
USING ENDOMORPHISM RINGS TO DECOMPOSE REPRESENTATIONS

Let G be a finite group and V a representation of G. Let S be the ring HomG(V, V ).
For any α in S, the subspaces Ker(α) and Image(α) are G-subreps of V . (Take a second to

convince yourself this is true.) More generally, if I is any ideal of S, then I · V is a subrep, as is
the set of all v ∈ V such that αv = 0 for all α ∈ I. So, by finding ideals in S, we can break V into
subrepresentations. These notes will give some examples of this method.

1. The vertices of the icosahedron

Let G be the group of symmetries of the icosahedron. (Secretly, this is the group A5.) Let X be
the set of vertices of the icosahedron. G acts on X, so RX is a G-representation.

We know that HomG(kX, kX) has dimension equal to the number of G orbits in X ×X. In the
case of the icosahedron, there are 4 orbits:

(1) The set of all pairs (x, x), for x ∈ X.
(2) The set of pairs (x, y) where x is next to y.
(3) The set of pairs (x, y) where x is distance 2 from y.
(4) The set of pairs (x, y) where x is antipodal to y.

If we look at the non-character theory proof that dim HomG(kX, kX) is #((X ×X)/G), we see
that we in fact get an element of the endomorphism ring for every orbit of G on X × X. Let
R ⊂ X ×X be an orbit. Define an operator µR on kX by

µRex =
∑

(x,y)∈R

ey

and extending linearly.
The first orbit in the above list gives the identity operator, so we won’t give it a name. Let r, s

and t be the operators for the other 3 orbits. We are going to start writing down equations between
these operators. For example:

t2 = Id.

This is because, for any vertex x, there is precisely one vertex y antipodal to x, so we have tex = ey
and t2ex = tey = ex. Similarly,

rt = tr = s.

Here is a harder one:
r2 = 5 + 2r + 2s.

We’ll combine the last two equations into

r2 = 5 + 2r + 2rt.

So the ring S can be described as

S ∼= R[r, t]/〈t2 − 1, r2 − 5− 2r − 2rt〉.

Decomposing RX by messing around with S. We know that t2 = Id. So t must act on RX
with eigenvalues ±1. Let W+ and W− be the corresponding eigenspaces.

Since r and t commute, r sends W+ and W− to themselves. On W+, the equation r2 = 5+2r+2rt
turns into r2 = 5 + 4r, or (r − 5)(r + 1) = 0. So r has eigenvalues 5 and −1. The 5-eigenspace
turns out to be a trivial one dimensional subrepresention; the −1 eigenspace is it 5-dimensional
complement.

On W−, we get r2 = 5. So W− breaks up into a
√

5-eisgenspace and a (−
√

5) eigenspace. These
are both 3-dimensional. The

√
5 eigenspace is the standard geometric representation of G. In fact,

if we project RX onto this subspace, then the 12 standard basis vectors of the icosahedron get sent
to the vertices of the icosahedron. If we project RX onto the −

√
5 subspace, then the standard

basis vectors also get sent to the vertices of an icosahedron, but in a permuted manner.
So we have decomposed RX into a 1-dimensional trivial representation, a 5 dimensional repre-

sentation, and two 3 dimensional representations.



The ring S. I claim that the ring S is isomorphic to R⊕R⊕R⊕R, with the four maps from S to
R given by (r, t) 7→ (5, 1), (r, t) 7→ (−1, 1), (r, t) 7→ (

√
5,−1) and (r, t) 7→ (−

√
5,−1) respectively.

Let’s understand how this relates to the above computations. The ring S is R[r, t]/〈t2 − 1, r2 −
5− 2r− 2rt〉. Suppose that we had a map of rings S → R. The generators r and t must be sent to
some real numbers, say r0 and t0. These numbers must obey t20 = 1 and r20 = 5 + 2r0 + 2r0t0. Our
computations above show that the solutions to those equations are the four pairs (5, 1), (−1, 1),
(
√

5,−1) and (−
√

5,−1) found above.
For each of these pairs, we get a map S → R. Since these maps have image a field, the kernels

of these maps are maximal ideals. Call them m5,1, m−1,1, m√5,1 and m−
√
5,1. If m and m′ are two

maximal ideals, then we must have m + m′ = (1). (Since their sum is an ideal which is larger than
both of them.) So, by the Chinese remainder theorem, the resulting map S → R ⊕ R ⊕ R ⊕ R is
surjective.

To prove injectivity, note that 1, t, r, rt is a basis for S, so S is only four dimensional.
Let e1 be the element (1, 0, 0, 0) in R⊕R⊕R⊕R, etcetera. The ei obey e2i = ei, eiej = ejei = 0

for i 6= j, and e1 + e2 + e3 + e4 = 1. The technical term is that the ei are mutually orthogonal
idempotents. So, for any S-module M , we have M ∼= e1M ⊕ e2M ⊕ e3M ⊕ e4M . In our situation,
these are the different subrepresentations of G.

General notes on thinking about commutative rings. In general, if we have a commutative
ring of the form S = k[x1, x2, . . . , xr]/〈f1, f2, . . . , fs〉, then maps from S to k correspond to solutions
to the equations f1(x1, . . . , xs) = f2(x1, . . . , xs) = · · · = fs(x1, . . . , xr) = 0 in k. If k is algebraically
closed, then every maximal ideal of S is the kernel of such a map. Once we have some Galois theory,
we’ll be able to make a general description of the maximal ideals of commutative rings, even over
ground fields that are not algebraically closed.

For any commutative ring S, we have a map S →
∏
S/m, where the direct product is over all

maximal ideals of S. If S is finite dimensional over some field k, this map is surjective. One can
show (but not in this course) that this map is injective if and only if there are no nonzero solutions
to x2 = 0 in S. The idea of studying the ring S by thinking of elements of S as functions on the
set of maximal ideals of S is the foundation of modern algebraic geometry. In these notes, we will
use this philosophy without developing the general theory.

For a general representation V and group G, the ring HomG(V, V ) is not necessarily commutative.
But this method is most elegant when it is, and we will focus on that case.

2. The regular representation (again)

For our next example, let’s look once more at the regular representation of some group G. If we
just look at G acting on CG on the left, then the ring HomG(CG,CG) is itself C[G], acting on the
right.

In order to avoid circularity we instead look at HomG×G(CG,CG). A basis for HomG×G(CG,CG)
is the set of G×G orbits for G×G acting on G×G, where the action is

(g1, g2) : (h1, h2) 7→ (g1h1g
−1
2 , g1h2g

−1
2 ).

Using the right action, (h1, h2) is in the same orbit as (1, h2h
−1
1 ). So every orbit contains an element

of the form (1, h). The elements (1, h) and (1, h′) are in the same orbit if and only if there are g1
and g2 such that (g1g

−1
2 , g1hg

−1
2 ) = (1, h′) – i.e. if and only if h and h′ are conjugate.

So we get that the orbits of G×G are in bijection with conjugacy classes; for a conjugacy class
C, the corresponding orbit is {(h1, h2) : h2h

−1
1 ∈ C}.

So we have a basis for HomG×G(CG,CG) indexed by the conjugacy classes of G. The action of
a conjguacy class C on CG is

g 7→
∑
h∈C

hg.

(Question for the reader: What if I had said
∑

h∈C gh instead?) In other words, we have rediscov-
ered the center of C[G], acting on itself.



S3 again. Let’s work these ideas through for S3. There are three conjugacy classes in S3: The
identity, the two elements of order 3 and the three elements of order 2. We’ll write the elements of
Z(C[S3]) corresponding to these as r and t. We have

r2 = r + 2
rt = tr = 2t

t2 = 3r + 3

Let S be the ring Q[r, t]/〈r2− r− 2, rt− 2t, t2− 3r− 3〉. Let’s look for maps S → Q. Let r and
t map to r0 and t0. Then r20 − r0 − 2 = 0, so r0 = 2 or −1. If r0 = 2, then the second equation is
redundant and the third equations forces t20 = 9, so t0 = ±3. If r0 = −1, the second equation then
forces t0 = 0 (which also solves the third equation). In short, the maps S → Q are

(r, t) 7→ (2, 3), (2,−3), (−1, 0).

These are also the only maps from S to any extension field of Q. As before, we get a surjection
S → Q⊕Q⊕Q, and dimension counting shows that it is an isomorphism.

3. GL2(Fp) acting on F2
p

Let G be the group GL2(Fp) and let Y be the set F2
p. Obviously, Y breaks up into two G-

orbits: The origin, and everything else. Let’s set X = (Fp)2 \ {0}. We’ll break up kX into
G-representations, where k has characteristic not dividing p(p− 1).

Again, we must consider G orbits on X × X. There is one orbit consisting of the pairs (u, v)
for which u and v are linearly independent; call it L. There are then p − 1 other orbits: For each
a ∈ F∗p, the set {(u, v) : u = av} forms an orbit; call it Pa. We’ll identify the orbits with elements
of HomG(kX, kX). The Pa multiply by

PaPb = Pab for a and b in F∗p.

We also have

PaL = LPa = L (†)
and

L2 = (p2 − 2p+ 1)L+ p(p− 1)
∑
a∈F∗

p

Pa.

The subring of HomG(kX, kX) generated by the Pa is isomorphic to k[F∗p]. The group F∗p is

cyclic of order p− 1. If k contains the p− 1 roots of unity, then this ring is isomorphic to k⊕(p−1).

Explicitly, the p− 1 maps k[F∗p]→ k come from the p− 1 group maps F∗p → k∗. Let F̂∗p be the set
of group maps F∗p → k∗. We have

kX ∼=
⊕
χ∈F̂∗

p

Vχ

where Vχ is functions f : X → k such that f(u) = χ(a)f(au).
For χ not equal to the trivial character of F∗p, we claim that Vχ is irreducible. Using (†), we see

that L acts on Vχ by 0.
When Vχ is trivial, this is the permutation action of G on P1(Fp). Since this action is doubly

transitive, we have V1 = 1⊕ U for a p dimensional representation U .
The Vχ’s are examples of induced representations, and give us a good opportunity to preview

this very important idea. Let H be the subgroup ( 1 ∗
0 ∗ ). So X = G/H. We see that kX is the same

as

{φ : G→ k : φ(gh) = φ(g) for all h ∈ H}.
Let B be the subgroup

(
a1 b
0 a2

)
of G. Thinking of CX as H-invariant functions on X, as above,

we see that Vχ can be described as the subspace

{φ : G→ k : φ
(
g
(
a1 b
0 a2

))
= χ(a1)φ(g).}

For any map χ : B → k∗, we can similarly define

{φ : G→ k : φ
(
g
(
a1 b
0 a2

))
= χ

((
a1 b
0 a2

))
φ(g).}



Explicitly, let k be algebraically closed, characteristic not dividing p(p−1). if we fix a bijection ε

from F∗p to the p−1 roots of unity in k, then every character of B looks like
(
a1 b
0 a2

)
7→ ε(a1)

n
1 ε(a2)

n2 ,

for some n1 and n2 in Z/(p− 1).
Half the irreps of G occur in this way, for some character of B. Choose q a quadratic non-residue

in Fp. Let T be the set of matrices of the form
(
a b
qb a

)
. T is a subgroup of G (it is the centralizer of(

0 1
q 0

)
). The group T is a cyclic group of order p2 − 1; the other irreps of G occur from characters

of T in the same way.
In general, let G be any group and H a subgroup. Let W be a representation of H. Then the

induction IndGH(W ) is defined to be

{φ : G→W : φ(gh) = ρW (h)−1φ(g)

with an action of G given by (gφ)(g′) = φ(gg′). We won’t use this construction further, but it is
crucial as one continues in representation theory.


