
MATH 594 PROBLEM SET 6: DUE FEBRUARY 22

See the course website for homework policy.

Problem Let Q be the group of quaternions of the form ±1, ±i, ±j, ±k.
(a) Show thatQ has a representation ρ over C with the following character: χ(1) = 2, χ(−1) = −2

and χ(g) = 0 for all other g in Q.
(b) Show that such a representation cannot be achieved with entries in the field R. Hint: First

show that we may assume without loss of generality that ρ(i) =
(

0 1
−1 0

)
. This example shows that,

even though a character has real values, it may not be possible to write the representation with
real matrices.

Problem Let G be the group of rotational symmetries of the isosahedron. In this problem, we
will work out the representation theory of G. Hints in given in ROT13, to encourage you to make
as much progress as you can on your own.

(a) How many elements are in G? Justify your answer. Hint: your answer should be gur ahzore
bs zvahgrf va na ubhe.

(b) Every non identity element of G has a well defined axis of rotation. Show that this axis must
pass through either a vertex of the icosahedron, the center of a face or the midpoint of an edge.

(c) For each of the cases in part (b), determine how many conjugacy classes of group elements
have an axis of that sort. Hint: Gur tebhc unf svir pbawhtnpl pynffrf va nyy, vapyhqvat gur
vqragvgl. Determine how many elements are in each conjugacy class.

(d) Let V be the three dimensional real vector space in which the icosahedron lives. Compute
the character of V by evaluating it on each conjugacy class. Is V irreducible?

(e) Let X be the set of vertices of the icosahedron and let RX be the permutation representation
of G acting on them. Compute the character of RX. Is RX irreducible?

(f) (Harder) Break RX into irreducible components.

Problem In this problem we will prove the following result: Let G be a finite group and let V be
a faithful finite dimensional representation of G over C. (Faithful means that the map G→ GL(V )
is injective.) Let W be any irreducible representation of G. Then there exists an n such that W is
a summand of V ⊗n.

(a) Express dim HomG(W,V ⊗n) in terms of χV , χW and n.
(b) Show that, for all g ∈ G, we have |χV (g)| ≤ dimV . (Hint: What are the eigenvalues of g

acting on V ?)
(c) Suppose that, for all g in G other than 1G, we have |χV (g)| < dimV . With this hypothesis,

show that dim Hom(W,V ⊗n) > 0 for n sufficiently large.
(d) Show that, if there is a nonzero map W → V ⊗n, then that map is an injection.
(e) Parts (c) and (d) would solve the problem if it were true that |χV (g)| is strictly less than

dimV for g 6= 1G. Unfortunately, this does not always hold. Give an example of a group G and a
faithful representation V such that |χV (g)| = dimV for some g in G not equal to 1G.

(f) Define V ′ to be the representation V ⊕ 1 of G. Show that, for all g in G other than 1G, we
have |χV ′(g)| < dimV ′.

(g) Show that there exists an n such that W is a summand of V ⊗n.


