
The nonvanishing polynomial lemma and applications

Lemma 1. Let k be an infinite field. Let f(x1, x2, . . . , xn) be a polynomial with coefficients in k.
If f has nonzero coefficients, then there exists (a1, a2, . . . , an) ∈ kn such that f(a1, . . . , an) 6= 0.

Proof. Our proof is by induction on n. For the base case, n = 1, let f(x) have degree d. Since K
is infinite, and f has no more than d roots, we see that there exists a ∈ K with f(a) 6= 0.

Now, suppose the result is known for polynomials in n − 1 variables. Write f(x1, . . . , xn) =∑
gi(x1, . . . , xn−1)x

i
n. At least one of the polynomials gi has nonzero coefficients; say it is gi.

Inductively, choose (a1, . . . , an−1) so that gi(a1, . . . , an−1) is nonzero. So f(a1, a2, . . . , an−1, x) is a
nonzero polynomial in x. Using again that K is infinite, we can find an such that f(a1, . . . , an−1, an)
is nonzero. �

Here are some applications of this lemma:

Lemma 2. Let K be an infinite field. Let V be a finite dimensional vector space over K. Let W1,
W2, . . . , Wm be a finite list of vector subspaces of V , none of them the entire space V . Then there
is vector ~v in V which is not in any Wi.

Proof. For each Wi, choose a nonzero linear function λi : V → K with Wi ⊆ Ker(λi). Then
∏
λi

is a nonzero polynomial on V . Choose a point where this polynomial doesn’t vanish. �

If you aren’t comfortable with me talking about a polynomial on a vector space, when the lemma
talked about a polynomial in a list of variables, you should choose a basis of V and rewrite the
above argument in that basis.

Lemma 3. Let K be an infinite field and let M be an extension of K. Let A be a vector subspace
of Matn×n(A). If A⊗M contains an invertible element, then so does A.

Proof. Determinant is a polynomial function on A. Since determinant doesn’t vanish on A ⊗M ,
this polynomial must not be the zero polynomial. So, by our lemma, this polynomial is assumes a
nonzero value on A. �

Lemma 4. Let K be an infinite field, let M be an extension of K, let G be a group and let V and
W be representations of G over K. If V ⊗M ∼= W ⊗M , then V ∼= W .

Proof. Choosing bases for V and W , the space of K-linear maps from V to W is Matn×n(K). Such
a map α is a map of G-representations if and only if αρV (g) = ρW (g)α for all g ∈ G. Let A be the
linear subspace of Matn×n(K) cut out by these linear equations. Apply the previous lemma. �

The last two Lemmas were on Problem Set 5, Problem 3. Lemma 4 is true for finite fields as
well; this is known as the Noether-Deuring theorem and is (just slightly) too hard for this course.

The primitive element Theorem

Lemma 5. Let L/K be a separable field extension. Then there are only finitely many different
fields between K and L.

Proof. Let M be a Galois extension containing L. Then the number of fields between M and K is
equal to the number of subgroups of Gal(M/K) and hence finite; the number of fields between L
and K is bounded by this. �

This Lemma is not true when L/K is inseparable. For example, let k be an infinite field of

characteristic p. Let K = k(x, y) and let L = k(x1/p, y1/p). For all the infinitely many elements a

of k, the extensions K(x1/p + ay1/p) are all distinct.

Theorem 6 (The Primitive Element Theorem). Let K be an infinite field and let L/K be a
separable field extension. Then there is some element θ ∈ L such that L = K(θ).

Proof. Let F1, F2, . . . , Fr be the finitely many fields between L and K, other than L itself. This
list is finite by the previous lemma. By Lemma 2, we can find a θ which is not in any of the Fi.
Then K(θ) can’t be equal to any of the Fi, so K(θ) = L. �

This is not true for L/K inseparable. Once again, let k be an infinite field of characteristic p,

let K = k(x, y) and let L = k(x1/p, y1/p). For any θ ∈ L, the element θp is in K, so [K(θ) : K] is p
or 1, not equal to [L : K] = p2.



Galois extensions as representations

In this section, we will prove the following theorem:

Theorem 7. Let K be a finite field and L/K a Galois extension with group G. As a G-representation,
L is the regular representation kG.

Proof. It is highly convenient to use the primitive element theorem and write L = K[x]/f(x) for
some separable polynomial f . (It is possible to adapt the standard tower of fields argument instead.
But, unlike earlier times in the course, this time I found the tower really made the argument harder.)

Let M be a field in which f splits. We will show that L⊗K M ∼= MG as G-representations. Of
course, we could take M = L, but I think it will make the proof clearer to work with an arbitrary
field where f splits. In fact, I like to think of M as the algebraic closure of K when thinking about
this proof.

Let θ1, θ2, . . . , θn be the roots of f in L, and let φ1, φ2, . . . , φn be the roots of f in M . Of
course, n = deg(f) = [L : K] = #(G). We have

L⊗K M ∼= K[x]/f(x)⊗K M ∼= M [x]/f(x) ∼= M [x]/
∏

(x− φj).

Since the φj are distinct, we can use the Chinese remainder theorem to conclude that the last
term is isomorphic as a ring to M⊕n. The strategy of our proof is to show that the action of G
on L ⊗K M is by permuting the summands in M⊕n, and that this permutation action is the free
action of n on itself.

We first check that G permutes the summands of M⊕n. Observe that any Galois symmetry of
L is a ring automorphism of L, and hence gives a ring automorphism of L⊗K M . Inside the ring
M⊕n, there are 2n solutions to the equation e2 = e, namely the vectors all of whose components
are 0 or 1. (Solutions to e2 = e are called idempotents.) So G must permute these 2n idempotents.
There are n + 1 idempotents e such that, for any other idempotent f , the product ef is either e
or 0. One of these n + 1 idempotents is 0 itself, and the other n are not. These are called the
indecomposable idempotents, and G must permute them. It is easy to see that G permutes the
M⊕n the same way that it permutes the indecomopsable idempotents.

We are left to check that the action of G on the summands of M⊕n is free. Choose a particular
summand and let π : M⊕n → M be the projection onto that summand. Then π(θi ⊗ 1) is a root
of f , so it is one of the φj . Moreover, θi − θj is a unit in L, so θi ⊗ 1− θj ⊗ 1 is a unit in the ring
L⊗M , and π(θi⊗ 1)− π(θj ⊗ 1) is a unit of M . This shows that all the π(θi⊗ 1) are distinct. We
have shown that each projection π gives a bijection between {θ1, . . . , θn} and {φ1, . . . , φj}.

For an index i between 1 and n, we define π(i) by the equation π(θi ⊗ 1) = φπ(i) . Also, for
g ∈ G, we’ll write θg(i) to mean gθi.

Let g in G map our projection π to ψ. Explicitly, that means that ψ(θi ⊗ 1) = π(gθi ⊗ 1) =
π(θg(i) ⊗ 1) = φπ(g(i)). So ψ(i) = π(g(i)). In particular, if g is not the identity, then ψ 6= π. We

have shown that the action of G on the summands of M⊕n has no stabilizers.
So M⊕n ∼= MG and L ∼= KG as promised. �

Applications

Corollary 8 (The normal basis theorem). Let K be infinite and let L/K be a finite Galois extension
with Galois group G. Then there is β ∈ L such that {gβ}g∈G is a basis of L over K.

Proof. This essentially is the definition of a regular representation. �

Corollary 9. Let K be infinite and let L/K be a finite Galois extension. For H a subgroup of G,
we have [Fix(H) : K] = #(G)/#(H).

Proof. Clearly, an element of KG is H-invariant if and only if it is constant on H-cosets. So
[Fix(H) : K] is the number of these cosets, which is #(G/H). �

Notes on the hypothesis that K is infinite

Many results in these notes have the hypothesis that K is infinite. The only places it is actually
needed is in the first 3 lemmas. Most of the others are easiest to prove in the finite field case by
explicitly using the structure of finite fields. Lemma 4 is somewhat of a challenge in the finite case.


