
CONSTRUCTION OF THE REPRESENTATIONS OF Sn

DAVID SPEYER

Two permutations in Sn are conjugate to each other if their cycles are the same size. In other
words, there is one conjugacy class for each partition of n. For example, the partitions of 5 are
1+1+1+1+1, 2+1+1+1, 2+2+1, 3+1+1, 3+2, 4+1 and 5. Representatives for the corresponding
conjugacy classes are 1S5 , (12), (123), (123)(45), (1234) and (12345), respectively. So there should
be one representation of Sn for each partition of n. In this note, we will construct them, and
show that they can be written with rational coefficients. In general, there is no canonical bijection
between irreducible representations of a group and conjugacy classes.1 However, in the case of Sn,
there is a standard choice. Our notation for the irreducible representation of Sn corresponding to
the partition λ will be Sλ.

Compbinatorial notation

We write partitions as weakly decreasing sequences of positive integers, such as (4, 3, 1, 1) for the
partition 4 + 3 + 1 + 1 of 9. We define a partial order ≺ on the set of partitions of n: We have
(λ1, λ2, . . . , λa) � (µ1, µ2, . . . , µb) if and only if, for all k, we have λ1+λ2+· · ·+λk ≤ µ1+µ2+· · ·+µk.
We abbreviate {1, 2, . . . , n} to [n].

For any partition λ of n, let Xλ be the set of all ways to split [n] into disjoint sets of size λ1,
λ2, . . . , λa. The group Sn acts on Xλ in the obvious way. So Xn−1,1 has n elements and Sn acts
on Xλ the same way that it acts on [n]. The set Xn−2,2 has

(
n
2

)
elements and can be thought of

as unordered pairs of distinct elements in [n]; the set Xn−2,1,1 has n(n − 1) elements and can be
thought of as ordered pairs of distinct elements in [n].

For any λ, let Mλ be the representation QXλ of Sn. It will turn out that

Mλ = Sλ ⊕
⊕
µ≺λ

S⊕Kλµµ (∗)

for some constants Kλµ which we will not compute explicitly. (These are the so-called Kostka
numbers.)

So we could define Sλ inductively in the order �: S1,1,...,1 is the trivial representation and Sλ is
the part of Mλ which is orthogonal to all the representations we have already defined. In fact, we
will do something a little slicker which will allow us to describe Sλ directly.

For a partition λ, the transpose partition λT is defined as follows: (λT )1 is the number of parts
of λ, (λT )2 is the number of parts of λ which are greater than 1 and, in general, (λT )i is the number
of parts of λ which are greater than i. A picture is probably worth a thousand words here: We
have (5, 3, 1, 1)T = (4, 2, 2, 1, 1), with corresponding pictures:

5 + 3 + 1 + 1 4 + 2 + 2 + 1 + 1

Exercise. Transpose preserves the size of λ and (λT )T = λ.

Exercise. If λ ≺ µ, then µT ≺ λT .

1See http://mathoverflow.net/questions/102879 and http://mathoverflow.net/questions/21606/ for a
good discussion of this.
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1. Computing HomSn(Mλ,Mµ)

We begin by computing the dimension of HomSn(Mλ,Mµ) for any λ and µ. In other words, we
need to compute the Sn orbits on Xλ ×Xµ. Very explicitly, we want to describe pairs (A•, B•) up
to Sn symmetry, where A• is a decomposition [n] = A1 tA2 t · · · tAa with |Ai| = λi, and B• is a
similar splitting of [n] into parts of size µi.

For example, let n = 3, with λ = (1, 1, 1) and µ = (2, 1). We want to understand pairs
(({a}, {b}, {c}), ({d, e}, {f})) such that [3] = {a, b, c} = {d, e, f}, up to S3 action. There are 18
such pairs, which lie in 3 orbits. We list these orbits below, one orbit per column:

Orbit 1 Orbit 2 Orbit 3
(({1}, {2}, {3}), ({1, 2}, {3})) (({1}, {2}, {3}), ({1, 3}, {2})) (({1}, {2}, {3}), ({2, 3}, {1}))
(({1}, {3}, {2}), ({1, 3}, {2})) (({1}, {3}, {2}), ({1, 2}, {3})) (({1}, {3}, {2}), ({2, 3}, {1}))
(({2}, {1}, {3}), ({1, 2}, {3})) (({2}, {1}, {3}), ({2, 3}, {1})) (({2}, {1}, {3}), ({1, 3}, {2}))
(({2}, {3}, {1}), ({2, 3}, {1})) (({2}, {3}, {1}), ({1, 2}, {3})) (({2}, {3}, {1}), ({1, 3}, {2}))
(({3}, {1}, {2}), ({1, 3}, {2})) (({3}, {1}, {2}), ({2, 3}, {1})) (({3}, {1}, {2}), ({1, 2}, {3}))
(({3}, {2}, {1}), ({2, 3}, {1})) (({3}, {2}, {1}), ({1, 3}, {2})) (({1}, {2}, {3}), ({1, 2}, {3}))

So HomS3(QX1,1,1,QX2,1) is 3-dimensional.
For any such pair, form the rectangular array cij = |Ai ∩ Bj |. It is clear that this array is

unaltered by permuting the elements of the Ai and Bj . Conversely, if two pairs have the same
array, then they do lie in the same orbit. Conceptually, imagine taking the numbers 1, 2, . . . , n
and writing them in the cells of a rectangular grid, with cij numbers written in cell (i, j). Then the
sets Ai are found by reading across the rows of the grid and the Bj are found by reading down the
columns.

For example, let’s look at the pair (({2}, {1}, {3}), ({1, 3}, {2})). The corresponding array (cij)

is
(

0 1
1 0
1 0

)
. The specific pair (({2}, {1}, {3}), ({1, 3}, {2})) comes from

2 −→ {2}
1 −→ {1}
3 −→ {3}
↓ ↓
{1, 3} {2}

The other 5 elements in the same orbit come from the different ways to write the numbers 1, 2 and

3 in the boxes of a 2 by 3 grid, placing them in the positions described by the array
(

0 1
1 0
1 0

)
.

2. Bringing the sign representation into play

An important representation of Sn is the one dimensional representation ε, where ε(σ) is −1 if
σ is an odd permutation and is 1 if σ is even. We will define Nλ to be Mλ ⊗ ε. It will eventually
turn out that Sλ ⊗ ε ∼= SλT . So we will have

Nλ = SλT ⊕
⊕
µ≺λ

S⊕Kλµ
µT

(∗∗).

We repeat the ideas of the previous section to compute dim HomSn(Mλ, Nµ). Since Nµ is not a
permutation representation, we cannot precisely count orbits, but we can perform the computation
using characters in a way which is very similar to counting orbits.

We know that

dim HomSn(Mλ, Nµ) =
1

n!

∑
σ∈Sn

χMλ
(σ−1) · χNµ(σ) =

1

n!

∑
σ∈Sn

(ε(σ) ·#{x ∈ Xλ : σ(x) = x} ·#{y ∈ Xµ : σ(y) = y}) =
1

n!

∑
σ∈Sn

∑
x∈Xσ

λ

∑
y∈Xσ

µ

ε(σ).

Here the indices below the last two sums mean that we are only summing over x and y which are
fixed by σ.
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We can flip the order of summation around to obtain

1

n!

∑
x∈Xλ

∑
y∈Xµ

∑
σ(x)=x
σ(y)=y

ε(σ).

Let’s concentrate on a particular pair (x, y): For example, the pair (({2}, {1}, {3}), ({1, 3}, {2}))
which we considered before. This pair comes from a rectangular grid filed with entries 1, 2 and 3,
as shown above. The group S3 acts on this pair by moving around the entries in the grid. So σ
fixes (x, y) if and only if it keeps each element of [n] in the same box. In this example, only the
identity has that property.

Below, we show a larger example from S9, corresponding to the pair ({1, 2, 3, 4, 5, 7}, {6, 8, 9}),
({2, 4, 6, 7, 9}, {1, 3, 8}, {5}). (So here λ = (6, 3) and µ = (5, 3, 1).)

2, 4, 7 1, 3 5
6, 9 8

A permutation σ will fix this pair if and only if it sends each of the sets {2, 4, 7}, {1, 3}, {5},
{6, 9} and {8} to itself. In other words, the set of σ fixing this pair forms a group isomorphic to
S3 × S2 × S1 × S2 × S1.

In general, we see that dim HomSn(Mλ, Nµ) is

1

n!

∑
x∈Xλ

∑
y∈Xµ

∑
σ∈

∏
Scij

ε(σ).

You should check that

Lemma. The inner sum is 0 unless all the cij are 0 or 1, in which case the inner sum is 1.

So we get

dim HomSn(Mλ, Nµ) =
1

n!
#{(A•, B•) ∈ Xλ ×Xµ : for all (i, j) #(Ai ∩Bj) ≤ 1}.

Moreover, we computed above that, if a pair (x, y) does have all cij ≤ 1, then the stabilizer of
(x, y) is trivial. So it lies in an orbit of size n!. We can cancel the n! from the denominator and
conclude

Theorem. The dimension of HomSn(Mλ, Nµ) is the number of (0, 1) matrices with row sums λ
and column sums µ.

Some combinatorics

Using the main Theorem of the last section, we will prove the following:

Theorem. For any partitions µ and λ, if HomSn(Mλ, NµT ) is nonzero, then λ � µ. We have
dim HomSn(Mλ, NλT ) = 1.

Proof. Suppose that HomSn(Mλ, NµT ) is nonzero. So there is a (0, 1) matrix cij with row sums λ

and column sums µT . We need to check that λ � µ. We must check that λ1 + λ2 + · · · + λk ≤
µ1 + µ2 + · · ·+ µk. For notational shorthand, we set ν = µT .

We first explain the k = 1 case. The number λ1 is the largest of the row sums of cij . The number
µ1 is the number of nonzero elements of ν or, in other words, the number of nonzero columns of
cij . Clearly, if cij only has m nonzero columns, then every row sum of cij is at most m.

Now, the general case. We have

µ1 + µ2 + · · ·+ µk =
∑k

r=1 #(columns of cij which have at least r ones in them)
λ1 + λ2 + · · ·+ λk = sum of the k largest rows of cij

In each column of cij , color in the top k ones in blue, or all of them if there are fewer than k
ones. In the largest k rows of cij , color the ones in those rows in red. Each column contains at
least as many blue boxes as right. The sum µ1 + µ2 + · · · + µk is the number of blue boxes, and
λ1 + λ2 + · · ·+ λk is the number of red boxes, so λ1 + λ2 + · · ·+ λk ≤ µ1 +µ2 + · · ·+µk as desired.
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We have shown that, if dim HomSn(Mλ, Nµ) is nonzero, then λ � µT . Taking λ = µT , we see
that the only (0, 1) matrix contributing to HomSn(Mλ, NλT ) is the one with the ones in the upper
right. For example 

1 1 1 1 1
1 1 1 0 0
1 0 0 0 0
1 0 0 0 0


gives us the unique map from M5,3,1,1 to N4,2,2,1,1.

�

3. Conclusion

For any partition λ, we have shown that there is a one dimensional space of Sn-equivariant maps
from Mλ to NλT . Therefore, there must be a unique irrep Sλ which is contained in both Mλ and
NλT . We take this to be the definition of Sλ.

We know that the Sλ are irreducible, but we still need to prove that they are distinct. Suppose
that Sλ ∼= Sµ. Then we would have at least one map both from Mλ to NµT and from Mµ to NλT .
But then λ � µ and µ � λ, implying that λ = µ. Our proof is done, QED.

Exercise: Use the same sort of argument to show that the decompositions of Mλ and Nλ are
of the forms described in (∗) and (∗∗).

Remark on explicitness: Let’s make this more concrete. The unique map from Mλ to NλT

has image Sλ, and kernel the components of Mλ other than Sλ. So, if we can write down this map
explicitly, then Sλ is explicitly described as its image.

So, what is the map? A basis for Mλ is given by decompositions of [n] into sets of sizes λ1, λ2,
. . . , λa. We’ll put such a list of sets in square brackets to denote the basis element. A basis for
NλT is similarly indexed by decompositions of [n] into sets of size λT1 , . . . , λTb where we need to
remember that (for example) [{a, b}, {c}] = −[{b, a}, {c}] in N2,1.

Let’s look at the example of λ = (2, 1) above. The corresponding S3 orbit corresponds to pairs
of the form

(({a, b}, {c}), ({a, c}, {b}))
as shown by the figure

a b
c

The corresponding orbit in X21 ×X21 is

(({1, 2}, {3}),({1, 3}, {2})) (({1, 2}, {3}),({2, 3}, {1})) (({1, 3}, {2}),({2, 3}, {1}))
(({2, 3}, {1}),({1, 2}, {3})) (({1, 3}, {2}),({1, 2}, {3})) (({2, 3}, {1}),({1, 3}, {2}))

The corresponding map from M2,1 to N(2,1)T = N2,1 sends [{1, 2}, {3}] to [{1, 3}, {2}] + [{2, 3}, {1}]
etcetera.


