
SOLUTION SET 3

Problem 1 Let B be the group generated by f , g and h, subject to the relations

f2 = g2 = h2 = 1 fgf = gfg fh = hf ghgh = hghg.

Compute the abelianization of B.

The answer is the abelian group

Zf⊕Zg⊕Zh/(2f, 2g, 2h, 2f+g−f−2g, 2g+2h−2g−2h) = Zf⊕Zg⊕Zh/(2f, 2g, 2h, f−g) ∼= Z/2⊕Z/2.

Remark: G is the group of symmetries of the cube, including reflection symmetries. As an abstract
group, B ∼= S4 × Z/2.

Problem 2 Let p be a prime and let G be a group of order p2. In this problem, we will show
that G is isomorphic to either (Z/p)2 or Z/p2.

(a) Suppose that G is not abelian. Show that G has a normal subgroup Z of order p.
(b) Suppose G is abelian. Show that, in this case, G also has a normal subgroup Z of order p.
(c) Let σ be a generator of Z. Let τ be an element of G that maps to a generator of G/Z. Show

that τp = σk for some k.
(d) In the notation of the previous part, if k ≡ 0 mod p, show that G ∼= (Z/p)2 and, if k 6≡ 0

mod p, show that G ∼= Z/p2.

(a) As shown in class, G must have a nontrivial center. If G is not abelian, this center must have
order p. The center of a group is always normal.

(b) Choose an element σ ∈ G, other than 1. If σ has order p, then 〈σ〉 is a subgroup of order p,
and is normal since G is abelian. If σ has order p2, then 〈σp〉 is a normal subgroup of order p.

(c) Since G/Z has order p, it is isomorphic to Z/p. So τp is in the kernel of G → G/Z, i.e.
τp ∈ Z. So τp = σk for some k.

(d) If σp = σk for k 6≡ 0 mod p, then τ has order p2. We have G = 〈τ〉 ∼= Z/p2. Now, suppose
that τp = 1. In that case, lifting G/Z to 〈τ〉 splits the sequence 1 → Z → G → G/Z → 1, so
G ∼= Z/pnZ/p. There are no nontrivial actions of Z/p on Z/p, so this semidirect product is direct.

Problem 3 Let G be a group. Recall that we defined the commutator subgroup, [G,G], to be
the subgroup generated by all elements of the form ghg−1h−1. In this problem, we will construct a
group where not all elements of G are of the form ghg−1h−1.

Let k be a field. Let G be the group of 7× 7 matrices with entries in k of the form

1 0 0 u1 A11 A12 A13

0 1 0 u2 A21 A22 A23

0 0 1 u3 A31 A32 A33

0 0 0 1 v1 v2 v3
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


We will abbreviate this matrix as g(u, v,A) where u is length 3 column vector, v is a length 3 row
vector and A is a 3× 3 matrix.

(a) Verify that g(u, v,A)−1 = g(−u,−v,−A+ uv). (Note that uv is a 3× 3 matrix.)
(b) Show that g(u, v,A)g(u′, v′, A′)g(u, v,A)−1g(u′, v′, A′)−1 is of the form g(0, 0, B), and give a

formula for B in terms of u, v, A, u′, v′, A′.
(c) Show that the matrix B in part (b) has rank ≤ 2.
(d) Show that, for any 3× 3 matrix C, the element g(0, 0, C) is in the group [G,G].

(a) Multiplying out, g(u, v,A)g(−u,−v,−A+uv) is the block matrix g(u−u, v−v, (−A+uv)−
uv +A) = g(0, 0, 0) = Id.



(b) Multiplying this all out gives

g(u, v,A)g(u′, v′, A′)g(u, v,A)−1g(u′, v′, A′)−1 =

g(u, v,A)g(u′, v′, A′)g(−u,−v,−A+ uv)g(−u′,−v′,−A′ + u′v′)

= g(0, 0, uv′ − u′v).

(c) Since uv′ − u′v is the sum of two rank 1 matrices, it has rank ≤ 2.
(d) Let e1, e2 and e3 denote the standard basis vectors of k3. By taking u′ = v = 0, and

taking u = ei and v′ = αej , for any α ∈ k, we can obtain g(0, 0, αeiej) as a commutator. In
other words, we can obtain g(0, 0, B) for B any matrix which has only one nonzero entry. We have
g(0, 0, B1)g(0, 0, B2) = g(0, 0, B1 + B2) so, by multiplying together 9 commutators, we can obtain
g(0, 0, B) for any B.

Remark: In fact, 2 commutators are enough to obtain any element of the commutator group.
Remark: This example is based on a similar one which is a bit harder to present in an elementary

way, but a bit more natural from a deeper perspective. Define Γ to be the group of 9× 9 matrices
that have the block form Id v A

0 1 vT

0 0 Id


where v is a length 4 column vector and A is a 4× 4 skew symmetric matrix. The argument above
is easily adapted to see that not every element of Γ is a commutator.

Let’s see how we might find Γ naturally. We want a group G where not every element of [G,G]
is a commutator. We will have 1 → [G,G] → G → Gab → 1. The two nicest types of short exact
sequences are semidirect products and central extensions. I’m not sure whether or not there exists
a semidirect example, but it is certainly hard to find one (try it!). So let’s try central extensions.
Let’s fix our choice of A to be Gab, and consider what our G should be.

For any abelian group A, there is a universal central extension 1→
∧2A→ UCE(A)→ A→ 1.

By universal, I mean that for any other central extension 1 → W → H → A → 1, there are
maps UCE(A) → H and

∧2A → W making the obvious diagram commute. (Here
∧2A is the

antisymmetric quotient of A ⊗Z A.) By the way, I just made up the notation UCE(A); it isn’t
standard. If I am going to look for a counterexample, I might as well try the universal case. So
let’s take UCE(A) for various A and see what I get. A bit of thought shows that A = F4

p works,
and the universal central extension is the group I called Γ above.

I found the matrix description of Γ trying to find the easiest way to talk about it; and I found
G trying to simplify that example.

Problem 4 Suppose that G is a group of order pn and g in G is not central. Show that g has a
conjugate h, with h 6= g, such that gh = hg.

Let C be the set of conjugates of g, which is not just {g} since g is not central. Since G acts
transitively on C (by conjugation), we see that |C| is a power of p. Consider the orbits of g acting on
C by conjugation. Clearly, ggg−1 = g, so there is an orbit of size 1. So, by the standard argument,
there is some other oribt of size 1. In other words, there is a conjugate h of g with ghg−1 = h, or
gh = hg. This was the problem from an old QR exam.

Problem 5 Let G be a finite group and let p be a prime dividing |G|. In this problem, we will
show that the number of solutions of gp = 1 in G is divisible by p.

(a) Show that G has an element h of order p. (Hint: This is just asking you to quote something
you know.)

(b) Let Z be {g ∈ G : gh = hg}. Show that Z is a subgroup of G.
(c) Show that the number of solutions of gp = 1 in G−Z is divisible by p. (The notation G−Z

means the set of elements in G which are not in Z.)
(d) Show that the number of solutions of gp = 1 in Z is also divisible by p.
(e) (Harder) Let G be a finite group and let G contain an element of order n. Show that the

number of solutions to gn = 1 in G is divisible by n.



(a) Let P be a p-Sylow of G. Let g be a nontrivial element of P , so gp
k

= 1 for some k. Take

h = gp
k−1

.
(b) If g1h = hg1 and g2h = hg2, then g1g2h = g1hg2 = hg1g2. It is similarly easy to check closure

under inverses.
(c) Let h act on G− Z by conjugation. By definition, this action has no fixed points. If gp = 1,

then (hgph−1) = hgph−1 = hh−1 is also 1. So the set of solutions to gp = 1 in G− Z is a union of
orbits for this free action of Z/p, and hence has size divisible by p.

(d) Let h acts on Z by g 7→ gh. Note that, if gh = hg, then (gh)h = h(gh), so this action takes
Z to itself, and it cannot have fixed points. If gp = 1 for g ∈ Z then (gh)p = gphp = 1. So, as
before, this set has size divisible by p.

(e) My intended solution was broken! Here is what I wanted to do, and a counterexample.
Let h be the element of order n. Set X = {g ∈ G : gn = 1}. We partition X into sets

⋃
d|nXd,

one for each divisor d of n, where

Xd = {g ∈ X : hdg = ghd and heg 6= ghe for 1 ≤ e < d}.
I wanted to make the group Z/d× Z/(n/d) act on Xd by

(a, b) · g = ha+dbgh−a.

One can show that this is a well defined action of Z/d × Z/(n/d) on Xd. If it were a free action,
that would show that d · (n/d)|#Xd, so n|#Xd.

However, my proof of freeness was broken. Let n = 4, let G be the eight element dihedral group
(the symmetry group of a square) and let h be a 90◦ rotation.

Then X2 has 4 elements, the reflections. However, the action of Z/2 × Z/2 has two orbits of
size 2, not one of size 4. The reflections over the diagonals of the square form one orbit, and the
reflections perpendicular to the sides form the other.

I’ll be interested to see if there is a good fix to this.


