Main Theorem also applies to perturbations
with finite order of smoothness. One can show that for a Ct-action ay : I’ —
Diff'(X), the conjugacy map ® is C' on fast stable manifolds of good elements,
and hence by [5, Theorem 3] or [23, Theorem 1.1], ® is in the Sobolev space
of regularity [.

Existence of good pairs for some classes of affine actions will be proved
in Section 4. In particular, Theorem 1.1 follows from the Main Theorem
and Proposition 4.1, and Theorem 1.2 follows from the Main Theorem and
Proposition 4.4.

Outline of the proof of the Main Theorem. Irreducibility of I'-action and prop-
erty (i) of a good pair are used to prove that ® is bi-Holder (Section 3.1).
Next, irreducibility of the I'-action and property (ii) of a good pair are used
to show that ® maps fast stable manifolds to fast stable manifolds (Section
3.2). Property (ii) is also used to show that a subsequence of maps f~"gf"
restricted to fast stable manifolds is precompact in the C°-topology and, in
fact, in the C'-topology (Section 3.3). Then one utilizes property (iii) of a
good pair to deduce that the limits of these maps are homeomorphisms and
property (iv) of a good pair to deduce that these limits generate transitive
Cl-action on fast stable manifolds. Using that ® is a conjugacy between the
constructed C'-actions, we show that @ is C! along the fast stable leaves (Sec-
tion 3.4). A more elaborate argument shows that ® is C* along fast stable
leaves: when the fast stable leaves are one-dimensional, this argument is based
on the nonstationary Sternberg linearization, developed in [17, 13, 12], and in
higher-dimensional case, the argument uses Shefel’s theorem [25] on smooth-
ness of conformal maps. Finally, we conclude that ® is C"™° on X by a standard
argument, which uses irreducibility of the I'-action (Section 3.5). ([l

3. PROOF OF THE MAIN THEOREM

We continue with the notation that X = G/A is a compact quotient of a
connected Lie group G by a discrete subgroup A C G.

3.1. C° implies Holder. In this section, we will prove that the conjugacy
map ® : X — X in the Main Theorem is bi-Hélder. The proof is similar to
Proposition 5.7 of [20]. As they do not show that their map is Holder, and also
use somewhat different hypotheses, we will give a proof here for simplicity.
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Following [20], we say that a C''-action « of a discrete group I' on a compact
manifold M is weakly hyperbolic when there is a choice of finitely many elements
Y, -+, in I such that each diffeomorphism a(~;) is partially hyperbolic and,
for each point = € M,

k
0 S L) = T
i=1
where W () denotes the stable manifold of a(y;) through z.

Theorem 3.1. Let I be a finitely generated discrete group, ag : I' — Aff(X)
be an affine weakly hyperbolic action, and ay : I' — Diff'(X) a smooth action
which is sufficiently C*-close to o. Then every homeomorphism ® : X — X
such that

Poap(y) =a1(y)o® forally el
s bi-Holder.

The proof is divided into several lemmas.

Lemma 3.2. Let f1,..., fr be partially hyperbolic diffeomorphisms of X such
that

k
N TWi(x)=T,M foralzeX,
=1

and gy, ..., g, are Cl-close C*-diffeomorphisms. Then g;’s are partially hyper-
bolic and

k
N TWi(x)=T,M foralzeX.
i=1

Lemma 3.2 follows from stability of partial hyperbolicity under perturba-
tions (see, for example, [21, Lemma 3.5]).

Lemma 3.3. Let ® be a continuous conjugacy between two partially hyperbolic
diffeomorphisms of a compact manifold. Then ® is bi-Holder continuous along
the stable manifolds of these mappings.

Lemma 3.3 follows from the standard argument as in [16, Theorem 19.1.2].

Lemma 3.4. Let o : T' — Diff'(X) be a smooth weakly hyperbolic action and
Yy € I satisfy (1). Then there exist c,e > 0 such that for every x,y € X
satisfying d(x,y) < €, there exists a path { from x to y which consists of 2k
pieces contained in stable manifolds of a(y1), ..., (), and L({) < cd(x,y).
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Proof. We will use an argument similar to [24, Lemma 3.1].

There exists a family of continuous unit vector fields vy, ..., vg such that the
stable distribution of «(+;) is the span of vy, ,,...,vg,_1 forsome 1 = dy < d; <

- <dp=d+1. Let 6 > 0. There exists ¢’ > 0 such that d(u,w) < ¢’ implies
that d(v;(u),v;(w)) < § for all . By [19, Corollary 4.5], for every x € X, there
exists €(x) > 0 such that every y € B)(x) can be connected to = by a path
¢ of length at most ¢'/2, and for some 0 = to < t; < --- <t = L({), we have
0'(t) = v;(L(t)) when t € [t;_1,t;). Let € > 0 be the Lebesgue number of the
cover { B (x)}. Then every y;,y, € X such that d(y;,y2) < € are connected
by a path ¢ which consists of 2k pieces tangent to v;’s and L({) < ¢'. To
estimate the distance d(y;, y2), we may assume, without loss of generality, that
we work in an open neighborhood of R? equipped with the standard metric.
By the triangle inequality,

I =well = |3 [ e (oo

Z Z(tj t] 1 Uzj yl
J

> (¢ = 0)L(¢)
for some fixed ¢ > 0 independent of § and y,;. Taking ¢ sufficiently small,
this implies the estimate for L(¢). Since the stable distributions are uniquely
integrable, £([t;_1,;)) is contained in the stable manifold of a(;;). O

-3 / o, £(8)) — s, ()t

Proof of Theorem 3.1. Let v, ...,7 € I be elements satisfying (1). By Lemma
3.3, the map @ is bi-Holder restricted to the stable manifolds of ag(v;)’s. By
Lemma 3.4, for sufficiently close x,y € X, there exist points zg = x, 1, ..., 2o =
y such that x;_; and z; are on the same stable manifold of some aq(v;,), and
d(zj_1,z;) <cd(z,y). Then

d(( ) < Zd (j-1), ®(z5)) < chd(fﬁj—l»xj)ef
< (Z Cj09j> d(z,y)’

j=1
where 6 = min 6;.

By Lemma 3.2, the action «; is also weakly hyperbolic, Then the proof that
®~! is Holder follows the same argument. O
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3.2. Invariance of fast stable manifolds. Let f € Diff(X), and the tangent
bundle T'X has continuous f-invariant splitting

2) TX =E @ E'
such that for some A € (0,1) and p > \,!
(3) ID(f™").v]] < A*|v]| foralln >0,z € X, and v € E,,

ID(f")v]| > p"||v]] foralln >0,z € X, and v € E}.

We recall (see, for example, [21, Theorem 4.1]) that the distribution E~ is
integrable to the fast stable foliation {ij *(x) }zex, and this foliation is Holder
continuous with C>-leaves. We denote by d/* the induced metrics on the
leaves of this foliation. For p > A and x,y € X such that y € Wfs(x),

AP (f" (), [ (y) < pd(z,y).
There exists ¢g > 0 such that for every z,w € X satistying w € Wfs(z) and
d’s(z,w) < €, we have

(4) d’*(z,w) < d(z,w) < d**(z,w).

Let fo € Aff(X) be such that D f is partially hyperbolic, and \g < po denote
the least two absolute values of the eigenvalues of D fo. If f € Diff(X) is a C'-
small perturbation of fy, then we have a splitting as above with A = Ay +¢€ and
p = pip— € for some small € > 0, depending on de1(f, fo) (see [21, Lemma 3.5]).
The fast stable manifolds WJ{ *(z) are defined with respect to this splitting.
Note that

W;;s(x) = exp(W"™)z
where exp is the Lie exponential map, and W};“" is defined as on page 4.
The aim of this section is to prove the following theorem.

Theorem 3.5. Let ag : I' — Aff(X) and oy : T' — Diff(X) be C'-close
actions of a finitely generated discrete group T', and let ® : X — X be a
homeomorphism such that

Doag(y)=ai(y)o® forallyeT.

Assume that (Dag) (') acts irreducibly on Lie(G). Then for every partially
hyperbolic fo := ao(y) and f = ai(v), v € T, such that D fy is semisimple on
W}’(r)mn;

@(W]{f)s(z)) = Wfs(q)(z)) forall z € X.

IThe notation A < B means that there exists ¢ > 0, independent of other parameters,
such that A < ¢B.
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Moreover, the map ® is bi-Holder with respect to the induced metrics on fast
stable leaves of fo and f.

Let us start with some preliminary reductions. We will prove that
(5) <I>_1(W]{s(z)) C W;;s(@_l(z)) for all z € X.

This also implies that the equality. Indeed, it follows from (5) that every
leaf W]{)s(q)_l(z)) is a disjoint union of sets of the form CI>_1(W]fs(y)) for some
y € X. By [21, Lemma 3.5], the fast stable leaves of f, and f have the same
dimension. Hence, by the invariance of domain, every set ®~(W7*(y)) is open

in Wfos((bfl(z)). Since W;;S((Ifl(z)) is connected, we deduce that
O () = W@ (2)).
Let
(6) So(z) ={07(2) 1 z € W[ (®()), d*(z,®(x)) < €'}
We will show that there exists € € (0, ¢y) such that for every z € X,
So(x) C Wl (2).

This will imply the theorem.
First, we observe the following property of points lying on the same fast
stable leaf for affine actions:

Proposition 3.6. Let fy, go € Aff(X) be such that (Dfo)’w}nin is semisimple.
0

Then there exists ¢ > 0 such that for every z,w € X satisfying w € W};S(z)
andn >k >0,

d(fs "0 f5 (2): fo Fgo g (w)) < e Xy~ d"* (2, w)
where \g s the least absolute value of the eigenvalues of D fy.

Proof. 1t suffices to prove the proposition when d/*(z,w) small. Write w =
exp(v)z for v € W™, Then

w = exp(D(fy 905 )0) fo *90 5 (2),
and it suffices to show that for a norm on Lie(G),
ID(f5 " go.fe)vll < A5™* v,
which is easy to check. 0

A similar but weaker property also holds for small perturbations of affine
actions:
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Proposition 3.7. Let f, € Aff(X), g € Diff(X), and v > 1. Then there exists
¢ > 0 such that for any sufficiently C*-small perturbations f € Diff(X) of fo,
z,w € X satisfying w € Wfs(z), andn >0,

(7) d(f"gf"(2), g f"(w)) < cv"d”(z,w).

Proof. Let )y denote the least absolute value of the eigenvalues of D f,. Take
A_ < Mg < A such that i—f < v. For f sufficiently C'-close to f,, we have

I D(f")ull < AZ" for all w € X and n > 0,

and

HD(fn>|Tu(WfS(U)) ‘ < A forallu e X and n > 0.

This implies that

A n
HDU_nganTu(Wfs(u)) ‘ < ()\—Jr) for all u € X and n > 0.

Let ¢ be a smooth curve in Wfs(z) from z to w such that L(f) = d/*(z,w).
Then

A
for all n > 0. This proves the proposition. O

L("gf"(0) < (Ai)”m < V(2 0)

It turns out that property (7) characterizes points lying on the same fast
stable leaves. This observation is crucial for the proof of Theorem 3.5 and is
the main point of Theorem 3.10 below. Since the proof of Theorem 3.10 is
quite involved, we first present its linear analogue — Proposition 3.8. Although
the argument in the proof of Theorem 3.10 follows the same idea, it requires
more delicate quantitative estimates because we have to work in injectivity
neighborhoods of the exponential map.

Let A € GLi(R). We denote by A\; < --- < Ay be the absolute values of the
eigenvalues of A, and P; denote the projection to the sum of the generalized
eigenspaces of A corresponding to \; along the other eigenspaces.

Proposition 3.8. Let By, ..., By € GLi(R) be such that for some n > 0
®) max [P Bo] > nlle]. v € B
Then there exists v > 1 such that

W = {y max |AT"BrA"v|| = O(V") asn — oo}.



REGULARITY OF CONJUGACIES 12

Proof. For every small p > 0 there exists a norm on Lie(G) (see [16, Propo-
sition 1.2.2]) such that ||vy + vaf| = [Jv1]] + [|v2]| for vy and vy in different
generalized eigenspaces and

(Ai = p)llvll < [[Av]f < (A + p)lvll, v € im(F).
The parameter p is fixed, but has to be chosen sufficiently small so that
(A=) (M + p) <min(h 4 )7 (A - p).
It follows from (8) that
max |A™" By A™|| > ml?x(/\l +p) "||PABrA™ ||
> (M +p) "l A"
> ()0 30 = Bl

We take v > 1 such that
v<(M+p)tNi—p) fori>1and v > (A —p) L (A + p).
Then maxy, ||A™"ByA™|| = O(v") implies that P,v = 0 for ¢ > 1. Also, for
€ Wi,
max A" By < (A = p) " (max 1B} (A + p)" = O(").
This proves the proposition. O

Proposition 3.7 and (4) imply that uniformly on z,w € X, satisfying w €
Wfs(z) and d’*(z,w) < €, and n > 0, we have

d(f_ngfn<z)> f_ngfn(w>) < Vnd(za w).

Now we take g = a;(d) and go = ap(d) for some 6 € I'. Since the action of
I’ on Lie(G) is irreducible, aq is weakly hyperbolic. Hence, by Theorem 3.1,
the conjugacy map ® and its inverse are Holder with some exponent 6§ > 0. It
follows that uniformly on z,y € X, satisfying y € Se(x), and n > 0,

9)  d(fe"gof5 (@), f3 " 905 () < A(f"gf"(@(x)), F g (@ (1))
< v"d(®(x), ®(y))’
< v"d(z, y)92

Let \; < -+ < Ay be the absolute values of the eigenvalues of D f, and P,
denote the projection from Lie(G) to the sum of the generalized eigenspaces
of D fy corresponding to \; along the other generalized eigenspaces.
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We say that a set {g1,...,q} C Aff(X) is essential for fy if for some n > 0
and every v € Lie(G),

max || P (Dgg)oll > nlvll

Note this definition does not depend on a choice of the norm. Existence of
essential sets follows from the following lemma:
Lemma 3.9. A set gy,...,q € Aff(X) is essential if and only if

l

(10) ((Dg:)'ker(Py) = 0.

k=1
In particular, every subgroup I' C Aff(X) such that DI acts irreducibly on
Lie(G) contains an essential set.

Proof. Since the map
v (P (Dgp)v: k=1,...1) : Lie(G) — Lie(G)’
is injective when (10) holds, one can take
i = min{max || Py(Dgy)o|| - [[of| = 1} > 0.

The converse is also clear.
To prove the second claim, we observe that there exists a subset {g1, ..., 9} C

I" such that
!

() (Dgi)'ker(Pr) = [(Dg) 'ker(Py),

k=1 ger
and this space is zero by irreducibility. 0

The following theorem is the main ingredient of the proof of Theorem 3.5:

Theorem 3.10. There exists v = v(k, fo) > 1 such that given a,x > 0,
fo € Aff(X) such that D fy is semisimple on W}Zm, an essential set g1,...,q; €
ao(T), and a family of subsets L. (), x € X, of X that satisfy

(i) © € Lc(x) C Be(x),
(i) fo ' (Le(2)) D Le(fy ' (2)),
(iii) for everyy € L.(x) and n >0,
(11) max d(fo "gifo (), fo "9 f'(y)) < av"d(z,y)",
one can choose € > 0 such that

L.(x) C W{f(x) for every x € X.
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Outline of the proof of Theorem 3.10. We first observe that the sets L.(x) lie
in “cones” around W]{; °(x) where the size of the cones is controlled by v and can
be made sufficiently small (Lemma 3.11). Note that this argument is analogous
to the proof of Proposition 3.8, but we can only derive a weaker conclusion
because one has to work in injectivity neighborhoods of the exponential map.
In the next step, we show that applying the map f; !, the size of the cones can
be made arbitrary small (Lemma 3.12). This implies the theorem. O

We fix a norm on Lie(G), depending on parameter p > 0, as in the proof of
Proposition 3.8 with A = D fy. The parameter p has to be chosen sufficiently
small. It controls the size of the cone in Lemma 3.11. We always take p > 0
so that

A < )‘j —p when \; < )\j,
Ai—p>1 when \; > 1,
Ai+p<1 when \; < 1.
Note that since (D fg)’W}nin is semisimple, we also have
0
(D fo)vll = Ailvll, v € im(Fy),

and
(D fo) "I <A™
By the assumption on g;’s, there exists 1 > 0 such that

(12) max [|Py(Dgp)oll > nflvll, v & Lie(G).

Let p; = A\ '(\i + p) and o; = llg—él%. For v € Lie(G), we define

N(v) = max {||P] '}
For 3,s > 0, we define
C(B,s) = {v € Lie(G) : N(v) < B|v[|°}.
Lemma 3.11. There exist €,3 > 0 such that for every x,y € X satisfying
d(xz,y) <€ and (11),

y € exp(C(B, s))z.
where s = s(v, p, k, fo) > 0 is such that s — o0 as v — 17 and p — 07.

Proof. Let ¢; = maxy || Dgy||.
There exist dp > 0 and ¢y > 1 such that for every x € X and v € Lie(G)
satisfying ||v]| < o, we have

(13) co Il < d(z, exp(v)z) < coll]l.



REGULARITY OF CONJUGACIES 15

Let b > 0 such that » ., 0% = do/(2c1). We choose € > 0 so that d(z,y) <€
implies that y = exp(v)x where

N(v) <min{l,b} and |jv|| < min{dy,do/2¢1}.
Assuming that the claim fails, we will show that there exists n > 0 such that

(14) ach " ol|" < max || D(fo " gk f3)vl| < do-

Since

d(fo " g f5 (@), fo g fi (v) = d(fo " ge f3 (), exp(D(fo " gifi)0) fo g f3 (),

we deduce from (13) and (14) that
acg ™" (5 d(z, y))" < maxco d(f5 " g7 (2), £ "9 5 (1)

which contradicts (11).
To obtain the upper estimate in (14), we observe that

max | D(fy g f3 )0l < Ar” max | Do fg ol < Are| D)ol

< el Pl + A" Y (A + )" Pl

§>1
<ol + e Y ulPoll.
j>1
We choose n > 0 so that
b b
15 << ——
( ) :ud N(U) Mg = N(U)
Then
—o; b7 o< b7
PN T N
and

|| Psv
g DU )0l < el + e 0 N <
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The lower estimate in (14) is proved similarly using that g1, ..., ¢g; is essential
(see (12)). Let v; > 0 be such that \;*(\; — p) = ,ujl-_w. We have

e | D(fy g f3)0ll = mas A 1P Do f3 )l > Al D el

> A </\?HPWH ) (A - P)”HPJ’UH>

7>1
n(l—-y;
>0y | P
7>1
s () vy I
Z UZ(,Udlb) 5(1 ’YJ)N(U) J'YJW
7>1

> n(,u;lb)ojo(I_Wjo)N(v)”jo'”O.
where jo > 1 is such that ||P;,v|'/? = N(v). This implies that

max || D(fy " g f5)vll = minn(pg"0) N (0)7.
i>

Let w = ll)og%. It follows from (15) that the first inequality in (14) is satisfied

provided that

ac TN ()Tl < i )N )

Since this gives a contradiction, we deduce that

ac§ ™ o] > min (g ) 4PN ()7

Hence,

N(v) < flfv]*
with explicit 8 > 0 and s = k/(w + max;-1(0;7;)). Clearly, s — oo as v — 1%
and p — 0". This completes the proof. O

Fori=1,...,d and ¢, 3,s > 0, we define

Ci(B,8) = {v € Lie(@) : |jv|| < & |Po|% < B|lv||*; Pro=0,j > i}.

Lemma 3.12. For every 6,3,s > 0,
(D fo)~H(C5(8,5)) C Cgs(piB, s)-

where & = max{1, [[(Dfo) M|} and p; = (\i = p)™7 (N + p)*.
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Proof. Let v € (Dfy) ' (C%(3,5)). Then

(A=)

| Piv

< <Z<Aj + ,o>||Pij> < B+ o)l

J<i
This implies the lemma. O

Proof of Theorem 3.10. We start by setting up notation for the Jordan form
of D fy for \; = 1. It follows from our choice of the norm that there exist linear
maps @1, ..., Q;, such that

Jjo
> KQu
j=0

Let s > 0 be as in Lemma 3.11. Recall that s — co as v — 1" and p — 0*.
We choose p > 0 and v > 1 so that

(16) (D f5yv|| = for k > 0 and v € im(F)).

s—o;'>0 when \; =1,
-1

pi=N—p) % (N+p)P<l when \; < 1.

Let £ > 1 be as in Lemma 3.12 and 3,¢ > 0 as in Lemma 3.11. Take ¢ € (0,1)
such that for ||v|| < &6, the exponential coordinates v — exp(v)z, z € X, are
one-to-one, and

(17) |1Q; P < B=6=o7)™" when \; = 1and j =0, ..., jo.
In addition, we assume that e is sufficiently small so that

B (z) C exp({||v|| < d})z for all z € X.
Then by Lemma 3.11,
(18) L (z) Cexp(C(B,s)N{|lv]] <d})x for every z € X.
In particular,
(19) L(z) C exp(CF(8, 5))x.

If Ay < 1, we argue as in the following paragraph. Otherwise, we observe
that since § < 1, we have

C4(B,51) C CI(B,55) for 51 > s,

and hence inclusion (18) also holds for s > 0 such that pg = (Ag — p) "¢ (Ag+
p)® < 1. Applying f;! to (19), we deduce from Lemma 3.12 that

(20) L.(x)C exp(Cgé(pdﬁ, s))x
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for every x € X. Using that the exponential coordinates are one-to-one, we
obtain from (20) and (18) that

L(x) C exp(C5(pal, 5))z.

Repeating this argument, we conclude that
L(x) C () exp(CL(pEB, 5))z = exp(C5(0, 5))a.
k>1

Now (18) implies that

L.() C exp(CF (8, 5))r.
Applying the same reasoning inductively on i, we deduce that

L.(z) C exp(Ci(0,5))x

provided that \; > 1. It follows from (18) that £ (x) C exp(Cy (83, s))z.
Suppose \; = 1 and L.(z) C exp(C{(8, s))x for some 3 > 0. We will show
that

L.(x) C exp(CL(0, s)).

Applying f; !, we deduce that for y = exp(v)r € Lc(z), ||v]| < &, and k > 0,
we have

I(Df5) P

" <p (Z()‘j +p)* | Pyl + H(Dfé“)HvH> :

j<i
Using that A\; +p < 1 for j < i and taking £ — oo, we deduce from (16) that
||Qj0piv||ai_ < ﬁHQjoPiUHS'

By the choice of § (see (17)), ||Qj,Pv|| = 0. Similar arguments imply that
|Q;Pwv| =0 forall j =0,...,j,. Hence, P,v =0 and L.(z) C exp(C(0, s))z.
Combining this estimate with (18), we deduce that £ (z) C exp(Ci (8, s))x.

Now we consider the case when L (z) C exp(C%(53,s)) for some ¢ such that
A\ < 1and 3> 0. Applying f;!, it follows from Lemma 3.12 that

Le(z) C exp(Cés(pif, s))x for every z € X.
Then it follows from (18) that
£e(x) - eXp(Cé(p’Lﬁa S))JZ’,

and repeating this argument, we deduce that

Lo(x) € () exp(CH(ph 5. ) = exp(C4(0. ).

k>1
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Since the above argument can be applied inductively on 4, and we conclude
that L.(z) C exp(CZ(0, s))z. This completes the proof. O
Proof of Theorem 3.5. The first claim of Theorem 3.5 follows from Theorem
3.10 with L(z) = So(z) where So(x) is as in (6) with sufficiently small ¢’ > 0.
Note that ag(I") contains an essential subset by Lemma 3.9, and (11) follows
from (9) where the parameter v is close to one if f and f, are C'-close.

It remains to show that ® is bi-Holder with respect to the metrics d/*.
There exists € > 0 such that for every z € X, any points z,w € X lying
on the same local leaf of Wfs in B(z,e€) satisfy (4). Let 6 > 0 be such that
O(Bs(y)) C B(P(y)) for every y € X. Consider points zp, wy € X lying on
the same leaf of W]{;S such that d’*(z,wg) < 6. Let £ be a curve from zy to wy
contained in W]{;S(zo) such that L(¢) = d/*(zp,wp). Then ®(¢) is contained in
B (®(z0)) N W;S(q)(zo)). Moreover, since ®(¢) is connected, ®(¢) is contained
in a single local leaf of W;® in B.(®(z)). Hence,

A7 (D(2p), P(wp)) < d(P(20), D(wy)).

Since ® is Holder with respect to d, this implies that ® is Holder with respect
to d’* as well. The proof that ®~! is Holder with respect to d'* is similar. [

3.3. Convergence of the sequences f~"¢f". In this section, we study con-
vergence of the sequence of maps f~"¢gf™ as n — oo.
First, we consider the algebraic setting:
Proposition 3.13. Let fo, g0 € Aff(X) be such that Dfy : W™ — W™ s
semisimple. Then
(1) Given a sequence {m;} such that
(fo ™90 fg" ) &) =y asi— o0
for some x,y € X, the sequence of maps fo " gofy" : W]{;s(x) — X is
precompact in the C°-topology.

(2) There exist a sequence {n;} and a linear map A : W' — W such
that if for some x,y € X and a subsequence {n;, },

(fo "g90fo")(x) =y asj— oo,

then uniformly on v € W}m” in compact sets,

(fo Tgofy?)exp(v)z — exp(Av)y as j — oco.
| The map A is nondegenerate provided that P}gi”Dgo : W}gi” — W}gi”
is nondegenerate.
If dim W™ =1, one can take n; =i and A = P}E}””Dgo.
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Proof. We have
(fo "g0f0) exp(v)x = exp(D(f5 " g0 fo')v) (fo " g0 fo' ).
It follows from the assumption on fy that
Df0|W}nin - )\ W
0
where A > 0 and w is an isometry of W}O”m Then
D(fy "0 f3)v = (w " PR (Dgo)e™)o + (D fo) " PR (Dgo) Ao

where P}gi” denotes the projection on W}g””

on the sum of eigenspaces complimentary to W]’ng Since w is an isometry,
and

and P denotes the projection

(D fo) " Pp* (Dgo)\"w"v — 0,
it is clear that the sequence of maps v — D(f, "gof3)v is precompact in C°-
topology. This implies that the sequence f; ™ go fS’”|WJ{S(x) is precompact in
0

C%-topology as well.

To prove (2), it suffices to choose the sequence {n;} so that {w™} converges.
This proves the proposition. 0

We show that the convergence of f;"go f6L|Wffs(x) persists under small per-

0

turbations:

Theorem 3.14. Let fy, go € Aff(X) satisfy

(i) The map fo is partially hyperbolic,

(ii) The map D fy : W}E‘m — }g‘m s semisimple.
Let f,g € Diff(X) be C'-small perturbations of fo and go and ® : X — X a
Holder isomorphism such that

Pofo=fod and Pogy=god
and
@(W]{)S(x)) = W;S(CI)(JJ)) for every x € X
Then for every x € X and a sequence {m;} as in Proposition 3.13(1), the
sequence of maps
frgfm Wl e) - X, 20,
is precompact in the C'-topology.
Throughout this section, we assume that X is a submanifold of RY, which

allows us to identify tangent spaces at different points.
We have a Holder continuous decomposition (cf. (2))

(21) T.X=E, ®Ef, z€eX,
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where E; = T,W{"(x). Let
P, :T,X — E,  and P; X — E;

denote the corresponding projections.
The following proposition is the main ingredient of the proof of Theorem
3.14.

Proposition 3.15. Let r > 0. Then under the assumptions of Theorem 3.14,
for every v,y € X satisfying y € W;°(x) and d’(z,y) <,

|1D(f"gf")ePe — D(f "9 f")y Pyl < dfs(x7 YD " gf" ) Pell + 60
where k > 0 and 6, — 0.
Proof. Note that ® and ®~' are also Holder with respect to the metrics d'* on

the fast stable leaves of fy and f (see proof of Theorem 3.5). By Proposition
3.6,

d(fs "9 f5 (@71 (), £ 90 f5 (271 () < AgTFd" (@7 (), 27 (y))
< NTHd (@, )

where wy > 0 is the Holder exponent of ®~! with respect to d/*. Then it
follows that we have the estimate

(22) A(f g f" (@), S r " () < N )
where w > 0 is the Holder exponent of ® with respect to d.
Since the decomposition (21) is f-invariant, we have

PrayD(f)ePy = D(f). P, and Pf—l(x)D<f71>xPl« =D(f 1, P,.
By (3), there exist A € (0,1) and p > A such that
(23) ID(f")e Pl < A" and  [D(f™") P || < p7"

uniformly on x € X and n > 0. It is crucial for the proof that the map
D(f). P, is approximately conformal (cf. assumption (ii) on fy). Namely, for
some small € > 0,

(24) ID(f ™ol < (A—€)7"

uniformly on x € X and n > 0. We also recall for p > X and z,y € X such
that y € W;cs(m),

(25) d(f*(x), f'(y)) < pd"*(z,y).

Note that the parameter € in (24) satisfies € — 0 as dc1(fo, f) — 0. We assume
f is sufficiently close to fy so that

C=M—e) N <1 and vi=A—e) A\ <1
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where 6 is the Holder exponent of the map x — P,.
We have

D(f™"gf")aPe =D(f™")gsm@) Posn@)D(9) pr@) DS )aLe
+ D(f ") g (0) Py P(9) gy D(f ") P
It follows from (23) that
1D ™) gsm@ Py P (@) pr@y D) Poll < A" — 0.

Hence, to prove the theorem, it suffices to show that for

0 0
= ( 1T D(fl)figf"m) Pypn(eyD(g) o () ( 11 D(f)f"'(w)> P
i=n—1 i=n—1

14n(z) = Al < (2, )" [ Au(@)]]-

We consider the operators

we have

Ank(z,9) ( IT - gf”(w)> Pypna)D(9) (@)
-1

k+1 0
X ( 11 D(f)fi(a:)) Pz (H D(f)fi(y)> P
1=n—1 1=k
Note that

(26) [ An(z) — A1 (2, )| < [ An(@)]| - |1P: = PPy || < [|An()]d(2, y)°.
Now we estimate || A, ,—1(z,y) — An—1(x,y)||. We use that
An,k(xa y) - An7k—1(x7 y) = An($)Bn7k(x7 y)

where

k
Bk(2,y) (HD P > Pprsi(y (D(f) ) Py — DUF) @y Prea))

=0
0
H D(f f(y)>
i=k—1

(2

By (25), we have

ID(f) gy Priyy — D(F) gy P | << d(f* (), 5 ()" < p™d"* (2, )",

22
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and by (23) and (24),

0
( 11 D(f)fi(y)) Py|| < A,
i=k—

k
<H D(f);zl(x)> Pfk+1(x) < ()\ _ 6)_’“_1,

Hence,
HBn,k(x, y)” < defs(x7 y)9
Since ¢ < 1, it follows that
n—1

(27) HAn,n—l(xa y) - An,—l(xa y)” < Z HAn,k(xv y) - An,k—l(x7 y)”
k=0

< [|An(@)[|d" (2, y)".
We claim that for some ¢ >0 and all k= —1,...,n—1,
(28) 1Ak (z, )l < (1 +d"(2,9)°) - [ An(2)]-
Setting

=0 i=k

k
(z,y) = <HD m> Ppitaa) (HD fl(y)> by,

we have
An,k(‘ra y) = An(QZ)Ck(SL’, y)

Now equation (28) will follow from the estimate
ICk (2 )| < 1+ d"*(z,y)".
In fact, we will show that
(29) ICk(,y) = Po Pyl < d*(2,y)".
Using (23) and (24), we deduce that
1Ck(z,y) = Cor(z, )|

| (HD z) Pri(a) (D(f)}ﬁ(x)D(f)fk(y) - id)

X (H D(f>fi(y)> P

<A =) 7rd(f (), fFy)" N < Fdl ()"

23
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Since C_4(x,y) = PP, and ¢ < 1, the last estimate implies (29) and (28).
Next, we consider the operators

Dy (. y) ( H D(f f gf"(y)> Py kgfr(y ( H D(f f igf"(i))

-1 -1
X ngn(I)D( Pf”(az ( H D )
i=n—1

Using (22), we deduce that

[Ann-1(®,y) = Dan(@, y)|| < | Prngpa@) = Prngn) Pr-—rgm@ |l - |Ann-1(z, y)||
<d(fgf (@), g W)l An (z, ) |
< d” (2, )" Ap (2, )|
L d¥ ()" An ().

To estimate || Dy, n(x,y) — Dy o(z,y)||, we use the argument similar to the proof
of (27). We have

Dy i(7,y) = Dyp—1(2,y) = Enk(2,y) Ann1(2,y)

where
k
Enr(z,y) =<HD fgf”y))Pf kg fn(y)
1=n—1
X (DU p=tngpna) Pr-tongpne) = DU ) ptsngpniyy Pr-oe-ngpo)

-1

D f igf"(ac)) Pf_ngfn(l")

Applying (24), (22), and (23), we deduce that

= 1

1Bz, )| < v d" (2, )70
Since v < 1, it follows that

(30)

1D, y) = Dol )l < D I Du(@,y) = Duga ()|
k=1

(31) < d" (@, )" | Appa (@, y) | < dP (@, 9)" | An(@)])-
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Next, we compare the maps A, (y) and D, o(x,y):

(H D(f™) gy )ng"@)

i=n—1

X (PypryD(9) 2wy Proyy = Papr@)D(9) @) P
( H D fl y))
1=n—1

| Pyt D(9) 20y Prniy) — Pogr(ayD(9) pniay Prooy | < d(f"(2), f"(y))°
< p"dl (z,y)’

||An<y) - Dn() x,y H -

Combining this estimate with (23) and (24), we deduce that
140 (y) = Dol )|l < ¢"d"*(x,y)".
Finally, the proposition follows from the estimate

[An(z) — An(W)]] <[[An(z) — An 1 (2, 9)]| + | An 1 (2, y) — A (2, )]
+ ||An,n—1(xvy> - Dn,n(xvy)H + HDn,n(xay) - Dn,O(xay)H
+ | Dp o, y) — An(y)]]-

This completes the proof. O]

Proposition 3.16. Let xg € X and r > 0. Then under the assumptions of
Theorem 3.1/,

sup{[|D(f7"gf")e Pl : & € W;*(0), d’*(xz,20) <r, n € N} < oo.

Proof. Suppose that the claim fails, i.e., there exist sequences z; € W]f *(z0),
d’*(x;,29) <7, and n; € N, n; — oo, such that

D" g f™") e, Pr;

Passing to a subsequence, we may assume that x; — x, for some x,, €
W]f *(x¢) such that d’*(xu, ) < r. It follows from Proposition 3.15 that

1D 9" o Pooc | = (1 = ¢+ d" (s, 200) ) D(f " g™ ) P,
Let v; € T%O(Wfs(xoo)) with ||v;]] = 1 be such that

D9 S )aoe Posc | = 1D g /" )aos il

— OQ.

— 0p, — 00.
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Passing to a subsequence, we may assume that v; — v,. We have
DT 9™ oo Vool Z (1D g™ )z vill = DT 9" e Poe (Vo0 — vi) |
2 DU 9™ )ane Procll - (1 = Jlves — wil])-
Hence, for sufficiently large ¢, we have

o 1o
1D 9™ a0l 2 SN F™ oo Prccl-

Let a, = || D(f7"9f" ). Vooll. Note that a,,, — oo.
Fix small € > 0. Let z € Wfs(xoo) be such that d’*(z,7.) < € and v €
TxW]fs(:c) such that ||v — ve|| < €. We have

ID(f"gf")av = D(f "9 )acvool| SID(FT"9f™)aPov — D(f "9 f " )an Poocvll
D9 )aw Poc® = D(f "9 ) o V|
<A (@, 200) " I D(f "9 Voo Prcc | + 00
FID "G Procll - v = v
L (" ay, + 0p) + €ty
Let £:[0,1] — ijs(xoo) be a smooth curve such that
00) = 7o,  L(0) = Voo, L(t) € Tey WI*(£(2)),
diam(¢([0,1])) < e, 10'(t) — £(0)]] <e.

We consider the sequence of curves ¢, = (f~"gf")¢. Note that ||£, (0)| = ay,
and it follows from the previous computation that, choosing e sufficiently small,

, 1
165, () = €, ()1} < 311, (0)1]

for sufficiently large i. Since €], (0)|| — oo, it follows that the distance between
(,,,(0) and ¢,,(1) in the ambient Eucledean space goes to infinity as i — oo.
This contradiction proves the proposition. O

Proof of Theorem 3.14. By Proposition 3.13(1), the maps {f_migfmi|wff5(m)}

are precompact in C%topology. Then it follows from Proposition 3.16 that
the maps {f~™igf™ |W;” (z)} are uniformly bounded in the C*-topology. Also,

combining Proposition 3.15 and Proposition 3.16, we obtain that for every z
and w in a compact neighborhood of z in Wf *(x),

ID(f~™gf™). P = D(f 7™ gf™ ) Pull < d7(2,0)" + 6y,
Since 6,,, — 0, it follows that the maps {f*migfmi|wfs(x)} are equicontinuous
f

in the C''-topology. This implies the theorem. O
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3.4. Holder implies C* along fast stable manifolds.

Theorem 3.17. Let fy, g0 € Aff(X) be a good pair, f,g € Diff(X) C'-small
perturbations of fo, g0, and ® : X — X a Holder isomorphism such that

Pofo=fo® and Pogy=go?,
and
(Wi (x)) = W (®(z)) forallze X.

Then for a.e. x € X, the maps @]W}cs(x) and (I)_1|Wff5(¢.(x)) are C'*™°-diffeomorphisms.
0

Proof. Fix a sequence {n;} and A € GL(W/"") as in Proposition 3.13(2). For
a set of x € X of full measure, the sequence {f, " gofy (x)} is dense in X. In
particular, for a.e. x € X and every y € W}cs(a:), there exists a subsequence

{ni,} such that fo_nij gofg)”j () — y. Then by Proposition 3.13(2), for every
z = exp(v)x with v € W7,

(32) fo 790" (2) — exp(Av)y
uniformly on compact sets.
For ke Nand y € W};s(x), we consider maps

Pry W;;S(a:) — W}{;S(x) s exp(v)z — exp(AFv)y,

ohy - W @(2)) — WF(8(2)) - Blexp(u)r) — @ (exp(A*v)y)
where v € W™ Note that
(33) p%y =d 1o p,lw o®.

In particular, it follows that p}c’y is a homeomorphism, and by (32),

1 : —N . NG .
- l ¢ * s .
P1y ]g?o(f igf J)|WJ{ (®(x))

in the C°topology. By Theorem 3.14, there exists a subsequence which con-
verges in the C'-topology. Hence, piy is a Cl-map for every y € WJfO *(x). Since
each map pj.,, k > 1, is a composition of maps py _, it is also C'.

Next, we show that
(34) D(py,): #0 forevery y € WJZ;S(QE) and z € Wfs((l)(m))

Suppose that, to the contrary, D(pj, ). = 0 for some y € W};s(x) and
2 € W]{S(CI)($)) For every y € W]{f(a:), there exists y; € W]i;s(a:) such that

0o _ 0 0
P2y = Py P1yos
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and by (33),

Pry = Ply Py
Hence, D(py,)=, = 0 for every y € W;; °(x). Similarly, using (33), we deduce
that for every z € W;°(®(x)), there exists y. € W};S(x) such that p} , (2) = 2.
If we fix 5 € WJ{)S(z), there exists y.. € W};S(x) such that

P3ys = Pry Ply.-
Then we have
D(p3,,): =0 for every z € Wi (®(x)).
This contradicts the map péyz being a homeomorphism, and (34) follows. We
have proved that py, is a C'-diffeomorphism for every y € W}; °(x). This
implies that the map pé’y, which can be represented as a composition of p%m
and (pi )", is also a C'-diffeomorphism for every y € WJi; °(x).
We have a free transitive C%-action of W7 on W]{c *(®(z)) defined by

(35> 8<U7 @(exp(w)a:)) = q)(exp(v + U))lC) = p[l),exp(v)x((b(exp(w)x»
where v, w € W, For every v € W™, the map s(v, -) is a C'-diffeomorphism.
It follows from the Bochner-Montgomery theorem [3] that the map
st W x W (@(z)) — W (®(x))

is C' as well. This implies that ® : W7*(z) — W;*(®(x)) and its inverse are
Cl-maps.

For the next step, we first assume that dim WJZ;S(:C) =1. Fory € W]{;S(m),
we define the map af , : W;;s(m) — WJ{)S(J;) by

ay, : exp(w)z — exp(Aw)y

where w € W}gm and A = P}Zi”Dgo. Also, we set

al, = @00l 00 W/ (B(x)) — WF(@(x).

"E7y
Our aim is to show that the map aglc’y is a C'*°-diffeomorphism for a.e. z € X

and every y € W]{; *(z). Consider the measurable function

o(z) =sup{[|D(f"9f")a@) Powll : n € N},
which is well defined by Proposition 3.16. For ¢ > 0, let X (c) be the subset
of € X such that o(x) < ¢ and the sequence {f;"gofi(z)} is dense in X.
By property (iv) of good pair and Proposition 3.16, the set U.~oX (¢) has full
measure in X. Hence, it is suffices to show that o , is a C*°-diffeomorphism

for a.e. © € X(c) and every y € W;;s(x)
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Using the Poincare recurrence theorem, for a.e. = € X(c¢), we construct
sequences {k;}, k1 = 1, and {ngj)} such that

f(fj( )€ (c) for every j > 1,

_n(J) ] _
(fo Qofo )fo (z) — fgkJ (y) asi— 0.
Then by Proposition 3.13(2),

N )

(36) (fo " gofo" )

0 .
s . — X 1. . as 1 — OO
‘wff(; (fo? (2)) 157 @507 ()

in the C°-topology. Since f0 oal , and Oka s )ofo are both affine maps,
o \T)sJo

and since they have the same slope (here we used that dim W]{; °*(z) = 1) and
map z to f3’ (y), it follows that

Mool = ao
f(] z,y (x) fo f() )
and hence,
37 kioal =aly. o fh,
(37) J7oas, £o7 @).fy (4) /

By the nonstationary Sternberg linearization [13, 12|, there exist a family of
C>-diffeomorphisms

L.:R— W), zeX,
such that the map z +— L, is continuous in the C*°-topology, L. (0) = 1, and
(38) (L;(IZ) o foL.)(t)=p(2)t
with |p(z)| < 1. Consider the sequence of maps
gk = Lfk(q)(z))ooz 5z )fo( OLfk(fb(z)) R — R.

We claim that the sequence of maps gy, restricted to compact sets is uniformly
bounded and equicontinuous in the C*-topology. This is equivalent to the se-

quence {afk @01 ) } being uniformly bounded and equicontinuous. It follows
0

from (36) that

n©® .
Fy= (7 gf )|W]{S(q>(m)) - aglg,y as v — o
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in the C°-topology, and by Theorem 3.14, we may assume, after passing to a
subsequence, that convergence also holds in the C'-topology. By (37),

=(f* 0oz, 0 F ™) s (s i)
=(f" o (any = F) o F) s (15 e

f(ng )fk‘) ngo)fk‘
+(f Paf" T et @y

1
[0 .
17 @), 007 ()

Taking i = i(j) sufficiently large, the first term can be made arbitrary small in

the C''-topology, and since f3’ (z) € X (c) for all j, the derivative of the second
term is uniformly bounded in the C'-topology. This proves that the sequence

{oz; @ ) } is uniformly bounded. To prove equicontinuity, we observe that

meeWWﬁ<<m

Dl o) = Dl e
fo ' (v) fo? (®).f0” (v)
DG oo Fo 50,P
DS ES )P, ~ DU RSP
DU o (Fi—al ) o f5)uR |

Since F; — ol sy 10 the C'-topology, taking i = i(j) sufficiently large, we can
make the first and the last terms arbitrary small. To estimate the middle term,

we use that fo '(x) € X(c) for all j and Proposition 3.15. We get
ID(S B f™59). P, — DS Ff ) Pull < d(z,0)" + 6,0,

where 0,, — 0. This proves equicontinuity.

Let pp = H;:é p(f*(®(x))) with p defined as in (38). Note that pr — 0
uniformly on z € X. We deduce from (37) and (38) that
(39) 90(t) = pi.," gr,; (pr,t).

Since the sequence {g, } is equicontinuous in C'-topology, for every sequence
0; — 0, we have

(40) gk, (65) = 91, (0)| = 0 as j — oc.

Hence, applying the mean value theorem to (39) and taking j — oo, we deduce
that

) = (s, ()

J—00
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In particular, gy and a;},y are a C'*°-diffeomorphism for every y € WJZ; *(z). Now
the Bochner-Montgomery theorem [3], applied to the action s defined in (35)
is C*°. This implies that ® : W]{;‘g(m) — Wfs(q)(x)) and its inverse are C'°°-
maps, which completes the proof of the theorem under the assumption that
dim W]{;S(x) = 1.

Now we consider the case when dim W}; °(x) > 2. For every x € X, the maps
p87y, Yy € WJZ; °(x), define a transitive conformal (in fact, affine) action sq on
W};S(a:) Also, for a.e. z € X, the maps pg,,, y € W]{;S(a:), define a transitive
C'-action s; on W]{cs(fb(x)) The actions sy and s; are conjugate via ®. Recall
that we have already proved that (I)’Wfos(x) and its inverse are C''-maps for

a.e. x € X. Hence, the image of the standard conformal structure on WJZ; ()

under @ defines a C'-conformal structure on WJ{ *(®(x)). Clearly, the action
s1 is conformal with respect to this structure. Shefel [25] proved that every
conformal transformation of a C*-conformal structure with & > 1 is C**1.
Hence, each element of the s; action acts by C*-maps. Using transitivity and
the Bochner-Montgomery theorem [3], we deduce that s; is a C*-action. Since
@\WJ{OS () conjugates so and sy, it follows that <I>|W;DS () 15 & C?-diffeomorphism.
Continuing this argument we deduce that ¢)|W;vos($) and its inverse are C'*°.

This proves the theorem. 0

3.5. Completion of the proof of the main theorem. From the results
of the previous subsections, we see that <I>|Wffs () 15 @ C*°-diffeomorphism for

every good f € ag(T') and a.e. x € X. Note that if f is good, then ¢! fg is

good as well for every g € ag(I"), and g”fi{}g = (Dg)~'W¥". Hence, it follows

from the irreducibility of the I action on Lie(G) that

(41) > Wt = Lie(G),

f€ap(T)-good

and for every x € X,

T,(Wi(x)) = T.X.

f€ap(T)-good

Note also that the fast stable foliations of f and its conjugate are absolutely
continuous. Finally, to deduce that & is C"*°-diffeomorphism, we apply either
[5, Theorem 3] or [23, Theorem 1.1].
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4. EXISTENCE OF GOOD PAIRS
4.1. Tori. In this section, we set X = T¢, d > 2, and prove

Proposition 4.1. Let I" be a subgroup of Aff(X) such that the Zariski closure
of DI contains SLq. Then I' contains a good pair.

We will use the following lemma, which is easy to prove using Fourier analysis
(see, for example, [2, Corollary 1.6 and Remark 1.8]). Let ¢ be the Euler totient
function.

Lemma 4.2. Let fi, fo € Aff(X) be such that for every | > 1 satisfying
(1) < d?, the map Df'DfL does not have eigenvalue 1. Then for every
b1, 2 € L*(X),

/¢1 F1(@)) el f3 (@) du(a (/d)ldu) (/@du) 45 oo,

If the conclusion of Lemma 4.2 holds, then we call the pair {fi, fo} mizing.
Mixing pairs can be used to construct affine maps satisfying property (iv) of
good pairs.

Lemma 4.3. Let f,g € Af(X) and suppose the pair {f~',gftg~'} is mia-
ing. Then for every subsequence {n;} and for a.e. x € X, the sequence
{fMgf™(x)}n>o is dense in X.

Proof. We have

[ entor g @pentr@yiute) ([ ordn) ([ ond) asn oo

for every ¢, ¢y € L*(X). By invariance of the measure, this also implies that

/¢1 )2 (f "9 f" (x))dp(w (/¢1du> </¢2du) as n — 0o

for every ¢1, ¢y € L*(X).

Now we show that for d,, = f~"gf™, the sequence {J,,z} is dense in X for
a.e. z € X. Let U be a nonempty open subset of X and A = U;»(d,, " (U). We
have

0= [ X)) o) dute) = w4
This implies that u(A¢) =0, i.e. for a.e. x € X,
{5711'3:}1'20 NnU 7é @

Since X has countable base of topology, this proves the lemma. O
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Proof of Proposition 4.1. Since DI is Zariski dense, there is f € I' such that
Df is R-regular (see [1, 22]). In particular, Df is semisimple and hyperbolic.
Because of Lemmas 4.2 and 4.3, it suffices to find g € ' such that Dg belongs
to the set

{X €SLy: det(PP™X|ypn) £ 0, det([Df', X] —id) £ 0 for ¢(1) < d2} .

One can check that this is a nonempty Zariski open subset of SL;. Hence,
existence of such g € I' follows from Zariski density. 0

4.2. Semisimple groups. Let G be a connected semisimple Lie groups with
no compact factors, A a lattice in G, and X = G/A.

Proposition 4.4. Let T' be a subgroup of Aff(X) such that the Zariski closure
of DT contains Ad(G). Then I' contains a good pair.

Proof. Since DI contains a finite index subgroup consisting of inner automor-
phisms, we may assume without loss of generality that DI is a subgroup of
Ad(G). It follows from Zariski density [1, 22] that I" contains an element f such
that Df is R-regular. In particular, it is partially hyperbolic and semisimple,
and hence it satisfies properties (i)—(ii) of the definition of a good pair. If
we choose g € T so that the pair {f~',gf '¢g~'} is mixing, then by Lemma
4.3, f and g will satisfy property (iv) of the definition of a good pair. By the
Howe-Moore theorem, the pair {f~!,gf '¢g~'} is mixing provided that for all
projections m; : Ad(G) — Ad(G;) on simple factors of Ad(G), the sequence
{m(Dg(Df)"™(Dg)"*(Df)™)} is divergent. Since m;(Df) is also R-regular,

P={9€G;: m(Df)™ g-m(Df)" is nondivergent }

is a proper parabolic subgroup of G;. By Zariski density, there exists g € I" such
that m;(Dg) ¢ P; for all 7, and P}’””(Dg) D W — WM™ is nondegenerate.
Such f and g provide a good pair. O
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